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Binomial researches: interpolation of the extended Pascal triangle (1, 3, §4.1). 
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TO RUTH 


PREFACE 


The depth and complexity of Isaac Newton’s scientific writings—to make no 
mention of the involved psychological make-up of the man concealed beneath 
the public persona—have for almost three centuries defied the combined efforts 
of his various editors to encompass them in an orderly, definitive form. At the 
time of his death in 1727 he had already, largely through the publication of the 
several editions of his Philosophie Naturalis Principia Mathematica and Opticks, 
secured the dominating position in intellectual history which he has retained 
to the present day through many upsets and changes in critical enthusiasm. 
His contributions to mathematical thought have always been less immediately 
obvious and in their details little understood. Until the last decade, indeed, his 
public claim to mathematical pre-eminence rested on a handful of published 
tracts, mostly brief, never (with the possible exception of the Arithmetica 
Universalis) widely read and not wholly representative of his achievement as 
we may now know it from his private papers. No one, not even Newton him- 
self, has ever made a complete gathering of the original texts on which such an 
assessment must be based. That I have sought to accomplish in this edition, 
the primary aim of which is to make available an adequate reproduction of 
those of Newton’s mathematical papers now known to exist, with sufficient 
commentary to clarify for the modern reader the particularities of seventeenth- 
century idiom and to illuminate the contemporary significance of the text 
discussed. Incidentally, many texts of main importance to Newtonian scholar- 
ship are here printed for the first time, but I have sought to resist the tempta- 
tion to establish an empty priority in publication by including trivia or pieces 
not directly pertinent to my theme. 

Though I have long accepted the traditional high estimate of Newton’s 
mathematical ability, my interest in the details of his achievement dates from 
the autumn of 1957 when, engaged in a general study of the sources of mathe- 
matical development in the seventeenth century, I first began to survey the 
Cambridge University Library holdings of his papers. I was immediately 
impressed by the depth and luxuriance ofhis unexplored manuscript researches. 
After a somewhat nervous, disorganized beginning I slowly took the measure 
of the particular problems which their study and editing for publication 
presented and in the spring of 1959 incorporated my preliminary findings in a 
research thesis.* During the following summer I made the acquaintance of 
Professor H. W. Turnbull who, in conversation and by correspondence, gave 
me the benefit of his lifetime’s study of mathematical history and was a timely 


* ULC. Ph.D. 3878, published subsequently as ‘ Patterns of Mathematical Thought in the 
later Seventeenth Century’ (Archive for History of Exact Sciences, 1 (1961): 179-388). 
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steadying influence in curbing my wilder hypotheses. He himself had come to 
study Newton in depth only a few years before, on retirement from university 
teaching—too late, as he remarked, for him to attempt the comprehensive 
edition of Newton’s mathematical papers which he now relinquished to me. 
Not my least debt to him is that he significantly widened the breadth of my 
documentary knowledge by making available to me a rich private store of 
Newton’s papers. (Once owned by William Jones and deriving ultimately from 
the estate of John Collins, these fill the main gaps in the public holdings of 
Newtonian manuscript. It was through the agency of another friend, Sir Harold 
Hartley, that permission to reproduce them in the present work was later 
obtained.) Since that time I have been afforded opportunity to devote un- 
divided attention to the preparation for publication of the extant corpus of 
Newton’s mathematical papers. Of the eight volumes in which, it is intended, 
those papers will be reproduced, this is the first to appear. The remainder will 
be published in chronological sequence at appropriate intervals. 

It remains to acknowledge the many institutions and individuals who have 
helped in the preparation of the present work. This could never have been 
undertaken without either generous financial support over many years or 
access to the various stores of Newtonian manuscripts. For monetary assistance 
during the period of preparation I have been indebted in turn to the former 
Ministry of Education, the Trustees of the Leverhulme Research Awards, 
the Royal Society and most recently to the former Department of Scientific 
and Industrial Research, whose help has culminated in a substantial research 
grant. For allowing reproduction of source material in their archives I thank 
collectively the Syndics of the University Library, and the Librarians of King’s 
College, Trinity College and the Fitzwilliam Museum, Cambridge; of the 
Bodleian, Oxford; of the British Museum and the Royal Society, London; of 
the Niedersachsische Landesbibliothek, Hanover; and of the Pierpont Morgan 
Library, New York. The efficiency, courtesy and tolerance of their staffs I 
gratefully acknowledge and would express my especial debt to Mr P. J. 
Gautrey of Cambridge University Library. To a private owner of manuscript, 
also, my thanks for permission to reproduce his Newtonian papers. 

Individually, I have been helped by many, not all of whom there is space to 
mention. For his technical advice and valuable help I would like to single out 
Mr Adolf Prag of Westminster School, London, who has read this first volume 
many times in manuscript and proof, contributing a number of necessary 
emendations to my editing of it. Again, I am greatly indebted to the interest 
of many senior friends, particularly Professor I. Bernard Cohen of Harvard 
University and Professor Sir William Hodge, former Physical Secretary of the 
Royal Society. To Sir Harold Hartley, whose encouragements have been 
manifold and unceasing, and to the late Professor Herbert W. Turnbull I 
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express once more my particular gratitude. Above all, I must acknowledge a 
fundamental debt to Dr Michael A. Hoskin, for so many years my friend, 
tutor, mentor and collaborator, who has from the first been closely involved in 
the preparation of this edition. For its deficiencies, omissions and imperfections 
I alone stand responsible, but it is not too much to say that were it not for his 
patient wisdom and care I would long ago have been discouraged by the 
difficulties and disappointments which have arisen over the years. 

To the Syndics and Secretaries of the Cambridge University Press I owe a 
final word of appreciation for the meticulous pains taken by their staff during 
each of the stages through which my submitted manuscript has passed in 
attaining the elegance and excellence of its present printed form. 

D.T.W. 


1 January 1966 


EDITORIAL NOTE 


The great majority of Newton’s papers, carefully selected and ordered by 
him for posterity, passed at the time of his death into the hands of John 
Conduitt and subsequently into the possession of the Portsmouth family. The 
cumulative result of the well-intentioned efforts of the several scholars who 
have, during the past two centuries and a half, been permitted to divide and 
rearrange those ‘Portsmouth’ papers has been effectively to destroy all traces 
of Newton’s own ordering of them. No longer can we know with certainty what 
he himself intended when he gathered his writings together in the last months 
of his life, burning a great part of his personal correspondence and, we may 
suspect, certain inferior technical papers he was unwilling to communicate to 
his successors. The point need not be laboured that even after the 1888 
cataloguing committee had performed its task (diligently, if not with a full 
measure of insight) the Portsmouth manuscripts remained in a state of con- 
fusion which recent editors have found difficult to resolve. In our own pre- 
liminary examination of Newton’s mathematical development as recorded in 
those papers neither the committee’s scheme of classification nor the previous 
listings of Pellet and Horsley, nor indeed the traditional account of that 
development (evolved over the years by Newton’s several biographers largely 
from his own later observations and Conduitt’s collection of anecdote), were 
found to be of real help. In consequence, I felt obliged to evolve an indepen- 
dent chronology of that development solely, in the first instance at least, on the 
basis of available contemporary documents. The resulting scheme, the product 
of many years’ study of manuscript sources, is the major hypothesis in the 
interpretative structure here imposed on Newton’s papers. Let us dare to hope 
that the editorial techniques employed in filling out that scheme have 
approached asymptotically to the truth. 

The primary intention of this edition is the publication of an accurate text 
of all Newton’s significant mathematical manuscripts.” In achieving that aim 


(1) Our definition of Newton’s ‘significant’ mathematical work does not comprise the 
entirety of his calculating sheets or of his annotation of the work of others. In this first volume, 
for example, the notes made by him in his copy of Barrow’s Euclid (Trinity College, NQ. 16.201) 
and the crude, uninteresting algebraic passages in a small quarto book (ULC. Add. 3995, 
otherwise containing extracts in a non-Newtonian hand from Quintus Curtius together with 
miscellaneous theological memoranda) are both omitted. In assessing what is significant the 
degree of excitement aroused on initially encountering individual documents has possibly been 
a determining influence: conversely, over-familiarity with several of Newton’s most funda- 
mental papers may have bred an undeserved complacency which, we may hope, does not 
obtrude itself in the commentary. 

An ‘accurate’ text is, of course, a literary fiction: such a text is perhaps that which best 
accords at any given time with current, contingent scholarly and typographical criteria of 
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the first concern has been to establish the text of those papers, making use of 
modern photo-copying techniques where these proved convenient but in all 
doubtful cases reverting to the original autograph manuscripts. The majority 
of these were found to be in excellent condition and easily legible, but the 
remainder were less tractable, many having suffered advanced deterioration in 
paper quality from age and ill-use, while others had at various times been 
subjected to scorching by fire, staining by damp and other soiling. Where 
complete disintegration had not occurred, restoration of Newton’s text was 
made with the aid of the magnifying glass and, in extreme cases, ultra-violet 
light: words and phrases then remaining incomplete were subsequently 
restored on the basis of existing fragments and surrounding context. Pro- 
gressively a first version of the manuscript was transcribed (on loose sheets for 
easier reordering) according to a convention of coloured inks established ad hoc 
for the purpose. 

Having then an accurate transcription of pertinent manuscript, we entered 
on the secondary stage of shaping that relatively amorphous mass into the 
edited version here reproduced. At this level the mathematical significance of 


manuscript reproduction and can at best hope to set a standard for future scholarship, These 
criteria in turn are imbedded in our capacity to comprehend a sequence of irregularly 
patterned ink-marks absorbed not always legibly into a thickness of paper, and upon them we 
raise a complex structure of hypothesis which combines a not completely consistent mass of 
external documentary knowledge with our interpretative assessment of authorship and dating 
of handwriting, speed and sequence of composition and, not least, the significance of cancella- 
tions. At a more sophisticated level we dare to restore fragmented phrases and amend syn- 
tactical inconsistencies and then seek to place each piece of text as a component in a higher- 
order structure of explanation, guessing at the previous existence of documents needed to fill 
gaps in our scheme, revising first interpretations as our knowledge of context widens and 
continuously checking our understanding against simplifying canons of logical consistency and 
historical reasonableness. Ineluctably, each stage of the editing process imposes its com- 
promises on the naive ideal of unaltered facsimile reproduction of the original manuscript 
filled out with pertinent objective comment. In framing the pattern of the present edition we 
have been profoundly aware of these fundamental problems of critical scholarship. 

(2) We may add that in the years it took to prepare an intimate knowledge, in part in- 
tuitive, was acquired of the various changes undergone by Newton’s writing style between 
early youth and old age and that we came ultimately to trust our ability to fix the date of 
composition of an unexamined portion of autograph manuscript accurately by sight to within 
half a dozen years (and sometimes even more narrowly still). That skill has been employed to 
good purpose, we hope, in determining bounding dates for certain sets of papers whose com- 
position history is wholly unknown. In the event, the resulting chronology of Newton’s 
mathematical development has proved both credible and self-consistent: occasionally, indeed, 
additional documentary evidence much later came to light which has amply confirmed (but 
never refuted) its accuracy. (An example in point is the mass of Newton’s geometrical research, 
to be reproduced in our seventh volume, which was evidently intended for a mysterious ‘ Liber 
Geometriz’ which had left no trace in known Newtonian literature. Failing all else, its date of 
composition was set tentatively by eye as mid-1693 (+2 years). Subsequently, the researches 
of H. W. Turnbull brought to light an unpublished memorandum of David Gregory which 
fully confirmed the conjecture.) 
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the text is paramount and it has been our worry to make that meaning as 
evident as possible to the modern reader while remaining close to the manu- 
script original. It will be obvious that facsimile reproduction even of figures has, 
not a little regretfully, been rejected. The main reasons for so doing are that 
the physical condition of the original is not infrequently unsuitable for such 
reproduction® and, more generally, that Newton’s text is on occasion too 
involuted and overwritten to be readily comprehensible except in an un- 
_ ravelled version. No less clearly, any other manner of reproducing a historical 
text is justifiable only in so far as we transpose it following a consciously 
framed set of conventions. Those chosen here for the most part conform to 
accepted scholarly standards and we need not detail their nature. It has been 
our ideal to use appropriate visual equivalents everywhere, preserving con- 
tractions, superscripts, subscripts and the like in the verbal no less than in the 
mathematical text, accurately redrawing all figures and setting them in a 
place in the printed text consonant with their position in Newton’s manuscript: 
non-trivial cancellations are indicated either in the commentary or, in the case 
of longer passages, by reproducing them as uncancelled text but setting against 
them in the left-hand margin a double vertical bar. In one or two instances, 
not finding it possible uniquely to determine Newton’s spatial layout of his 
manuscript page we have had to compromise but as far as can be ascertained 
this has nowhere resulted in an intolerable simplification of the original text.© 
Inevitably, however, despite all effort the reproduced version does not wholly 
reflect the visual ambience of the autograph source. So, therefore, that the 
reader may be able both to check the accuracy of our reproduction in particular 
cases and to encounter, vicariously though it may be, Newton’s mathematical 


(3) This will be evident from several of the photographic illustrations: of the original 
manuscripts reproduced in Plates II and III of the present volume, for example, the page- 
bottoms are badly damp-stained, that of the latter being in addition fragmentary. 

(4) Thus we print ‘w%’, ‘yt’, ‘ptis’ and ‘,A’ rather than ‘which’ (or the misbegotten 
‘wch’), ‘that’ (or ‘yt’), ‘partis’ (or ‘ptis’) and ‘2A’. 

(5) In illustration, we have not been able to decide whether, in reproducing the early 
algebraic texts, to set coefficients of algebraic variables as superscript or on the line. Newton 
himself is not consistent in this matter, sometimes writing ‘2x°’, at others ‘*x®’ but mostly 
penning a mean between the two which could be taken for either and which it seems impossible 
to reproduce in a fixed-level typesetting. The notation ‘*x®’ was established in print by 
Frans van Schooten (compare Florian Cajori, A History of Mathematical Notations, 2 (Chicago, 
1928): 351, §307), but he likewise makes inconsistent use of it and we may guess that his 
printer, Elzevier, decided arbitrarily on the level of each coefficient as he came to it in the 
copy. Whether Newton here consciously followed Schooten’s practice would appear im- 
possible to adjudge: his favourite use of it, indeed, is in such examples as ‘#$x°’, where his 
written superscript ‘2’ may have been intended by him to be in line with his cancelled ‘3’. 
Rather than decide each occurrence arbitrarily on our assessment of the coefficient’s hori- 
zontal position we have chosen to print all coefficients in line with the variable they denominate 
(following Newton’s own invariant custom in his later years). 
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arguments in their original dress, we have inserted photocopies of typical 
leaves of manuscript. 

In our commentary we have sought to help the modern reader to under- 
stand, with a minimum of unnecessary strain, the substance and idiom of the 
papers reproduced, and to that end we make use of historical introductions, 
technical footnotes and English paraphrase. In the prefaces and appendices 
we have sought to present items of historical and biographical interest which 
illustrate and aid the appreciation of Newton’s text but which are not so well 
known as to seem superfluous, seeking to create—in the pattern of our own 
image of him—a true picture of the character and surroundings of the man who 
wrote the papers now edited. The notes are more narrowly technical: there 
we explain points of idiom and mathematical usage, recast Newton’s sequence 
of argument in modern notation (amending it where necessary) and refer to 
pertinent secondary works. (It should be remembered that during his adult 
years Newton had access to several of the foremost libraries of his day and that 
little of the weighty mathematical heritage of the period can be disregarded 
as irrelevant to his developing knowledge and genius.) In addition, since his 
manner of expression is at times—and particularly in his early papers— 
excessively abrupt, it has on occasion been thought appropriate to add a 
paraphrase, either in footnote or following on his text. Where the original 
manuscript is in Latin we have considered it obligatory to juxtapose an accu- 
rate English translation (usually, when the Latin piece is extensive and con- 
tinuously written, on the facing page though shorter phrases, including 
cancelled variants, are rendered in footnote). Little variant revisions of papers 
already translated on previous pages and non-Newtonian appendices are not 
usually given in English as well. At all times our transliterative ideal has been 
to render Newton’s prose word for word in modern equivalent rather than 
attempt the spurious archaism of seventeenth-century phrasing or remould 
the balanced clauses of the original’s syntactical structure into an elegantly 
paraphrased contemporary form.” 

In collective identity, lastly, of details in this edition it has been felt more 
appropriate and immediately useful to introduce each volume with an 
analytical table of contents and manuscript locations rather than to add to it 
the now usual elaborate concluding indexes of names and topics. Except in the 


(6) These we place at the foot of the page to which they pertain wherever possible (though 
printing difficulties on occasion dictate that they be advanced or retarded), while corre- 
sponding places in the text are identified by superscript numbers in round brackets. We may 
note that, as with verbal text, square-bracketed numbers are invariably our insertions in (or 
emendations of) Newton’s text. 

(7) Newton, of course, worked easily and naturally—from about 1668 at least—in the 
thought-forms of classical (scholastic) Latin and only rarely made a preliminary English draft 
which would serve as an unexceptionable model for translation. 
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forewords, footnotes and appendices names of individuals occur but rarely and 
we choose, in older style, to outline the continuous development of mathe- 
matical structure in each volume rather than pinpoint relatively unimportant 
discrete points of historical detail. For the time being a short author index in 
each volume serves the latter purpose, while in the final one an elaborate, 
systematically cross-listed general index will, it is hoped, be a sufficient pointer 
to the macrocosm of individuals who, along with their works, have entered 
these pages. 


GENERAL INTRODUCTION 


Before Halley edited the Principia for him in the summer of 1687 no significant 
portion of Newton’s extensive mathematical researches had been printed,” 
though, as we shall see in future volumes, Newton in the early 1670’s had (with 
John Collins’ earnest support) fought hard to have both his annotations on 
Kinckhuysen’s Dutch Algebra and an extensive fluxional tract of his own 
appear in the bookshops. Thwarted by the unsaleability of technical works at a 
time of acute depression in the book trade following the Great Fire of London, 
he ultimately relinquished hope of publication. (The tract on fluxions was, in 
consequence, to reach the public only after his death while the Kinckhuysen 
commentary disappeared into centuries’ long oblivion.) We may suspect that 
the not wholly relevant mathematical sections which he packed into the 
opening pages of his Principia were at once his outlet for a long frustrated talent 
and his conscious revenge on a world of mathematical smatterers and practi- 
tioners which had hitherto scorned him. His first independent mathematical 
publications, his ‘Two Treatises of the Species and Magnitude of Curvilinear 
Figures’ (namely, the Enumeratio Linearum tertij Ordinis and Tractatus de Quadra- 
tura Curvarum), were sneaked by him into print in 1704 in appendix to his 
Opticks, while their English versions were to appear even more obscurely half 


(1) We except some improvements which Newton added to the printed version of Isaac 
Barrow’s scientific lectures (Lectiones XVIII Cantabrigia in Scholis publicis habite; in Quibus 
Opticorum Phenomenwn Genuine Rationes investigantur, ac exponuntur. Annexe sunt Lectiones aliquot 
Geometrice, London, 1670) and a few excerpts from his mathematical correspondence with 
Leibniz in 1676 which John Wallis published, without Newton’s express permission, in his 
A Treatise of Algebra, both Historical and Practical.... With some Additional Treatises (London, 
1685). By comparing the text of Barrow’s ‘Optical Lectures’ with his own subsequent Lectiones 
Optice (ULC. Dd. 9.67, published in full in their original Latin at London in 1729, though an 
English version of the first, theoretical part had appeared the previous year as Optical Lectures 
Read in the Publick Schools of the University of Cambridge, Anno Domini, 1669) we see that Newton’s 
help was virtually restricted to two passages (Lectio xm, §xxv1: 94 and Lectio xiv: 103-4) giving 
improved variants of Barrow’s own theorems and for which the latter thanks an unnamed 
‘amicus’ (though Newton is cited by name in the preceding Epistola ad Lectorem as ‘collega 
noster (peregregie vir indolis ac insignis peritiz) [qui] exemplar revisit, aliqua corrigenda 
monens, sed & de suo nonnulla penu suggerens, quz nostris alicubi cum laude innexa cernes’). 
Equally, his assistance with the following Lectiones Geometrice was apparently restricted to the 
section (at the end of Lectio x) on James Gregory’s analytical tangent-method: as he wrote to 
Chamberlayne in June 1714, ‘a paper of mine [the De Analyst] gave occasion to D* Barrow to 
shew me his method of Tangents before he inserted it into his 10 Ge[o]metrical Lecture. For 
I am that friend [the ‘‘amicus” (p. 80) on whose advice the section was inserted] w™ he there 
mentions’ (ULC. Add. 3968.30: 441°; cf. L. T. More, Isaac Newton: a Biography, New York, 
1934 (reissued 1962): 185, note 35). Wallis restricted his quotation (Algebra, chs. Lxxxv, xcI-— 
xci: 318-20, 330-8 and xctv—xcv: 338-47 respectively) to passages from Newton’s letters of 
13 June and 24 October 1676, the famous ‘epistole prior et posterior’, relating to his invention 
of the general binomial expansion and his extraction of the roots of ‘affected’ equations. 
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a dozen years later as articles on ‘CuRvEs’ and ‘QUADRATURE’ in the second 
volume of John Harris’ Lexicon Technicum. The Arithmetica Universalis: sive De 
Compositione et Resolutione Liber, published at Cambridge in 1707 by William 
Whiston from his deposited Lucasian lectures of thirty years before, was 
scorned by Newton till he found time and patience to issue his own improved 
edition of the work in 1722: Raphson’s English version of the book he had no 
authority to supervise. The short pieces De Analyst per Aquationes Numero 
Terminorum Infinitas and Methodus Differentialis he allowed William Jones in 1711 
to print (along with reproductions of his tracts on quadratures and cubics) as 
the Analysis per Quantitatum Series, Fluxiones, ac Differentias; cum Enumeratione 
Linearum Tertit Ordinis. That, apart from a few cautious references, made at 
various times during his priority dispute with the Leibnizians, to his manu- 
scripts on fluxional analysis, was his total public contribution to mathematics.® 

As we now know Newton’s creative mathematical researches continued with 
little break between the opening of his last undergraduate year at Cambridge, 
say from the early summer of 1664,® till he left university life behind him 
more than thirty years afterward in early 1696 for the bustle of London and the 
office of Warden of the Mint. Even then his inspiration flickered spasmodi- 
cally on for another two decades, blazing up from time to time in answer to 
challenges from Leibniz and Johann Bernoulli and in support of his own claim 
to priority in systematizing the calculus, and dying out finally only in the very 
last years of a long life. During his thirty years of active mathematical research 
there issued from his pen a continuous stream of preliminary worksheets, 
revised drafts and final versions carefully polished for intended deposit in 
public archive or for the printed page. Through various circumstances (which 
we will examine in their due place) a large portion of those mathematical 
papers remained hidden from his contemporaries throughout his life and when 
he died these autograph manuscripts became the only source of knowledge, 
not always accessible, never closely studied and rarely published even in 
fragment, of a significant area of Newton’s achievement in exact science. 

At no period in history have all these papers been gathered together, nor are 


(2) It is not our intention to go deeply into bibliographical aspects of Newton’s mathe- 
matical work or systematically to assess its impact on his contemporaries and successors, 
though we will discuss some important neglected features of it (in our final volume) on the 
basis of original manuscript and printed sources. When in due course we come to reproduce 
the autograph drafts of his published works we will indicate for each the major points of 
difference between manuscript and published versions and also sketch its printing history. For 
the moment the reader is referred to our introductions to the recent collected reprint of English 
renderings of those works (The Mathematical Works of Isaac Newton, ed. D. 'T. Whiteside, 
2 vols., New York, 1964-66). 

(3) See the Introduction to Part 1 of the first volume, and compare D. T. Whiteside, ‘Isaac 
Newton: Birth of a Mathematician’, Notes and Records of the Royal Society of London, 19 (1964) : 
53-62. 
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they now ever likely to be. As a young man Newton had sought consciously to 
make his name in the intellectual world by communicating certain (not always 
the severest and most advanced) of his manuscripts to influential acquaintances 
and those papers were not in every case returned intact. Through Isaac 
Barrow in July 1669, for example, he made known his De Analysi first to John 
Collins and subsequently to other interested parties in England and France; 
a little after, he allowed Collins both to examine a wide range of his mathe- 
matical and optical papers and to copy certain portions of them, if not to 
abstract the Newtonian fragments which were found with those copies after his 
death. Later, Newton’s motive changed more to one of disinterested generosity 
and the natural desire to reveal to others what he had discovered. Throughout 
his life he remained willing to permit a number of his fellows to view his private 
papers and, indeed, at times gave away items from them to a favoured few. 
On one occasion or another John Craige, David Gregory, John Raphson, 
Edmond Halley, Fatio de Duillier, William Jones, John Keill, Henry Pember- 
ton and possibly John Wallis, Abraham de Moivre and Nicholas Bernoulli 
were allowed varying degrees of freedom to inspect his store of manuscript, and 
Gregory and Jones in particular became possessed thereby of certain autograph 
fragments of considerable interest (the former, apparently, so that he might 
incorporate them into the extensive commentary on the Principia which he was 
preparing in the early 1690’s, the latter that he might publish them in an 
abortive intended sequel to his collection of Newton’s shorter mathematical 
tracts, the Analysis per Quantitatum Series, Fluxiones ac Differentias). These excep- 
tions apart, however, the bulk of Newton’s mathematical papers—essentially 
all but some important early researches in calculus and geometry—remained 
intact in his hands till his death, along with his other personal, scientific, 
religious and administrative drafts and correspondence. The subsequent 
history of this main corpus of Newton’s autograph legacy has never been 
recorded in detail. Since it explains in large part why no serious effort to 
publish a definitive edition of Newton’s contribution to any branch of intel- 
lectual history has yet been made, we may here examine it. 


Newton died intestate on 20 March 1726/7 and without immediate 
family. Immediately there arose among the surviving relatives a quarrel of no 


(4) A ‘Munday’, as his contemporary biographer Stukeley records (A. Hastings White, 
Memoirs of Sir Isaac Newton’s Life by William Stukeley, M.D., F.R.S. 1752. Being some Account of his 
Family and chiefly of the Junior Part of his Life (London, 1936): 83; compare The London Gazette, 
no. 6569 for 1-4 April 1727). The dates which Newton himself set on his papers are likewise 
invariably Julian. For those who wish to find the weekday corresponding to any given date 
in that calendar we might note that the d-th day of the m-th month of year y is the k-th day 
of the week where d+ [4(13m+3)] + [$y] = & (mod7), providing always that we take January 
and February as belonging to the previous year: thus 21 May 1665 (O.S.) is the first weekday 


b WHN 


XV1l1 General Introduction 


mean dimensions over the division of his estate, built by him in his lifetime into 
a considerable fortune. John Newton of Colsterworth, great grandson of 
Isaac’s uncle Robert, was his heir-at-law, but the main dissension occured 
between the offspring of his mother’s second marriage (to the Reverend 
Barnabus Smith) and above all between Newton Smith and Thomas Pilking- 
ton, eldest sons of his step-brother Benjamin and step-sister Mary, and John 
Conduitt, acting for his wife, Catherine, daughter of Newton’s step-sister 
Hannah. The issue was further complicated by Newton’s position at his death 
as Master of the Mint: in that appointment he was personally accountable 
for all outstanding debts at the Mint and his estate now became liable to 
seizure until the account was settled. Only Conduitt of all the relatives was 
wealthy enough to stand bond for Newton’s ‘debts’ and it was in virtue of the 
considerable expense and trouble to which he had put himself that he later 
claimed all Newton’s unpublished papers. As he wrote:© 


When S* Isaac Newton died he was indebted to the Crown £34,330. M*™ John 
Conduitt was the only person who could without difficulty make up & pass that account 
& till that was done none of the relations could have any benefit from S* I. Newtons 
effects. Besides the account of £34,330 St I. Newtons Adm'® were to pass a trial of all 
the monies coined by St I. Newton from the 24 August 1724 to the time of his death, & 
unless he were acquitted by a Jury of Goldsmiths at the trial of the Pix before my 
L4 Chant & the Privy Council, his estate was subject to fine & ransom. ..w could not 
be got over...by any of the relations but M* Conduitt. 

After several contests & disputes in the Prerogative Court about the Administration & 
the disposal of the Manuscripts the following agreement was made... & the same was 
made an act of the Court of the second sessions in Easter term 1727 & signed by 
Mr Conduitt, & M* Tho. Pilkington & Mr Benjamin Smith, the two Adm™”, What 
relates to the Manuscripts is as follows. Viz— 

That the papers & Manuscripts be first perused by the parties & such as are treatises 
be afterwards examined by Dr Pellett & printed if thought proper by him & the Adm's 
& sold to the best advantage, & in the meantime be loged with M** Conduitt. That 


and so (perhaps surprisingly when we recall Newton’s religious severity) a Sunday. Dates in 
-- 2| days ahead of Julian 
ones, where ¢ is the century: that is, 10 in the 17th century (up to 29 February 1699/1700) and 
11 thereafter (up to 1800). 

(5) King’s College, Keynes MS 1274.5: ‘An Account of the right & title John Conduitt his 
heirs & assigns have to the Manuscripts of S‘ Isaac Newton & of the papers touching the 
same.’ Since Conduitt notes that Newton’s Prophecies ‘are printed’, the account was written up 
in or after 1733 (compare note (13)). 

(6) The Administers appointed by the Prerogative Court of Canterbury (on 18 April 1727) 
were Thomas Pilkington, Benjamin Smith and Catherine Conduitt (Keynes MS 1274.2). 

(7) Conduitt’s copies of this agreement and the court order (made in Doctor’s Commons on 
3 April) confirming it are now Keynes MS 1274.1/3. Clarification of his temporary guardian- 
ship of the manuscripts was made in a further agreement on 27 April (Keynes MS 1274.6). 


the Gregorian calendar (introduced into England in 1752) are | 
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Mr Conduitt be oblig’d to pass the account with the Crown or indemnify the deceased’s 
estate from the same. . .. In consideration of w™ he shall have such papers w™ shall not 
be thought proper to be printed giving bond that if ever he shall publish any or make 
any advantage thereof to be accountable for the same... .© 

All the relations perused all the papers & Manuscripts at St I. Newton’s dwelling 
house & took Catalogues of them. The appraisers Comins & Ward examined them & 
thought only the Chronology & Prophecies fitt to be appraised & sett the value of £250 
upon the Chronology, & no value upon the Prophecies they being imperfect. ... 

Dr Pellett examined them all & certified under his hand what were proper to be 
printed, what not, & what were to be reconsidered w* certificate is attested by Thomas 
Pilkington one of the two Adm" & a copy of the schedule of the Manuscripts & the said 
certificate is lodged in the prerogative court, being annexed to the bond of £2000 
wt I gave in pursuance of the agreements made in Court to be answerable to the 
relations for all profit I should make by selling or otherwise disposing of the said Manu- 
scripts. 

D' Pellet certified that none of the Manuscripts were fitt to be printed except 

N°. 80 being the Chronology, w“ was sold for £350 & printed.™ 


i 


(8) Conduitt preserved the certificates from the Deputy Auditor, J. Oakley, that he did in 
fact indemnify the estate from the Crown’s demands on 19 May 1727 and that he settled the 
Mint account on 17 January 1728/9 (Keynes MS 127*.8/9). 

(9) This agrees with the ‘inventary’ of Newton’s house made under the Court’s Commission 
of Appraisement of 18 April 1727 by Valens Comyns and Thomas Ward together with Thomas 
Money, William Carr and Fletcher Gyles. A ‘short chronicle from the first memory of things 
in Europe, being an introduction to the Chronology of y° Antients, containing twelve pages 
in folio’ and ‘the Chronology of the Antients in five chapters, containing ninety pages in folio’ 
are ‘both valued att £250. 0. 0’, while ‘the history of the prophecies in ten chapters containing 
88 pages in folio and also part of the eleventh chapter containing two pages folio unfinisht’ is 
not priced. The inventory notes also ‘Manuscripts in a box sealed up at the house of John 
Conduitt Esq.’ and ‘several boxes at Sir Isaac Newton’s house wherein are contained many 
loose papers and Letters, relating to the office of the Mint, the manuscripts above mentioned 
and his Mathematical Works already published and likewise two small parcels of papers of the 
same kind in the box att the house of John Conduitt Esq’. See R. de Villamil, Newton: the Man 
(London, [1931]) : 49-61, especially 54-5. 

(10) Conduitt’s copy of his bond (given in late May) and his preliminary draft of it are now 
Keynes MS 1274.2/7. Pellet’s inventory of the manuscripts, made in three stages on 20, 22 
and 26 May, was published (perhaps from the deposited original) by Charles Hutton in his 
A Mathematical and Philosophical Dictionary...In Two Volumes, London, 1795 (2, 148-57: 
Article ‘Newton (Sir Isaac)’, especially 154-7). Conduitt’s copy of the list, which does not 
agree with Hutton’s in every detail, is preserved in King’s College (Keynes MS 127*.4). 
Though the fact does not seem to have been officially recorded Pellet made at least a partial 
reassessment in the following autumn, for in the frontispieces to two of Newton’s early scientific 
notebooks (ULC. Add. 3996, 4000) he has signed his name to ‘Sep. 25 1727 Not fit to be 
printed’. 

(11) This manuscript—actually two, ‘twelve half sheets in folio’ and ‘ninety two half 
sheets in folio’ (whose originals, bound in red morocco and labelled ‘John Conduitt’, are now 
ULC. Add. 3988 and 3987)—was published by the Strand bookseller J. Tonson as The 
Chronology of Ancient Kingdoms Amended. To which is Prefix’d, A Short Chronicle Srom the First 
Memory of Things in Europe, to the Conquest of Persia by Alexander the Great, London, 1728. 
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N°. 33. A Mathematical tract de Motu Corporum [Liber Secundus] w was sold to 
Tonson for £31-10 & printed under the title of De Mundi Systemate.%) 

N°. 81. The prophecies w® are printed. 

N°. 38, Paradoxical questions concerning Athanasius.“ 

N°. 61. an Imperfect Mathematical tract.4» 

Which three last are not judged by D* Pellet absolutely to be printed but only to be 
reconsidered as appears by his certificate. 

All the other Manuscripts belong to me & are mine not only by way of custody as 
acting Adm’ in right of my wife, but in property on account of a valuable consideration 
I gave for them, viz—passing the accounts of St I. Newton & the trial of the Pix, w“ 
were points of the greatest consequence to the relations & were not effectuated by me 
without great trouble & expence, w“ I paid out of my own pocket over & above the 
fees allowed in my account & have not charged to the Adm®, but tho" these manuscripts 
are my property I & my heirs & assigns must account to the relations & their repre- 
sentatives for their share of all profit that shall be made by selling or otherwise disposing 
of the same, reserving always one eighth share of the profit for themselves.“® 


It seems abundantly clear that the sole interest of Newton’s relatives—John 
and Catherine Conduitt apart—in his estate was a financial one. Thomas 
Pellet’s thick clumsy annotations ‘Not fit to be printed’, which appear on the 


(12) This tract of ‘ Fifty six half-sheets in folio de motu corporum the greater part not in 
St I’s hand’ (Pellet)—whose original, bound and lettered uniformly with the preceding and 
following works, is preserved as ULC. Add. 3990—was published jointly by ‘Tonson, J. Osborn 
and T. Longman as De Mundi Systemate Liber Isaact Newton, London, 1728. In 1964 William 
Dawson’s in their Catalogue 130 (Cambridge Science and Medicine, 1551-1958) listed for sale 
Conduitt’s presentation copy of this to William Stukeley: a little confusingly Stukeley himself 
has noted on its title page ‘edidit Johés Conduit’ but we should understand that Conduitt was 
merely reponsible for its publication (owning the manuscript) and perhaps corrected its 
proofs, not that he edited the work in any creative sense. An unfinished revision of the piece, 
which Newton deposited as five of his 1687 lectures (beginning Thursday, 29 September) in 
Cambridge University Library, is now ULC. Dd. 4.18, and in that form it was copied by 
Roger Cotes in 1700 (Trinity College, Cambridge, R. 16.39). The work is, of course, Newton’s 
first version (composed perhaps in mid-1685) of Book 3 of his published Principia. 

(13) These ‘forty half sheets in folio’ (now ULC. Add. 3989) appeared as Observations upon 
the Prophecies of Daniel, and the Apocalypse of St John. In Two Parts, London, 1733 (printed by 
‘J. Darby and T. Browne in Bartholomew Close’). 

(14) This still unpublished manuscript, ‘Thirty one half sheets in folio’ (now Keynes 
MS 10 in King’s College, Cambridge) has been discussed, with extracts, by David Brewster 
(Memoirs of the Life, Writings and Discoveries of Sir Isaac Newton, Edinburgh, 1855: 2: 342-6), 
H. M‘Lachlan (Sir Isaac Newton: Theological Manuscripts, Liverpool, 1950: 102-3) and F. E. 
Manuel (Isaac Newton, Historian, Cambridge, 1963: 158-9). 

(15) This, listed by Pellet as ‘One hundred & forty four quarter sheets & fifty half sheets 
in folio being loose mathematical papers’, very probably combined the unfinished 1666 
English and 1671 Latin fluxional tracts (now ULC. Add. 3958.3: 48°63" and 3960.14 
respectively) which Horsley was to find packaged together in 1777. See also note (17). 

(16) We have not discovered whether this last provision, presumably still legally effective, 
was implemented when the Portsmouth family in 1936 (note (57)) sold that portion of Newton’s 
papers then remaining in their possession. 
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flysheets of Newton’s surviving notebooks and other manuscripts, may now 
seem at once pitiful and ludicrous, but we should remember his brief: he was 
engaged by the executors of the estate to go through the papers singling out 
those which could be turned into ready cash by a quick sale to the printer— 
and no publisher at that time would purchase any but a finished, ordered 
tract. Presumably Pellet, a Fellow of the Royal Society in a period when 
Fellowship was no unimpeachable mark of scientific ability, was competent 
enough in his restricted role as printer’s skivvy and it was not his fault but 
rather that of Newton’s pennypinching relations that no one better able to 
appreciate the riches of the unpublished mathematical papers was appointed 
to the task.4” We may be exceedingly grateful in retrospect that Conduitt, 
acting ultimately out of the purest of motives (that of honouring a great man 
into whose family he had married), was able and willing to manceuvre the 
papers into his own control. Had he failed, the consequences for future 
Newtonian scholarship would have been disastrous. 

Pellet’s list@® is no more informative than we might reasonably expect. 
Apart from the four manuscripts singled out by Conduitt, which may be 
accurately identified, it is not easy to trace corresponding items in his and later 
catalogues. We have already®® tentatively identified No. 61 (“One hundred & 
forty four quarter sheets & fifty half sheets in folio being loose mathematical 
papers [in part] to be reconsider’d’) as the 1666 and 1671 fluxional tracts 
which Horsley was to find parcelled together in 1777, while No. 4 (‘Trigono- 
metria, about five sheets’) is probably part at least of Newton’s ‘Trigonometria 
succincté proposita et nova methodo demonstrata a S'° Joanne Hareo Arm*’.© 
No. 63 (‘A Folio Comonplace book part in St Isaac’s hand’) is doubtless his 
Waste Book, and we may be sure that his mathematical notebooks® are 


(17) In this connection we may note that when Henry Pemberton sought, shortly after 
Newton’s death, to publish the 1671 fluxional tract he was forestalled because ‘the owners of 
the copy asked more money than the booksellers cared to advance’. (See James Wilson’s 
preface to his edition of Pemberton’s Course of Chemistry, London, 1771: xvi.) 

(18) Conduitt described it (Keynes MS 1274.4) as ‘A List of the papers @ manuscripts 
belonging to St Isaac Newton Kt‘ deceased taken by the relations upon perusing & examining 
the same’, Hutton (A Mathematical and Philosophical Dictionary, 2: 155) more narrowly as ‘A 
Catalogue of Sir Isaac Newton’s Manuscripts and Papers, as annexed to a Bond, given by 
Mr. Conduit, to the Administrators of Sir Isaac: by which he obliges himself to account for 
any profit he shall make by publishing any of the papers. Dr. Pellet, by agreement of the 
executors, entered into Acts of the Prerogative Court, being appointed to peruse all the papers 
and judge which were proper for the press’. (Hutton may have had his information second- 
hand through Samuel Horsley rather than directly from the deposited Bond.) It is divided into 
three sections (Nos. 1-20, 21-40 and 41-82) which Pellet examined on 20, 22 and 26 May 
1727 respectively. See also note (10) above. 

(19) Note (15) above. 

(20) ULC. Add. 3959.4: to be reproduced in volume Iv. 

(21) That now in the Fitzwilliam Museum, Cambridge, and ULC. Add. 4000. 
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included in No. 82 (‘Five small bound books in duodecimo [the greatest part] 
not in Sir Isaac’s hand being rough calculations’), but the other mathe- 
matical entries are wholly vague.@) Conduitt himself seems never to have 
attempted further definition of the anonymous, conglomerate mass of New- 
tonian manuscript in his possession, but during the remaining decade of his life 
interested himself almost entirely in preparing a non-technical biography of 
Newton, never completed and indeed hardly begun.) His wife Catherine, a 
little before her death in January 1739, toyed with those of her uncle’s papers 
relating to religion and chronology and in 1737 added a codicil to her will 
directing her executor to 

lay all the Tracts relating to Divinity before Dr Sykes. . .in hopes he will prepare them 


for the press... .all of them I ordain shall be printed and published, so as they be done 
with care and exactness: and whatever proffit may arise from the same, my dear 


(22) No. 24 lists ‘Three hundred & fifty three half sheets in folio & fifty seven in small 
Quarto being foul & loose papers relating to figures & mathematicks’, No. 44: ‘Four hundred 
& ninety five half sheets in folio being loose & foul papers relating to Calculat™* & Mathe- 
maticks’; Nos. 48, 57, 61, 70 and 77 together comprise 619 ‘half sheets’ and 215 ‘quarter 
sheets’ in-folio ‘being loose mathematical papers’, while No. 76 is described scarcely more 
precisely as ‘Forty half sheets being loose papers foul & dirty relating to Calculations’. 

(23) Conduitt did little more than make a reasoned, not very critical compilation of the 
many anecdotes for which he canvassed among Newton’s acquaintances or which he pencilled 
down in his little green notebooks from his reading of published literature. His collection (now 
for the most part gathered in Keynes MS 130-137 in King’s College, Cambridge) is the source 
for most of the usual stories about Newton the man, some accurate and invaluable, others 
mythical and worthless: we shall draw upon it from time to time in this edition. Conduitt, too, 
made extensive use of his gathered material in preparing the Memoir (Keynes MS 129. 1-3) 
which he sent to Fontenelle in the early summer of 1727 for incorporation in the latter’s 
widely popular ‘Eloge de M. Neuton’ (Histoire de l’Academie Royale des Sciences de I’ Année 
M. DCCXXVIII, Paris, 1728: 151-72), but otherwise his rich store of anecdote remained 
unused till Edmund Turnor inserted portions of it in his Collections for the History of the Town 
and Soke of Grantham (note (36) below). Brewster in the two volumes of his Memoirs (note (14)) 
was the first to exploit the material systematically. 

We may note that Roger Cotes’ executor Robert Smith lent Conduitt his fair copies of 
‘about 20 or 30 [actually 38] letters written by S* Isaac to M‘ Cotes during the printing of the 
24 Edition of the Principia. M* Conduit borrowed them of me when he collected materials 
for writing S* Isaac’s Life, & promised to return them, and with them to send me those which 
M: Cotes wrote to S' Isaac upon the same Philosophical Subjects, but forgot his promise’ 
(Smith to William Hanbury, 16 March 1757=Trinity MS. R. 16. 38: 413"). In return for his 
trouble, and no doubt ever worried at forfeiture of his bond to Newton’s relatives, Conduitt 
in February 1733 loaned Smith a single letter (that of Cotes to Newton, 29 April 1715) and 
was quick to secure its speedy return. Smith’s copies (of the originals, now in Trinity College, 
Cambridge, which were later published by J. Edleston in his Correspondence of Sir Isaac Newton 
and Professor Cotes, London, 1850) were sold by the Portsmouth family in 1936 and acquired 
by J. M. Keynes (now King’s College, Cambridge, Keynes MS 110). Edleston, who could 
never gain access to the Portsmouth papers, rather misleadingly suggested (Preface: xvii) that 
these were lost originals but in fact Newton’s papers (ULC. Add. 3983) contain only 35 letters 
of Cotes to Newton, a few wholly or partially unknown to Edleston but most accurately 
published by him from Cotes’ little variant drafts and minutes. 
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Mr. Conduitt has given a bond of £2000, to be responsible to the seven nearest of kin to 
Sir Is. Newton. Therefore the papers must be carefully kept, that no copys may be taken 
and printed, and Dr. Sykes desired to peruse them here, otherways if any accident 
comes to them the penalty of the Bond will be levy’d.@ 


Evidently Conduitt’s bond remained for many years in danger of being 
surrendered, and we may imagine the care which he took to ensure that no 
unauthorized person had access to Newton’s manuscripts, especially when 
publishers were becoming increasingly ready to print pirated versions of any 
of his papers, previously published or no.® In the outcome no new work of 
Isaac Newton’s appeared in the stationers’ catalogues until Samuel Horsley 
printed the original Latin version of the 1671 fluxional tract fifty years later.°® 

In the middle years of the eighteenth century, as people who had known 
Newton personally began to die off at an increasing rate, it became more and 
more difficult to obtain accurate information relating to the content of his 
papers and indeed for the few who tried to seek them out their very where- 
abouts came to be clothed in mystery. John Conduitt died in May 1737, his 
wife Catherine not quite two years later, and on her death the Newton papers 
passed (without recorded objection from the other surviving relatives) to her 
daughter Catherine. When in 1740 the latter married John Wallop, styled 
Viscount Lymington after his father was created the first Earl of Portsmouth in 
1743, the papers disappeared unobtrusively from public knowledge into the 
possession of the Portsmouth family, where they survived virtually untouched 
for a century.@” Already in the middle 1750’s when Roger Cotes’ cousin and 


(24) Quoted from Brewster’s Memoirs (note (14)) 2: 341, note 3, where he reproduces a copy 
of the codicil sent him by Jeffery Ekins (then, as we shall see, in possession of the papers finally 
taken away by Sykes for examination in 1755). 

(25) Already in Newton’s lifetime Nicolas Fréret had printed an unauthorized French 
version of the Chronology abstract (Abrégé de la Chronologie de M. le chevalier Isaac Newton fait 
par lui-méme, & traduit sur le manuscrit Anglois, Paris, 1725). Other minor religious papers of 
Newton’s appeared without authority in 1737 and 1754. In 1736 John Colson, using a tran- 
script from the original prepared by William Jones in Newton’s lifetime, issued his English 
version of the 1671 tract as The Method of Fluxions and Infinite Series; with its Application to the 
Geometry of Curve-lines (London, 1736, translated into French by Buffon in 1740 and back into 
Latin by Castiglione in 1744), and this itself was pirated anonymously the following year (by 
Wilson?) as A Treatise of the Method of Fluxions and Infinite Series, With its Application to the 
Geometry of Curve-lines (London, 1737; reissued 1738). 

(26) Horsley set it in print initially from a copy of Jones’ transcript of the work made by 
Cavendish, using the former’s conjectured title of Artis Analytica Specimina sive Geometria 
Analytica. In press, however, he came in October 1777 upon Newton’s incomplete autograph 
original of the piece and made appropriate revisions. See note (34). 

(27) However, shortly before his death in November 1756 the latitudinarian pamphleteer 
Dr Arthur Ashley Sykes, implementing the 1737 codicil to Catherine Conduitt’s will, compiled 
a ‘digest’ of Newton’s religious and chronological papers (cf. William Hanbury to Robert 
Smith, 11 April 1757 =Trinity MS. R. 16. 38: 422"). Soon after, in November 1755, a selected 
portion of the theological papers were forwarded to London for his detailed appraisal: Lord 
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executor Robert Smith searched for missing items of the former’s corre- 
spondence with Newton and for the latter’s ‘common place book’ (presumably 
the Waste Book) he could for a time find no one who knew where the papers 
were then located. His friend William Hanbury, who conducted the greater 
part of his search for him, reported that 


Mr Wilcocks...who has carefully perused [the papers in the hands of the Rev‘ 
Mr’ Ekins] assures me there is nothing of the nature of a commonplace book among 
them, & Mr Ekins tells me he never saw or heard of such a piece. L4 Macclesfield, to 
w™ the library of Mt Jones was left, said to me last winter that ke knew nothing of it 
but that he would when he went into the country carefully examine the Manuscripts 
[in his library but now] he declares there is no such thing in his collection. ... Henry 
Stevens. ..says the book you mean was called the Green book, after w™ great enquiry 
was made long since, but no trace of it could ever be discovered.@® 


Only weeks later, after further inquiries made to Ekins, did he learn through 
Dr Habberdon that some of Newton’s papers had passed to Lord Portsmouth. 
At last, however, an intermediary, Philip Barton, was able to write to him: 


Lord Portsmouth. . .says that all the papers he has, w relate to St Isaac Newton are 
in the Country at his seat [Hurstbourne Park] in Hampshire, that they were lately 


Portsmouth’s list drawn up on 12 November (King’s College, Cambridge, Keynes MS 1274.4: 
‘An Acct of Sir Isaac Newton’s papers—sent to the Rev? D* Sikes to London’) details eleven 
items relating to chronology, biblical criticism and church history. Years later Lady Urania 
Portsmouth noted on its verso: ‘Found Feb’: 1770. This Memo: preserv’d by U: Portsmouth 
as she knows not whether the Papers specify’d were return’d by D' Sykes.’ In fact they never 
were but after Sykes’ death passed subsequently into the hands of his friend Jeffery Ekins, in 
whose family they remained till in the nineteenth century they were presented—legally or 
no—to New College, Oxford. (They are now on permanent deposit in the Bodleian, listed 
New College MS 361.) As Ekins wrote to Joseph Wilcox on 27 March 1757, ‘M* Conduit 
had once an intention of publishing the Theological tracts of S' Isaac’s and added a Codicil to 
her will for that purpose desireing that they might further be revised by Dt Sykes. Some few of 
these were found in the hands of her Executor after his decease & are at present in my custody. 
None of them are perfect excepte one little tract relating to y® controverted text 1. John 5, 7 
&c which surreptitiously got into print about two or three yeares ago [in 1754, in fact]. The 
rest seem to be very inconsiderable except®...that the manuscript of St Isaac’s Chronology is 
amongst these papers & is pretty fairly wrote’ (quoted from Hanbury’s copy in Trinity MS. 
R. 16.38: 416-417"). These ‘Ekins’ papers, a few scraps of calculation excepted, contain 
almost nothing relevant to an assessment of Newton’s mathematical achievement. (In his 
covering letter to Robert Smith on 8 March 1757 (Trinity MS R. 16.38: 410") Hanbury 
confirms that it was Sykes who was Catherine Conduitt’s executor while Ekins, executor of her 
daughter’s will, merely ‘transacted the affairs of M'* Conduit’. In his Memoirs (note (14)) 2: 
342 Brewster is somewhat in error here, but has been followed in his presumption by all later 
editors of Newton’s theological works.) 

(28) Hanbury to Smith, 8 March 1757 (Trinity MS R. 16.38: 410'-412"). Stevens perhaps 
mistook the commonplace book (described by Smith as a ‘great’ book, one ‘in w™ the late 
S' Isaac Newton used to enter such observations as he made in the course of his reading under 
proper Heades to w® he might the more easily refer on occasion’) for the small green note- 
books (King’s College, Keynes MS 130.6) in which Conduitt jotted down his Newtonian 
memoranda, or perhaps for one (or several) of Newton’s early scientific notebooks. 


General Introduction XXV 


under the Perusal of a Gentleman®) who died before yt Perusal was finished, yt they 
were very voluminous & it will be a matter of much time & trouble to examine them. 
At the same time his Lordship says that they shall be examined & if either M* Cotes’s 
or any other Letters will be of Use to the Learned World He is ready to communicate 
them in a proper manner.®° 


Evidently no one remembered—or at least felt bound by—Conduitt’s bond 
any more, and Lord Portsmouth was obviously amenable to having portions of 
his Newton manuscripts examined by competent scholars. Smith himself did 
not seize his opportunity. Both he and Portsmouth were then old men and we 
may guess that if he ever viewed the papers he quickly realized that he no 
longer had time or stamina sufficient for their thorough examination. But their 
new resting-place was now known with certainty to the English learned 
world and no serious student of Newton’s achievement could in future claim 
ignorance of their existence. 

As it happened the Reverend (later Bishop) Samuel Horsley was the first 
scholar to profit by the relaxing of the secrecy imposed by the conditions of 
Conduitt’s bond, though he too found considerable difficulty in gaining access 
to the Portsmouth papers. We presume that the new Earl was not so willing as 
his grandfather to have a commoner invade the privacy of his country estate. 
Only briefly during the autumn of 1777 when it was too late for Horsley to 
edit any new mathematical pieces for the five-volume collected edition of 
Newton’s works he was then preparing was he allowed down to Hurstbourne 
to study them.®) Helped by William Mann Godschall he began a preliminary 


(29) Dr Sykes: see note (27). 

(30) Barton to Hanbury, 25 March 1757 (Trinity MS. R. 16.38: 415°). 

(31) Horsley published proposals in 1776 for his ‘complete’ edition, later to appear as 
Isaaci Newtoni Opera que exstant Omnia. Commentariis illustrabat Samuel Horsley, LL.D., R.S.S. 
(5 vols., London, 1779-85, reprinted in photo-offset Stuttgart-Bad Cannstatt, 1964), but 
publication of the work was at first delayed through the serious illness of his wife (who at 
length died in August 1777) and because of the difficulty of finding a draughtsman competent 
enough to fashion the complex wood-cuts Newton’s text demanded: fortunately, for the figures 
of the shorter mathematical pieces he was able to use the blocks which had been cut in 1711 for 
their edition in Jones’ Analysis. (See John Nichols, Literary Anecdotes of the Eighteenth Century ; 
comprizing Biographical Memoirs of William Bowyer, Printer, ...and many of his Learned Friends 
(London, 1812), 4: 5-677, especially Horsley’s letters to Bowyer of 6 July 1776 and 23 June, 
20 July, 17 September and 2 November 1777, where he discusses various points of printing 
style in his projected edition. On 17 September 1777, in particular, he wrote from his (formerly 
Oughtred’s) rectory at Aldbury in Surrey that ‘I hope that you will some time tomorrow 
receive my copy of the Arithmetica Universalis, which is to be the first tract in my first volume... . 
You will set M' Gilbert about the figures immediately, and let the printing go on with as much 
expedition as possible. I would wish that my subscribers should have their first volume before 
next Midsummer; it will be a very large one... .I intend to go into Hampshire in about ten 
days, to visit a repository of manuscripts Sir Isaac Newton left behind him, to which I have 
with great difficulty procured access. I may perhaps stay there ten days. ..—you will never 
have copy to wait for; as the whole of the first volume is actually finished, and a great part of 
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‘catalogue’ of the papers on 15 October and preparation of this continued 
through the following day.® The resulting list is the first careful record we 
have of Newton’s manuscripts and is invaluable as a check on the not wholly 
productive efforts of later cataloguers who, unlike Horsley himself, were 
allowed freedom to resort the papers. We should remember, too, that the 
paper slips in his hand (assessing the fitness for printing of various groups of 
manuscript) which he interpolated were possibly no more than personal 
memoranda and not necessarily the pompous ex cathedra pronouncements which 
they may now appear.®) Horsley’s ill fortune was that he was not always 
competent to assess the importance and genius of the technical papers in 
science and mathematics which he sifted through, and that he had so few days 
in which to broach their detailed study. Some of the vagueness of Pellet’s 
inventory reappears in his appraisals (we read once more of ‘foul Copies of 
Mathematical Works’ and ‘loose Sheets of Calculations’) and yet again the 
crucially significant Waste Book is noted merely as ‘a Commonplace Book’ 
without indication of its content but such notebooks as ‘a Duodecimo Book 
composed of Extracts from different Writers perhaps with some Notes of 
Sir Isaac Newtons interspersed’ (ULC. Add. 3996) and ‘Another Duodecimo 
Book containing extracts out of Wallis & Oughtred, some easy Quadratures, 
Notes about Telescopes & Music’ (Add. 4000) are now accurately described. 
Apart from ‘Fragments of pieces upon Fluxions. . .never Published. a Great 
many loose & foul Papers’ (Add. 3960 and 3962: passim), among the calculus 


another.’ In fact, Horsley’s preliminary list (note (32)) and his subsequent cataloguing slips, 
still preserved with Newton’s manuscripts, show that he studied the ‘repository’ only during 
the period 15-26 October 1777: already on 2 November, when he wrote to Bowyer again, he 
was back at Aldbury, hard at work seeing his first volume through the press.) Apart from the 
replies to two challenge-problems (originally published anonymously in the Philosophical 
Transactions), which were delayed till Volume 4, all the mathematical tracts published by 
Horsley are contained in the first volume (which finally appeared in mid-1779). 

(32) The list—in Godschall’s hand—is now, together with its drafts, in King’s College, 
Cambridge (Keynes MS 1274.4: ‘Catalogue taken of S": Isaac Newtons M: 8: 8: Octt: 15": 
& 164: in the Year 1777. By W™: Mann Godschall Esq': & the Rev‘: D': Horsley’). J. M. 
Keynes has written that Newton’s papers ‘on esoteric and religious matters’ were then in a 
box ‘packed up when he finally left Cambridge in 1696’ and that when Horsley ‘was asked 
to inspect the box with a view to publication [he] saw the contents with horror and slammed 
the lid’ (‘Newton, the Man’, The Royal Society Newton Tercentenary Celebrations, 15-19 July 1946, 
Cambridge, 1947: 27-34, especially 27, 30 and 31). This is surely apocryphal and in part, 
no doubt, Keynes’ misreading of Horsley’s catalogue. The latter, in fact, found the papers not 
at all carefully divided by subject but somewhat randomly tied up as parcels in the drawers of 
a ‘Cabinet’ (which he called ‘A’) and three ‘Bureau[x]’ (called by him ‘B’, ‘C’ and ‘D’): 
the papers on religion and alchemy were concentrated but not exhaustively confined in one 
of the latter, more probably (and as we now understand it) a writing desk with sets of drawers 
than a compartmented travelling chest. 

(33) In so far as these pertain to the mathematical papers they will be reproduced at 
appropriate points in the text. 
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manuscripts he noted ‘Geometria Analytica with the English Tract written in 
1666’ (Add. 3960. 14 and Add. 3958. 3: 48’—-63" respectively) and ‘a Paper on 
the quadrature of trinomial Curves with some Fragments relating to Fluxions’ 
(Add. 3962.6). In the geometrical papers he found ‘Fragments relating to the 
antient Problem de Loco Solido’ and ‘of a Work entitled Geometrie Libri 
tres, & a restitution of Euclids Porisms which perhaps made only a part of these 
three Books’ together with ‘Scraps of the Lines of the 34 Order’ (Add. 3963: 
passim and Add. 3961 respectively); among the algebraic, ‘Scraps’ and ‘a 
fair Copy of part of the Arithmet. Univers.’ (Add. 3963.9/3964.2 and Add. 
3993) and ‘an elementary treatise of Trigonometry’ together with ‘A Com- 
pend™ of Trigonometry by one Hare’ (Add. 3959.2-5). The following week, 
between the 20th and 26th of October, Horsley made a closer examination of 
portions of the mathematical manuscripts and also studied certain of the 
theological papers along with letters relating to optics and the fluxions priority 
dispute. But with his first volume already in press in London and anxiously 
awaited by his subscribers there was little he could now do to publish new 
mathematical material, much of which required long years of patient editing 
before its content could be made comprehensible and fitted into the pattern 
of Newton’s creative development. In the outcome he suitably improved 
certain texts already scheduled for publication by collating them with the 
manuscript (notably emending the text of the ‘Geometria Analytica’, which 
he had previously derived from two inferior copies, one indeed derivative from 
the other®) and later published substantial selections from Newton’s corre- 
spondence with Oldenburgh in his fourth volume, but otherwise introduced 
no major changes into the scheme of his edition after his visit to the Portsmouth’s 
Hampshire seat. 

As far as we know, Horsley never renewed his brief acquaintance with the 
treasures of Hurstbourne Park but came more and more to be claimed by the 
demands of church and university politics. His fellow scholars, innocent in their 
ignorance, were not stirred by the opportunities for further research which he 
himself had neglected fully to implement. Indeed, Horsley’s bulky Latin 
edition, not incompetent if neither outstanding nor comprehensive, seemed 
then to fill all reasonable demands for accurate knowledge of the source-works 
on which Newton’s vast scientific prestige was factually based. There were few 


(34) See note (26) above and Horsley’s Opera Omnia, 1 (1779): 389-518, especially 390. 
Except for suppressing an irrelevant ‘Auctore Isaaco Newtono, Equite Aurato’ Horsley 
retained William Jones’ title for the piece (whose manuscript original now—as then?—lacks 
its title-page but was always referred to obliquely by Newton himself as ‘my 1671 tract’) 
together with his anachronistic substitution of dot-notation for the original’s literal fluxions 
(because the cost of resetting the type was too great?). Some errors of transcription which had 
arisen in Jones’ and Cavendish’s copies were corrected and a few lacunae filled. The division 
of the tract (in Horsley’s version) into chapters and paragraphs is uniquely his. 
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enough in England who could begin to appreciate the subtleties of his Principia 
and his published mathematical texts, let alone who had the intellectual 
hunger to savour and devour unfamiliar material and the ability to digest it. 
For almost a century the technical portion of Lord Portsmouth’s papers were 
to lie unopened in their packets, their location known®) but their importance 
not admitted. They were not again broached till historians began to recognize 
the need for an accurate control of sources and to fill gaps in their knowledge 
not by extrapolation but through manuscript study. 

Little enough was done for a long time to examine and publish the non- 
technical papers. In 1806 the Lincolnshire antiquary Edmund Turnor, who 
had recently purchased Newton’s traditional birthplace (the little ‘manor 
house’ at Woolsthorpe), printed some of the biographical material collected 
by Conduitt.6® A quarter of a century later James Henry Monk, engaged in 
revising his biography of the Trinity authoritarian Bentley in the early 1830's, 
approached the Portsmouth family for permission to study the letters which 
Cotes wrote to Newton during the production of the second edition of the 
Principia, and was later able to acknowledge that he had seen them.®” He found 
at Hurstbourne a situation not wholly conducive to calm scholarship: the third 
Earl, John Charles Wallop, had some years before become mentally deranged 
and the family estates were administered by trustees, notably the Earl’s brother, 
Newton Fellowes. Fortunately for Monk, Fellowes’ son, Henry, had become 
personally interested in the papers and through him Monk was able to satisfy 


(35) In his widely read Mathematical and Philosophical Dictionary (note (10)) Charles Hutton, 
seemingly for the first time in print and probably with Horsley’s aid, pinpointed the location 
of the theological portion at least of Newton’s papers: ‘It is astonishing what care and industry 
Sir Isaac had employed about the papers relating to Chronology, Church History, &c: as, on 
examining the papers themselves, which are in the possession of the family of the Earl of 
Portsmouth, it appears that many of them are copies over and over again, often with little or 
no variation; the whole number being upwards of 4000 sheets in folio. ..; besides the bound 
books &c in [Pellet’s] catalogue’ (2: 157). 

(36) In his Collections for the History of the Town and Soke of Grantham. Containing Authentic 
Memoirs of Sir Isaac Newton, now first published from the Original MSS. in the possession of the Earl of 
Portsmouth (London, 1806). Apart from printing (on p. 162, n. 2) Charles Montague’s letter to 
Newton of 19 March 1695/6, Turnor reproduced (pp. 158-67) Conduitt’s original English 
version of the ‘Memoir’ he sent to Fontenelle in 1727; (pp. 172-3) ‘A remarkable and curious 
conversation between Sir Isaac Newton and Mr. Conduitt’; (pp. 174-80) the greater part of 
William Stukeley’s letter of 26 June 1727 to Richard Mead; and (pp. 181-6) Rutty’s ‘ Extracts 
from the Journal Books of the Royal Society, relating to Sir Isaac Newton’. (These are now all 
in King’s College, Cambridge, Keynes MSS 129.1, 180.11, 186 and 128 respectively.) As 
Turnor notes, Gough had printed an inferior partial transcript of Stukeley’s letter (derived 
from its author?) in the Gentleman’s Magazine for November 1772 (pp. 520-2). 

(37) J. H. Monk, Life of Richard Bentley (London, ,1833) : 1: 230, n. 47: ‘Some letters which 
are, properly speaking, part of this series, are among the collection of Sir Isaac Newton’s 
papers, belonging to the Earl of Portsmouth, at Hartsbourne House (sic), Hampshire, where 
they were obligingly shown to me by the Hon. H. Fellowes.’ 
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his curiosity. Less successful was the astronomical historian, Francis Baily, then 
busy editing Flamsteed’s papers for publication, who also at this time was 
allowed to ‘inspect the large and valuable collection of Newton MSS’ at 
Hurstbourne in search of the latter’s Newtonian correspondence, but though 
their custodian ‘H. Fellowes. ..was so obliging as to afford me every facility 
for that purpose. ..I [have not] been able to throw any light on the special 
object of my inquiries’. It was through Henry Fellowes, too, that David 
Brewster was four years afterwards permitted access to much of the Portsmouth 
material when he came to revise his short, popular Life of Sir Isaac Newton 
(London, 1831) into the two bulky volumes of his Memoirs of the Life, Writings 
and Discoveries of Sir Isaac Newton (Edinburgh, 1855), which for more than a 
century have remained the standard biographical account. 

Contrary to some modern opinions,®*) Brewster was apparently never 
allowed unrestricted access to the Portsmouth manuscripts but limited 
almost wholly to the selection of biographically pertinent material, letters and 
papers selected for him by Fellowes. Though usually adept at cloaking his lack 
of complete information in his text, he makes the matter evident in his 
prefatory remarks: 

Mr. Henry Arthur Fellowes. ..met me in June 1837, at Hurstbourne Park, to assist 
me in examining, and making extracts from the large mass of papers which Sir Isaac 
had left behind him. In this examination our attention was particularly directed to such 
letters and papers as were calculated to throw light upon his early and academical life, 
and with the assistance of Mr. Fellowes, who copied for me several important documents, 
I was enabled to collect many valuable materials unknown to preceding biographers.. . . 
in so far as Mr. H.A. Fellowes and I could make an abstract of these and other 
manuscripts during a week’s visit at Hurstbourne Park, I have availed myself of them 
in composing the first volume of this work, which was printed before the papers them- 
selves came into my hands.... 


(38) An Account of the Revd. John Flamsteed, the first Astronomer-Royal; compiled from his own 
Manuscripts, and other Authentic Documents, never before published (London, 1835) : xx. As Brewster 
remarked in his Memoirs (2: 161; compare 1: xi-xii) Baily had not looked very hard, for ‘the 
letters of Flamsteed to Newton. ..had been carefully preserved’. 

(39) L. T. More, for example, following the 1888 cataloguers of the Portsmouth papers, has 
suggested that Brewster ‘made a very considerable use of Conduitt’s manuscripts and of 
abstracts from Newton’s correspondence, and some use of the mathematical notes and papers 
[but] used his discretion in extracting and in omitting many important documents which 
seemed to him not advantageous to Newton’s reputation’ (Isaac Newton, A Biography, Chicago, 
1934 (reissued New York, 1962): Preface: ix). In his Memoirs there is no clear instance of 
Brewster’s having studied any of the mathematical papers: his accounts (Memoirs, 1: 21-5; 
and 2: 10-17) of Newton’s early mathematical development, apparently based on his exami- 
nation of the original documents in the Portsmouth papers, are in fact little variant reproduc- 
tions and summaries of material gathered by Conduitt (notably King’s College, Keynes MS 
130.4 and ULC. Add. 3960.2) or of items in the Macclesfield collection copied for him by 
S. P. Rigaud. We will discuss this point in greater detail in the final volume when we examine 
the immediate impact of Newton’s researches upon his contemporaries. 
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Before I began the second volume, which contains the history of the Fluxionary 
controversy, and the Life of Newton subsequent to the publication of the first edition of 
the Principia, I had the good fortune to obtain from the Earl of Portsmouth, through the 
kindness of Lord Brougham, the collection of manuscripts and correspondence which 
the late Mr. H. A. Fellowes had examined and arranged as peculiarly fitted to throw 
light on the Life and Discoveries of Sir Isaac. In these manuscripts I found much new 
information respecting the history of the Principia, which, though it might have been 
more appropriately placed in the first volume, I have introduced into those chapters of 
the second which relate to the period when the other editions of the Principia were 
published. 


Because of Brewster’s otherwise reprehensible habit of inscribing the docu- 
ments entrusted to his care in his fine spidery handwriting, we may indeed 
confirm that he had access to a tolerably complete selection from Newton’s 
correspondence, to the biographical material gathered by Conduitt and to the 
papers relating to the fluxion priority dispute, but there is no indication that he 
made a wider study of original manuscript. Composed under such limitations 
his biography is, for its period, a minor masterpiece of shrewd insight into 
technical questions he could many times not examine on the basis of Newton’s 
autograph papers. Historically it was equally important, together with the 
minutely documented critical essays of his fellow scholars Rigaud and 
Edleston,“) in reviving interest in the accurate documentation of Newton’s life 
and scientific achievement. Together, they were in particular to encourage two 
prominent Cambridge mathematicians, John Couch Adams and George 
Stokes, to travel down to Hurstbourne Park in late July 1872, the official 
delegates of Newton’s university entrusted with the commission to examine 
the entire corpus of the Portsmouth papers in detail and to report back. 

The circumstances which provoked this delegation are not clear.“ How- 
ever, having been approached through the Duke of Devonshire, Lord Ports- 


(40) Memoirs, 1: Preface: vii-viii, x-xi. Henry Fellowes died in 1847 before his father 
succeeded as fourth Earl. A great many of his transcripts, some annotated in Brewster’s hand, 
are now in ULC. Add. 4007. 

(41) Stephen Peter Rigaud, Historical Essay on the First Publication of Sir Isaac Newton’s 
Principia, Oxford, 1838 (whose appendix reproduced several important Newtonian documents 
and letters for the first time); Joseph Edleston, Correspondence of Str Isaac Newton and Professor 
Cotes, London, 1850 (with ‘Notes, Synoptical View of the Philosopher’s Life and a Variety of 
Details illustrative of his History’ and ‘An Appendix containing other Unpublished Letters 
and Papers by Newton’). 

(42) L. T. More (Isaac Newton (note (39)): Preface: ix; and 4, n. 6) suggested that Lord 
Portsmouth was encouraged to approach Cambridge University after a fire in his house which 
destroyed one of the Conduitt manuscripts. The appropriately baptised fifth Earl, Isaac Newton 
Wallop, was (if otherwise known to his contemporaries as a sporting figure) intensely proud 
of his family’s connection with his namesake and throughout showed the utmost generosity in 
allowing free access to his Newton papers and in ultimately presenting the technical portion to 
Cambridge University as a gift. 
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mouth wrote to the Cambridge Vice-Chancellor on 23 July that he was “happy 
to receive the Deputation. . .elected to look over the Newton papers and hopes 
they will accept his hospitality while engaged in their research’. Upon their 
arrival Adams and Stokes quickly realized thata brief visit was totally inadequate 
for their purpose, and so with Portsmouth’s approval they returned to Gam- 
bridge a few days later, bearing with them the entire collection of Newtonian 
manuscript for a thorough, unhurried examination. In his covering note of 
2 August Lord Portsmouth specified the terms on which he had loaned them: 


Professor Adams & Stokes have looked over the Newton papers & I have handed 
over to them (for the University) the Newton manuscripts and two copies of the Principia 
1st & 24 Editions corrected by Newton. There are a Number of Fragments relating to 
Mathematics &c which Professors Adams & Stokes think should be carefully investi- 
gated to see whether they relate to, or are rough drafts of his works. These I am willing 
to lend but in the event of their proving to be the calculations from which he made his 
deductions in his works, I am willing to make them over to the University. I also lend 
‘some very interesting letters from Eminent Men to Newton in order that any letters 
which may not have been published may be published if they throw light on scientific 
questions... .all the /etters as well as memoranda Books &c relating to personal matters 
I lend only, wishing to retain them as Heirlooms with other personal Property of his. I am 
sure that Professors Stokes & Adams will scrupulously carry out my wishes. I wish to 
advance the interests of science by placing these Papers at the service of the University, 
but I would rather cut my hand off than sever my connection with Newton which is the 
proudest Boast of my Family. 


In a following letter to the Vice-Chancellor a few days later Lady Portsmouth 
further clarified the transaction: 


The reason [why the papers were taken by Professors Stokes & Adams to Cambridge 
there to be sorted] was that from the state of confusion in wh[ich] all Sir Isaac Newton's 
papers were, such sorting & dividing at Hurstbourn would have required so indefinitely 
long a time that it was deemed more advisable to remove them to Cambridge where the 
investigation could be carried on with thoroughness & at leisure. Sir Isaac’s papers 
appear never before now to have been carefully arranged or examined by any com- 
petent person so that in bundles marked ‘worthless’ L¢ P'® understood that the 
Professors thought they had found calculations of considerable interest & importance. 


In retrospect Lord Portsmouth must have been highly pleased at his decision 
temporarily to relinquish custody of the documents rather than continue to 
extend his hospitality to Adams and Stokes, for during that thorough, leisurely 
examination the papers were retained in Cambridge for sixteen long years. 
The two members of the original deputation were competent to assess the 
more technical (especially mathematical and mechanical) papers but when it 


(43) ULC. Add. 2588.494/495. 
(44) ULC. Add. 2588.496. 
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came to evaluating the mass of personal, alchemical, chronological and theo- 
logical manuscript also thrust on them to classify Adams and Stokes found 
themselves somewhat at a loss. To assist them in their task they were joined, in 
the official University cataloguing syndicate appointed on 6 November 1872, 
by H. R. Luard (who devoted his principal efforts to the non-scientific and 
personal papers) and G. D. Liveing (who concerned himself more narrowly 
with the chemical and alchemical manuscripts). Evidently they felt it their 
duty to retain some record of the more important items, particularly corre- 
spondence, scheduled to be returned to Hurstbourne, for both Adams and 
Luard spent many hours carefully if not always accurately transcribing a 
selection of these.) In the preface to the long-awaited printed catalogue of the 
Portsmouth papers which appeared finally in 1888 its compilers noted that 
their examination, classification and final division ‘has proved a lengthy and 
laborious business, as many of the papers were found to be in great confusion— 
mathematical notes being often inserted in the middle of theological treatises, 
and even numbered leaves of MSS having got out of order. Moreover, a large 
portion of the collection has been grievously damaged by fire and damp. The 
correspondence, however, is in a very fair condition throughout, and had been 
arranged [by Fellowes] in an orderly manner’. For better or worse their 
classification has been retained virtually intact to the present day in the 
portion of the papers retained by the University. Now for the first time 
Newton’s manuscripts were conveniently subdivided into subject categories 
under the principal headings of ‘ Mathematics’ (including Principia documents 
and papers on astronomy, optics, hydrostatics, sound and heat), ‘Chemistry’ 
(including alchemy), ‘Chronology’, ‘History’, ‘Theology’, ‘Letters’ and 
‘Books’ together with some ancillary sections relating in particular to Newton’s 


(45) Their transcripts, particularly Luard’s and to some extent Adams’, are now scattered 
in the miscellany of copies preserved in ULC. Add. 4007. In addition, copies of Brewster’s 
Memoirs (note (14): now ULC. Adv. c. 76. 1/2), most of whose reproduced letters and docu- 
ments were ‘carefully collated with their originals’ by Adams and Luard, and of Edleston’s 
Correspondence (note (41) : originally Add. 4010, now Adv. c. 76.3), with its reproduced text of 
many of Cotes’ draft letters to Newton collated by Adams with the originals received by Newton 
(now ULC. Add. 3983), were placed with the papers subsequently retained by the University. 
Their efforts have not been wholly in vain: in the first volume, for example, we have had to 
make use of Luard’s copy in reproducing extracts from a memorandum given in November 
1727 by De Moivre to Conduitt since the original (returned to Hurstbourne and sold in 1936 
to an undisclosed private owner) has now disappeared. 

(46) A Catalogue of the Portsmouth Collection of Books and Papers written by or belonging to Sir Isaac 
Newton, the Scientific Part of which has been presented by the Earl of Portsmouth to the University of 
Cambridge, drawn up by the Syndicate appointed the 6th November 1872, Cambridge, 1888. The 
indicated division between papers kept and those returned to Portsmouth is not accurate, but 
a corrected copy is now retained with the ‘Portsmouth Collection’ in Cambridge University 
Library (ULC. Add. 3958-4007, though recently certain of the printed volumes—3991, 3992, 
3994, 3999 and 4001—have been reclassified as ‘Adversaria’). 
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family and Conduitt’s intended biographical study. In the Preface and its 
lengthy Appendix®? as well as in the sections on ‘Mathematics’ Adams’ 
influence is predominant: the sections on the Principia and the lunar theory 
(given a separate status not really warranted by the profusion or importance 
of the corresponding documents) are acceptably divided, those on pure mathe- 
matics much less satisfactorily so, and it is abundantly clear that none of the 
cataloguers were authorities in the latter field.4® Of the other sections Liveing’s 
classification of the chemical papers is extremely competent and Luard’s 
listing of the letters thorough. Perhaps the most unhappy effect of the syndi- 
cate’s hard work was that virtually all traces of Newton’s original ordering of 
his papers, hitherto preserved more or less intact, were removed. Most, indeed, 
of Horsley’s hurriedly scrawled observations (of some historical interest and 
not always uninformative) were removed from the manuscripts in which they 
had been interposed a century before and gathered rather uselessly in a separate 
folder (now in Add. 4005). 

With all its failings and weaknesses, however, the catalogue should have been 
an eye-opening stimulus to late nineteenth-century Newtonian scholarship. 
Inexplicably its contemporary impact was almost nil and Lord Portsmouth’s 
portion of the papers was returned to him without comment. No member of 
the cataloguing syndicate implemented the official report with an enlightening 
secondary study, historical or biographical, of any of the documents he had 
pondered over so long and for the better part of fifty years little use was made 
of the Portsmouth papers, either in Cambridge or back in Hurstbourne. The 
lone significant exception to this general apathy was the Cambridge amateur 
historian of mathematics, Walter William Rouse Ball, and even he ceased his 
active interest in 1893 when appointed tutor at Trinity—Cambridge’s gain but 
the world’s loss. Having in December 1890 read to the London Mathematical 


(47) About half the preface (five out of twelve pages) is devoted to a brief discussion of three 
topics, Lunar Theory, the Theory of Atmospheric Refraction and the Solid of Least Resistance, 
cherished by Adams while the Appendix (pp. xxi-xxx), which reproduces ‘a few extracts from 
the Newton papers on some of the subjects which have been referred to’, is devoted wholly to 
exemplifying those three aspects. 

(48) The collection of geometrical fragments (Add. 3963) remains especially disordered: no 
attempt has been made to establish any sequence, logical or chronological, in them and one or 
two closely germane groups of papers are now split between this and other manuscript 
parcels. The sections on ‘Fluxions’ and ‘Quadrature of Curves’ (Add. 3960, 3962) are quite 
arbitrarily divided and choked with irrelevant, fragmentary transcripts by Jones and Wilson. 
Documents relating to Newton’s bulkiest published mathematical piece, the Arithmetica 
Universalis, have not been accorded their separate division but are strewn almost at random 
over Add. 3959, 3962, 3963, 3964 and 3993. In general, indications of autograph manuscript 
are not everywhere accurate while, here as elsewhere in the non-mathematical portions, several 
of the groupings are not felicitous: in particular, the unjustifiable juxtaposition of two inter- 
polation manuscripts in Add. 3964.5 (as the ‘Regula Differentiarum &c’) was to cause 
Duncan Fraser considerable confusion, never by him resolved, when he edited them in 1918. 

€ WHN 


XXXIV General Introduction 


Society a lengthy study, based principally on unpublished manuscript in the 
Portsmouth Collection, of Newton’s classifications of cubic curves,®) to the 
same Society he communicated in May 1892 a brief critique of a Newtonian 
fragment on central forces®) and in the following year produced his authori- 
tative essay on the genesis of the Principia: much later he published the text 
of a minor paper in which Newton, among other things, discoursed on the place 
of mathematics in a university education.©) For the rest, shortly before the 
First War a German scholar, Alexander Witting, studied the fluxional manu- 
scripts in Cambridge and prepared a preliminary report,®) but the ensuing 
outbreak of hostilities prevented him from continuing his research and he 
never returned to it. A little afterward Duncan C. Fraser, a professional 
actuary who had interested himself in the history of interpolation, gathered all 
he knew of Newton’s researches in that topic in a series of periodical articles, 
making some use of unpublished material in Cambridge University Library. 


(49) ‘On Newton’s Classification of Cubic Curves’, Proceedings of the London Mathematical 
Society, 22 (1891): 104-43. This efficient essay reproduced (pp. 132-40, 140-4) extracts from 
unpublished autographs in ULC. Add. 3961.4/1. We will examine it more closely in the 
seventh volume. 

(50) ‘A Newtonian Fragment relating to Centripetal Forces’, Proceedings of the London 
Mathematical Society, 23 (1892): 226-31. Ball there reproduced the significant portion of 
ULC. Add. 3965.2, reconstructing the theoretical basis which underlies the unproved 
assertions of the text itself. 

(51) An Essay on Newton’s ‘ Principia’, London, 1893. Apart from publishing in appendix the 
first tolerably complete version of Newton’s correspondence with Hooke and Halley during 
the period 1679-86 and giving in his text an able summary of the Principia’s technical content, 
on pp. 33-56 he contributed a discussion of the major variants between the various manu- 
scripts of De Motu Corporum in the Portsmouth papers (ULC. Add. 3965.7, first printed by 
S. P. Rigaud in his 1838 Essay (note (41)) from the inferior Royal Society version) and on 
pp. 116-20 added the essence of Newton’s English manuscript (Add. 3965.1) of the ‘Locke’ 
proof of Principia’s Book 1, Prop. XI, previously available only in Whiston’s incomplete Latin 
translation in his Prelectiones Physico-Mathematice (Cambridge, ,1710) and the Locke version 
printed by King in his Life of Locke (London, ,1830: 389-400). 

(52) ‘Isaac Newton on University Studies’, Cambridge Review for 21 October 1909, reprinted 
in Ball’s Cambridge Papers (London, 1918): Part 1: 244-51. The original autograph is ULC. 
Add. 4005: 147-15". 

(53) ‘Zur Frage der Erfindung des Algorithmus der Newtonschen Fluxionsrechnung’, 
Bibliotheca Mathematica, ,12 (1911-12): 56-60. Witting first quoted [James Wilson’s] intro- 
ductory comment to William Jones’ somewhat reordered transcript (Add. 3960.1) of Newton’s 
October 1666 tract and went on to exemplify its contents, stressing Problems 7, 8, 16 and 17. 
In sequel he described the fluxional notations used in an unpublished chapter (Add. 3960.4) 
of Newton’s 1671 tract, the discussion of tangents by limit-motion considerations in an 
October 1665 draft (Add. 3958.2), an example of Newton’s early technique of differentiation 
by substitution in the autograph (Add. 3958.3: 48-63", wrongly identified as ‘von anderer 
Hand’) of the 1666 tract, and finally noted Newton’s first algorithmic fluxional formulations 
in a mid-1665 manuscript (Add. 3960.12). 

(54) Fraser, in particular, made a none too accurate transcript (with English translation) 
of the ‘Regula Differentiarum’ papers (ULC. Add. 3964.5) in his ‘An unpublished Manu- 
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Only when Louis Trenchard More at the time of the bicentenary of Newton’s 
death began to gather material for a new biography®) were the wider re- 
sources of the Portsmouth Collection drawn upon. With the exception, how- 
ever, of a few non-technical excerpts from Flamsteed’s correspondence with 
Newton and some phrases quoted in his notes from unpublished manuscript, 
More made no effective use of the scientific portion of the papers deposited in 
Cambridge but, in imitation of his predecessor Brewster, confined himself to 
the correspondence and alchemical, theological and biographical documents 
at Hurstbourne. In consequence his judgements on the mathematical and 
scientific aspects of Newton’s genius are conventional and shallow when not 
actually misleading. 

The year 1936 is a turning point in the history of Newtonian scholarship. 
On 13 and 14 July the whole of the Newton papers returned in 1888 to 
Hurstbourne Park ‘where they would be carefully preserved’®® were put up 
for public auction in London. At the end of the second day for a mere 
£9030. 10s. Od. an estimated three million words of Newton’s autograph 
manuscript®? was scattered literally to the farthest corners of the world. 
Through the valiant efforts of Keynes and others a significant portion came 
subsequently to rest at various locations in Cambridge and in London, but 
certain important scientific and biographical items together with a few letters 
have (temporarily at least) vanished from public knowledge.® The one 
positive result of the sale has, paradoxically, been to arouse interest in Newton’s 
still unpublished papers, an interest reinforced by the approach of the ter- 
centenary of his birth in 1942 (though the main celebrations were deferred for 
four years by war). Since then active Newtonian research has grown swiftly 
into a minor industry, its pace further accelerated since 1959 by the publication 
of the first volumes of the Royal Society’s edition of Newton’s correspondence 
under the able editorship of Herbert Westren Turnbull. Most recently 


script by Sir Isaac Newton’, Journal of the Institute of Actuaries, 58 (1927): 53-95, especially 
75-84 (reproduced in the same pagination in his Newton’s Interpolation Formulas, London, 1927). 

(55) Published subsequently as his Isaac Newton (note (39)). For his convenience Lady 
Portsmouth sent the Hurstbourne papers to the British Museum so that ‘I might examine and 
use [them] at my leisure’ (Preface: viii). More seems to have had no clear idea of the signi- 
ficance of the 1888 division or that the Portsmouth family had long before relinquished 
ownership of the Cambridge portion of the papers. 

(56) Catalogue of the Portsmouth Collection (note (45)): x. 

(57) John Taylor’s ‘conservative estimate’ in his foreword to Sotheby’s Catalogue of the 
Newton Papers Sold by Order of The Viscount Lymington (London, 1936). 

(58) Compare A. N. L. Munby, ‘The Keynes Collection of the Works of Sir Isaac Newton 
at King’s College, Cambridge’, Notes and Records of the Royal Society of London, 10 (1952) : 40-50. 
The annotated copy of Sotheby’s sale catalogue (note (57)) in King’s College Library lists the 
present location of many of the papers sold. 

(59) The Correspondence of Isaac Newton (Cambridge, 3 vols. 1959-61, continuing). As 
Turnbull noted in the preface (p. xxix) to his first volume, ‘the search for letters among the 
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A. Rupert Hall and Marie Boas Hall have together published a selection of 
texts from the Newton papers in Cambridge,“ while I. Bernard Cohen,®) 
John W. Herivel®) and Richard S. Westfall have further editions of the 
unpublished dynamical and physical manuscript in press. For the present, 
unfortunately, much of this current effort remains uncoordinated and a 
tendency to duplication—even triplication—of research is pronounced. In the 
meanwhile, the definitive collected edition of Newton’s intellectual achieve- 
ment is an unapproached ideal. May this present edition be a small step 
toward that long-overdue monument to a man who in so many areas of human 
thought himself took a giant’s leap. 


collections of manuscripts in Newton’s handwriting has brought to light many mathematical 
or physical notes. ..and a few of the shorter pieces among them have been included here’. 
Apart from the mathematical content of the letters (which we will summarize at appropriate 
places in the present volumes), the Correspondence indeed reproduces extracts from a variety of 
Newton’s early fluxional and dynamical papers along with (in volume 3) contemporary 
memoranda of David Gregory which throw a great deal of light onto the chronological 
sequence of Newton’s mathematical development in his middle years. Recent summaries of 
current Newtonian research, rendered already obsolescent by the present spate of publication 
of manuscript investigations, are presented in I. B. Cohen, ‘Newton in the Light of Recent 
Scholarship’, Iszs, 51 (1960): 489-514 and in D.'T. Whiteside, ‘The Expanding World of 
Newtonian Research’, History of Science, 1 (1962): 16-29. 

(60) Unpublished Scientific Papers of Isaac Newton. A Selection from the Portsmouth Collection in the 
University Library, Cambridge, Cambridge, 1962. Some necessary criticism of their title and the 
mathematical portion of their commentary is made in D. T. Whiteside, ‘Scientific Papers of 
Newton’, History of Science, 2 (1963): 125-30. 

(61) Cohen has been working principally for the last half dozen years, partially with the 
collaboration of the late Alexandre Koyré, on a detailed variorum edition of the Principia. 
Volume 1 (Latin text) of his provisionally entitled ‘Critical Edition of Newton’s Principia’ (see 
the Year Book of the American Philosophical Society, Philadelphia, 1960: 516-20) is now in press at 
Cambridge and the edition is scheduled to be completed with an English translation and 
several volumes of commentary based on manuscript findings. We may note that a not quite 
complete collection of Koyré’s Newtonian Studies (London, 1965) reproduces some discussion, 
in part not previously published, of documents in the Portsmouth papers. 

(62) The Background to Newton's Principia: A Study of Newton’s Dynamical Researches in the 
Years 1664-84. Based on Original Manuscripts from the Portsmouth Collection in the Library of the 
University of Cambridge, Oxford, 1966. 

(63) Provisionally entitled Force in Newton’s Physics (London, no date given) Westfall’s study 
will trace the growth of Newton’s concept of force on the basis of unpublished manuscript. 


FOREWORD TO VOLUME I 


This first volume contains the texts, until now almost wholly unpublished, 
which must provide the documentary basis for any accurate study of the 
flowering of Newton’s mathematical genius during his late undergraduate and 
early graduate years at Trinity College, Cambridge. Some further insight into 
the early history of his fluxional discoveries may be gained from Newton’s own 
comments about them when half a century afterwards he sought to justify his 
priority in their invention to the world, while the edited summary of his 
researches which he transmitted to Leibniz in 1676 throws additional light on 
his formulation of the binomial expansion: these we will examine in later 
volumes. 

The impact of these first creative mathematical outbursts on his con- 
temporaries was virtually nil. It is true that Newton permitted a restricted 
circulation of portions of his early papers among immediate acquaintances at 
various times in his later life and that certain of his fluxional manuscripts were 
copied in his lifetime by John Collins, William Jones and James Wilson, but 
their versions (inferior transcripts which in no way clarify the meaning of 
Newton’s original texts) were never widely known and soon forgotten. We 
possess, unfortunately, no true letter of his written before 1669 and his later 
correspondence till the time of the fluxion priority squabble with the Leib- 
nizians sheds little light on his earliest creative years. Through the centuries, 
therefore, Newton’s first mathematical researches have remained intangible, 
known but dimly through his own capriciously chosen revelations and the 
distorted, inadequate secondary accounts furnished by the editors of his few 
published mathematical pieces. With his original texts before us we can now 
know that Newton’s capacity for self-criticism and impartial evaluation, never 
strong and emasculated in his middle age by a recurrent overriding impulse to 
secrecy, here proved largely inadequate to the task of defining and illuminating 
the riches of his first researches. But more important still, these autograph 
manuscripts, now reproduced as accurately as possible, allow an hitherto 
unobtainable exact knowledge of the details of his rise to mathematical 
maturity and must be fundamental in any reconstruction and estimation of 
that growth. 

The first section collects the significant portion of Newton’s annotations of 
the first mathematical texts he read, notes which from the beginning reveal his 
genius and cannot be clearly divided from his earliest independent research. 
As we shall see, the works he read were few but of the highest quality and of 
considerable difficulty even for the mature mathematicians of his day. After 
a quick passage to enlightenment through his own untutored reading, he was 
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soon inspired to explore the fruitful amalgam of Cartesian geometry and the 
calculus of fluxional increase which was to be the keystone of his future mathe- 
matical method. ‘The manuscripts in which he formed his outlook and recorded 
his earliest discoveries in that field make up the second section. A following one 
complements this main avenue of research by reproducing some minor 
offshoots in algebra and trigonometry together with some miscellaneous 
matter not better placed earlier in the volume. In a short appendix, finally, 
we have a selection of Newton’s researches at this time in geometrical optics: 
these are inserted in illustration of the ease and fertility with which he was able 
to apply his pure techniques in appropriate areas of applied science. 
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INTRODUCTION 


We know nothing of Newton’s early mathematical training, but it seems 
certain that some time in his boyhood, possibly as a child in the little day- 
schools in Skillington and Stoke, but more probably at his Grantham grammar 
school, he became familiar with the elementary rules of manipulation which 
were the basis of school arithmetics of his day. In the little evidence we have 
of his youthful characteristics® there are no signs of any pronounced facility in 


(1) The primary schools of Newton’s day, the maid or ‘petty’ schools, taught the bare 
rudiments of reading, writing and reckoning. As for the country grammar schools of the 
period, Ben Jonson’s comment that they taught ‘small Latine and lesse Greeke’ was not out- 
dated, though from the beginning of the century a growing number of schools were beginning 
to teach the elements of practical computation. Geometrical studies were, in all but a few 
exceptional cases, confined to the universities. (See Foster Watson: The Beginnings of the 
Teaching of Modern Subjects in England (London, 1909): ch. vu, ‘The teaching of arithmetic’, 
288-331. Further details on the organization and curricula of grammar schools may be had 
from Watson’s The English Grammar Schools to 1660 (Cambridge, 1908), and from T. W. 
Baldwin’s William Shakspere’s Small Latine & Lesse Greeke (Urbana, Illinois, 1944). 

(2) Of a large fund of contemporary anecdote, partially inconsistent and in many respects 
not substantiated, which refers to Newton’s boyhood, nothing speaks of any early technical 
mastery of mathematics. Almost all the well-known stories of Newton’s Lincolnshire days 
derive from the assorted collection of scribbled notes, memoranda and letters which John 
Conduitt, the husband of Newton’s niece, Catherine Barton, began to gather in 1727 imme- 
diately after Newton’s death in preparation for an authoritative biography. This Life was 
seemingly never completed nor have its existing drafts been printed in a collected form, 
though Fontenelle drew extensively on Conduitt’s knowledge in writing his Eloge de Monsieur le 
Chevalier Newton (Paris, 1728), and both David Brewster and L. T. More made liberal use of the 
drafts in composing their standard biographies. (See their respective Memoirs of the Life, Writings 
and Discoveries of Sir Isaac Newton (Edinburgh, 1855) : chs. 1, 1; and Isaac Newton, a biography (New 
York, 1934): chs.1, 1.) Conduitt’s papers formed section v of the sale at Sotheby’s in July 1936 
of that portion of the Portsmouth Collection of Newton papers which had been returned to the 
family in 1888. Of these lots Lord Keynes eventually managed to acquire all but No. 218 (the 
de Moivre memorandum) and they are now deposited in the library of King’s College, Cam- 
bridge (Keynes MSS 129-37). (A. N. L. Munby describes these manuscripts generally in his 
‘The Keynes Collection of the works of Sir Isaac Newton at King’s College, Cambridge’, Notes 
and Records of the Royal Society, 10 (1952) : 40-50, especially 47. They are listed in the Catalogue 
of the Newton Papers sold by Order of the Viscount Lymington, Sotheby and Co., 1936: 53-60.) The 
important letter of William Stukeley to Richard Mead, dated Grantham, 26 June 1727 (Keynes 
MS 136, partially printed by Edmund Turnor in his Collections for the History of the Town and 
Soke of Grantham (London, 1806): 174-80) formed the basis for Stukeley’s own Memoirs of Sir 
Isaac Newton (1752) (ed. A. Hastings White, London, 1936). Several interpretative essays have 
appeared in recent years which deal with this material, adding a certain amount that is new. 
Two of Newton’s early notebooks, one in the Pierpont Morgan Library, New York, the other 
now in Trinity College, Cambridge, give valuable insights into his mechanical facility and his 
formal education in the classical languages, while some years ago several geometrical figures, 
arguably Newton’s, were found scratched on the walls of his Woolsthorpe manor-house. 
G. L. Huxley has summarized these new findings in ‘Newton’s Boyhood Interests’, Harvard 
Library Bulletin 13 (1959): 348-54. For the general details of Newton’s family background 
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computation, and indeed if he ever was an infant prodigy his later life reveals 
clearly that his arithmetical gifts soon degenerated to the level of no more than 
average competence.® While he was always prepared to face a long and 
tedious calculation with a dogged perseverance which speaks well for Stokes, 
his Grantham schoolmaster, we should never overstress Newton’s arithmetical 
abilities. A better argument could be raised, as Stukeley in his Life has done, 
in support of innate geometrical powers which showed themselves in Newton’s 
boyhood expertness in the fashioning of models, sundials and water-wheels and 
we might even attribute to him in youth a certain artistic deftness. This, no 
doubt, was the source of much of the adult Newton’s capabilities as an experi- 
mental scientist, but his easy power to comprehend the complex geometrical 
diagram must be seen as an offshoot of his intellectual powers rather than as 
any development of youthful manual dexterity. We may readily agree that 
Newton revealed a little of his innate gifts as a boy, but the intellectual explo- 
sion of his powers was not touched off till his university days. 

Newton entered Trinity College, Cambridge, in the summer of 1661 and 
we may suppose that he endured the standard curriculum of the period, one 
still heavily slanted towards scholasticism.®) We know a little, indeed, of his 
first leanings towards academic science from a small pocket-book® which 
contains a sequence of early annotations, made perhaps in 1662 or early 1663, 
of his reading in Aristotle and such Aristotelian texts as the Physiologie peripa- 
tetice libri sex, cum commentarus of Johannes Magirus.” These notes, together 
with our knowledge of the contemporary system of education, allow us to 


C. W. Foster’s ‘Sir Isaac Newton’s Family’ (Associated Architectural Societies’ Reports and Papers, 
39 (1928); Reports and Papers of the Architectural and Archaeological Society of the County of Lincoln: 
1-62) is indispensable. 

(3) The mistakes which occur in his lengthy calculations of hyperbola areas (3, §§3/5 below) 
are damning evidence against the myth of Newton’s prodigious facility in numerical calcula- 
tion. Lengthy calculations appear frequently in his later scientific papers and not infrequently 
they too contain small numerical errors. 

(4) Memoirs (note (2) above): 54-5. 

(5) A summary of the prevailing Cambridge educational system may be read in W. T. 
Costello’s The Scholastic Curriculum at Early Seventeenth-Century Cambridge (Harvard, 1958). A 
more general and not entirely consistent viewpoint is presented by M. H. Curtis in his Oxford 
and Cambridge in Transition 1558-1642 (Oxford, 1959). 

(6) Briefly referred to by Conduitt as one of several ‘paper books’ in his jottings on the 
contents of early Newton papers (Keynes MS 130.12), but more fully and accurately described 
by A. R. Hall in ‘Sir Isaac Newton’s Note-book, 1661-65’, The Cambridge Historical Journal, 9 
(1948) : 239-50. 

(7) Probably in the 1642 Cambridge edition. 

(8) Curtis, in his Oxford and Cambridge in Transition (note (5) above): 257-8, quotes an 
instructive passage (ULC. MS Baker 37: 163"/163”), written in the late 1660’s by Roger 
North, which throws an interesting sidelight on the stir which Descartes’ ideas were then 
beginning to provoke in ‘the brisk part of the university’. 
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conclude that Newton’s first two undergraduate years were taken up in con- 
ventional studies. However, new things were stirring in Cambridge® and 
some time in 1663 (or so the writing suggests) Newton began a new section in 
his notebook, the Qu[e]stiones quedam Philosoph{t|ce, in which he started to 
collect a miscellany of scientific jottings, scholastic in tone at first but soon with 
references to the new philosophies expounded in Descartes’ Principia Philo- 
sophie and the works of Boyle and Hobbes. A little later, perhaps about the 
middle of 1664, Newton began to enter separately his own notes and observa- 
tions on the planetary positions, and it is clear that he had deeply immersed 
himself in the work of Galileo and was familiar with Thomas Street’s Astronomia 
Carolina and the observations of Jeremy Horrox, presumably from Hevelius’ 
Mercurius in sole visus of 1662. By 1664, then, his reading had attained a level 
at which a fair measure of contemporary mathematical knowledge was re- 
quired for its full appreciation. In fact, Newton composed his first mathe- 
matical essays in the late summer of this same year, 1664, and we may fairly 
settle on that point of time as origin in his exploration of the subtleties of 
advanced mathematics. 

Inevitably, then, Newton’s attention was directed to higher mathematics at 
an early stage in his scientific development. His first baptism was, if we are to 
believe de Moivre, somewhat unusual: 

In 63 [Newton] being at Sturbridge fair® bought a book of Astrology, out of a curiosity 
to see what there was in it. Read in it till he came to a figure of the heavens which he 
could not understand for want of being acquainted with Trigonometry. 

Bought a book of Trigonometry,“ but was not able to understand the Demonstra- 
tions. 


(9) The following series of recollections, presumably passed on at second hand from 
Newton’s own mouth, are quoted from Conduitt’s Memorandum relating to S" Isaac Newton given 
me by M* Demoivre in Nov’ 1727. (The original, sold in 1936 at Sotheby’s, is now in private 
possession in New York and the text is transcribed from a late-nineteenth-century copy in 
ULC. Add. 4007: 706'-707".) With some variants and interpolations the memorandum was 
repeated by Conduitt in his account of Newton’s life at Cambridge (Keynes MS 130.4), from 
which Brewster gave the extracts which appear in his Memoirs (note (2) above) 1: 21-2, 24. 
Conduitt’s narrative interpolates several well-known stories whose truthfulness is dubious but 
which now appear in biographies as factual, and is interesting in itself. Since it has never 
been printed, a relevant extract is here set in Appendix 1 below. 

(10) The annual international trade fair held in midsummer on the expanses of Stourbridge 
meadows, then immediately to the east of the town. See W. W. R. Ball, A History of the Study of 
Mathematics at Cambridge (Cambridge, 1889) : 223-4, 250. 

(11) Newton’s library at his death contained several early works on trigonometry. The 1636 
edition of Gunter’s collected works (Trinity. NQ. 9.160) we know he did not buy till 1667 
(when an undergraduate notebook now in the Fitzwilliam Museum, Cambridge, lists its 
purchase for five shillings). The texts of Newton’s copies of Norwood’s Doctrine of Triangles 
(London, 1645) (Trinity. NQ. 9.33) and Seth Ward’s Idea Trigonometrie (Oxford, 1654) 
(Trinity, NQ. 8.71) are both devoid of notes. However, in his copy (Trinity. NQ. 16.183) of 
Oughtred’s Trigonometria (London, 1657), Newton has added two illustrative diagrams in an 


6 The first mathematical annotations (1664-1665 ) 


Got Euclid to fit himself for understanding the ground of Trigonometry. 

Read only the titles of the propositions, which he found so easy to understand that he 
wondered how any body would amuse themselves to write any demonstrations of them. 
Began to change his mind when he read that Parallelograms upon the same base & 
between the same Parallels are equal, & that other proposition that in a right angled 
Triangle the square of the Hypothenuse is equal to the squares of the two other sides.“® 

Began again to read Euclid with more attention than he had done before & went 
through it. 

Read Oughtreds [Clavis] which he understood tho not entirely, he having some 
difficulties about what the Author called Scala secundi & tertii gradus, relating to the 
solution of quadratick [&] Cubick Equations.“ Took Descartes’s Geometry in hand, 
tho he had been told it would be very difficult, read some ten pages in it, then stopt, 
began again, went a little farther than the first time, stopt again, went back again to 
the beginning, read on till by degrees he made himself master of the whole, to that 
degree that he understood Descartes’s Geometry better than he had done Euclid. 

Read Euclid again & then Descartes’s Geometry for a second time. Read next 
D* Wallis’s Arithmetica Infinitorum, & on the occasion of a certain interpolation for 
the quadrature of the circle, found that admirable Theorem for raising a Binomial to 
a power given. But before that time, a little after reading Descartes Geometry, wrote 
many things concerning the vertices Axes [&] diameters of curves, which afterwards 
gave rise to that excellent tract de Curvis secundi generis,.©» 

In 65 & 66 began to find the method of Fluxions, and writt several curious problems 
relating to that method bearing that date which were seen by me above 25 year ago, 


early hand at the top of p. [2]. Oughtred’s text, with its weight of unusual symbolism, would 
have been formidable indeed for a beginner in mathematics. (For details of Newton’s library 
see note (22) below.) 

(12) Newton’s library contains an anonymous early edition, Euclidis Elementorum Libri XV, 
Gracé & Latiné. Quibus, cum ad omnem Mathematice scientie partem, tim ad quamlibet Geometrie 
tractationem, facilis comparatur aditus (Paris, 1573) (Trinity. NQ. 16.60), whose foreign origin 
would suggest that it is probably the one here referred to. The work limits itself to an enuncia- 
tion of the propositions, in both Greek and Latin, without proof or commentary apart from 
diagrams. Newton’s better-known 1655 Latin edition of Barrow’s Euclidis Elementorum Libri XV. 
breviter demonstrati (Trinity. NQ.16.201) does indeed have copious annotations in his hand, 
but reveals on Newton’s part a deep study of the text which is hardly consistent with the hasty 
consultation implied here. It is feasible that, after a first glance through the propositions as 
stated in the earlier text (which is unmarked), Newton went on to study their proofs in Barrow’s 
edition, already at that time in Cambridge established as a university text. (Compare note (28) 
below.) 

(13) Propositions 35 and 47 of Euclid’s first book. The latter is, of course, the celebrated 
‘theorem of Pythagoras’. When Newton studied it in Barrow’s edition, certainly, he found it 
none too straightforward, for over the printed figure in his copy he has inked in several con- 
struction lines. 

(14) Apparently a reference to Oughtred’s solution of the general quadratic equation in the 
Clavis Mathematica (Oxford, 1652): Cap. xvi, ‘De Aiquatione & De questionibus per A.qua- 
tionem solvendis’: 52-3, §9, ‘ Aiquationum in quibus sunt tres species equaliter in ordine 
scale ascendentes constitutio’ (that is, equations of the form x?4+ax/+ 6 = 0). (Oughtred 
finds the two roots *?, x? from the symmetric evaluations x?+«? = —a, x2 x? = #: so that 
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But whatever the truth of Newton’s first readings in Euclid and Descartes, 
there can be no doubt that he studied the works of both minutely, deriving 
particular inspiration from the latter’s Geometrie.“” As for the works of 
Oughtred and Wallis—and those of Francois Viéte, Frans van Schooten and 
others not here mentioned—we have, in confirmation of de Moivre’s account, 
not only the direct evidence of Newton’s extant annotations of them (repro- 
duced below) but his own independent testimony repeated on several occasions 
in little differing form. Thus, having occasion to turn back in his notebooks to 
his annotations out of John Wallis’ work, he entered on a facing page: 


July 4* 1699. By consulting an accompt of my expenses at Cambridge in the years 
1663 & 16649) I find that in y* year 1664 a little before Christmas I being then senior 
Sophister,“® I bought Schooten’s Miscellanies & Cartes’s Geometry (having read this 


x? —x? = +,/(a?—4) and the familiar algorithm for the roots, $(—a + /(«?—4), follows.) 
Oughtred’s exposition is indeed more than a little obscure, but in the appended De Zquationum 
Affectarum Resolutione he refuses to treat quadratics by numerical methods, referring them back 
to his preceding resolution with the words: ‘ Hquationum Quadraticarum, omniumque in quibus 
sunt tres species in ordine scalz equaliter adscendentes Analysin supersedebo: quia in cap. XVI, 
Sect. 9 Clavis modus facilior tradita est, quam per genéralem hanc methodum prestari 
poterit: Et ad Exempla Aquationum aliter affectarum progrediar’. The reference to cubic 
equations is mysterious, but Newton (if these are his reported words) may confuse the present 
resolution of quadratics with the logarithmic machine for the numerical resolution of general 
algebraic equations, whose basic idea he took also from Oughtred. (See 3, 3, §1 below.) 

(15) This surely refers to Newton’s earliest researches in analytical geometry (ULC. Add. 
4004: 8'ff., reproduced in 2, 1 below), whose main object is to find general analytical methods 
for locating the vertices, axes and diameters of curves. The lessons gained in the use of co- 
ordinate transforms were indeed applied about 1668 in his first, inadequate enumeration of 
cubics or curve secundi generis. (Newton’s text will be reproduced in the next volume of this 
edition.) Very much altered and abridged, the Enumeratio linearum curvarum tertit ordinis was 
finally published as the first of the Latin appendices to the first edition of Newton’s Opticks 
(London, 1704): 139-62. 

(16) The ‘several curious problems’ written in 1665 and 1666 were probably those 
gathered in the October 1666 tract (2, 7 below), but it is possible that de Moivre saw a selec- 
tion of the original papers, reproduced in 2, 2-6, which Newton composed between December 
1664 and May 1666. 

(17) A well-known story, deriving ultimately from John Conduitt’s manuscript Life (note (2) 
above), records that Newton’s first reaction to Descartes’ Geometrie was to point out a multitude 
of errors in it and to assert that it was not geometry at all. The foundation for this legend (or, 
as we believe, myth) is examined in Appendix 1, note (11) below. (There can be no doubt 
that Newton read the Geometrie in Schooten’s second Latin edition. All his explicit references 
to it, in particular, are quoted by page from the latter.) 

(18) This ‘accompt’ of expenses for the years 1663 and 1664 is lost. Presumably it carried 
on the expenses listed by Newton in an early notebook now in Trinity College, Cambridge, 
and was itself continued by the notebook now in the Fitzwilliam Museum. (Compare 
Brewster’s Memoirs (note (2) above), 1, 23, note 2.) 

(19) That is, senior undergraduate. (For the function of the sophister in the seventeenth- 
century Cambridge scholastic system, consult pp. 14 ff. and pp. 88-9 of the works quoted in 
note 5 by Costello and Curtis respectively.) Newton in fact graduated B.A. in January 1664/5. 
(See note (25) below.) 


8 The first mathematical annotations (1664-1665) 


Geometry & Oughtreds Clavis above half a year before) & borrowed Wallis’s works and 
by consequence made these Annotations out of Schooten & Wallis in winter between the 
years 1664 & 1665. At w time I found the method of Infinite series. And in summer 
1665 being forced from Cambridge by the Plague® I computed y° area of y° Hyperbola 
at Boothby in Lincolnshire®” to two & fifty figures by the same method. 

Is. Newton®) 


But an exact chronology of Newton’s first steps in mathematics is not, after 
all, so very important. What is vital to our appreciation of Newton’s developing 
mathematical intelligence is to grasp clearly its strength and facilities and to 
examine its play in his mathematical creations. Though our view of that 
development must be a somewhat dubious amalgam of contemporary account 


(20) A note made on 23 May 1665 (‘R4 10... whereof I gave my Tutor 51%’) in the 
pocket-book in the Fitzwilliam Museum confirms that Newton was still in Cambridge on that 
date. However, since Newton did not claim the extra 64 weeks commons paid to those who 
stayed in residence till Trinity College was dismissed on 8 August (J. Edleston, Correspondence 
of Sir Isaac Newton and Professor Cotes. .., with Notes, Synoptical View of the Philosopher’s Life, and a 
variety of details illustrative of his History (London, 1850): xlii, note 8), we may conclude that 
Newton went down some time in June. The belief is widespread that Newton did not return 
to Cambridge till early in 1667. In fact the Fitzwilliam notebook records journeys made to 
Cambridge on 20 March 1666 and on 22 April 1667. Since Newton was paid 13 weeks’ 
commons for 1666 (Edleston: loc. cit.) he would seem to have left Cambridge again in the 
middle of June of that year. It appears, therefore, that Newton was in Cambridge between 
September 1664 and June 1665, again between 20 March and mid-June 1666 and from 
22 April 1667. If we compare these dates with those of his early dated papers, the conclusion 
seems inescapable that Newton wrote most of them while in Cambridge (and hence with full 
access to university and college libraries) rather than in seclusion in Lincolnshire. 

(21) Almost certainly the parish of Boothby Pagnell, about three miles to the north-east of 
Woolsthorpe. As Stukeley reminds us (Memoirs (note (2) above) : 51-2), the rector of ‘Boothby 
Pannel’ at the time was Dr Babington, ‘senior fellow of Trinity College; a person of learning 
and worth’, Newton, away from the books available to him in Cambridge, could very well 
have profited by the riches of Babington’s library. More importantly perhaps for Newton at 
that time, Babington was brother-in-law to the apothecary Clark with whom Newton lodged 
during his schooldays in Grantham, and uncle to the pretty young girl, Miss Storey, who 
played with Newton when he was a schoolboy and for whom ‘Sir Isaac entertain’d a passion. . . 
when they grew up’ (Stukeley’s Memoirs: 46). Newton’s mother and Babington’s sister were 
close friends and it may have been Babington rather than Aiscough who secured for Newton 
his sizar’s place at Trinity in 1661. 

(22) ULC. Add. 4000: 14”, transcribed by Brewster in his Memoirs (note (2)), 1: 23-4, and 
more correctly by A. R. Hall in his Sir Isaac Newton’s Notebook, 1661-65 (note (6) above) : 240. In 
Brewster’s version there is an important mistranscription (of ‘clean over’ for ‘above’) which 
considerably alters the time-scale of Newton’s remark. Brewster probably made his copy not 
from the original but from Conduitt’s transcription (King’s College. Keynes MS 130.4), and 
it is possible that he misread Conduitt’s ‘clavis above’ as ‘clean over’ and then added his own 
‘Clavis’ in attempted clarification. (Brewster prints his ‘Clavis’ in italics as though to indicate 
an insertion.) A second misreading of ‘such’ for ‘w’ is insignificant, but probably has a 
similar explanation. 

For equivalent accounts see ULC. Add. 3968.41: 76" (‘In the winter between the years 
1664 & 1665 upon reading D' Wallis’s Arithmetica Infinitorum & trying to interpole his 
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and the individual impressions we draw from the books Newton read) and 
the papers he wrote, its basic pattern is clear. According to Conduitt Newton 
once told Richard Bentley that ‘all his merit was patient thought’,™ and this 
trait of stubborn perseverance allied to an acute perception of mathematical 
structure, trained by years of assiduous reading, and a formidable power of 
mental concentration (well described if not comprehended by Humphrey 
Newton at the time when he was composing his Principia®)) carried Newton 
through most of his mathematical difficulties. His handwriting, delicately fine 
yet firm and powerful, is typical of the man. His essential loneliness of spirit, 
undeniable if not to be overstated, his inability to collaborate and even the 
difficulties he found in communicating his thoughts to his contemporaries are 
revealing aspects of the mental isolation he found necessary for the effective 


progressions for squaring the circle, I found out first an infinite series for squaring the circle & 
then another infinite series for squaring the Hyperbola & soon after’) and the draft (ULC. 
Add. 3968.41: 85") of a letter to Desmaizeaux, which, since its first printing in the preface 
(p. xviii) of the 1888 Catalogue of the Portsmouth Collection of Books and Papers written by or belonging 
to Sir Isaac Newton, has taken on a modern independent existence as the ‘Portsmouth Draft 
Memorandum’. 

(23) In July 1727, a little after Newton’s death, his books were purchased by John Huggins, 
warden of the Fleet Prison, and sent to his son Charles, rector of Chinnor (near Oxford) where 
they eventually passed into the possession of Huggins’ successor, James Musgrave. When 
Musgrave’s son became owner of Barnsley Park in Gloucestershire in the late eighteenth 
century, the books were removed there, catalogued and then forgotten till 1920 when many 
of the more important items were sold in bundles by public auction. The remaining 860 books, 
rather less than half the original total, were finally bought by the Pilgrim Trust and presented 
to Trinity College in 1943. Two listings of Newton’s library exist, neither completely accurate: 
the first was made at its sale on 20 July 1727 to Huggins, the second (rather fuller) by James 
Musgrave about 1760. (See R. de Villamil, Newton: the man (London, [1931]): 2-7, 62 ff.) 
Luckily most of the mathematical works were not sold in the 1920 sale (the main exceptions 
being such folio volumes as Vlacq’s Trigonometria Artificialis and the three volumes of Wallis’ 
Opera omnia mathematica) and such priceless items as a complete set of James Gregory’s printed 
works are to be found in the Trinity collection. Of those sold in 1920 several important books 
remain in England in public collections, particularly the annotated copies of Barrow’s Euclid 
and of Newton’s own Arithmetica Universalis (London, ,1707) and Opticks (first Latin edition, 
1706). Newton was never a systematic margin-scribbler and the large majority of his books, 
some apparently well-thumbed, remain virtually unmarked. Occasionally, however, as with 
the autograph scrap inserted in his copy of Schooten’s Exercitationes Mathematica (reproduced 
as 1, §1 below), it is possible to find something of value. 

(24) King’s College. Keynes MS 130.5, quoted by Conduitt as though he had the anecdote 
by word of mouth from Bentley. Newton’s remark is, in fact, drawn from his letter to Bentley 
of 10 December 1692, where, in discussing the philosophical basis of Principia, he commented: 
‘When I wrote my treatise about our Systeme I had an eye upon such Principles as might 
work with considering men for the beleife of a Deity & nothing can rejoyce me more then to 
find it usefull for that purpose. But if I have done y* publick any service this way ‘tis due to 
nothing but industry & a patient thought’ (Correspondence of Isaac Newton 3 (1961): 233). 

(25) In his two letters to John Conduitt of 17 January and 14 February 1727/8 (King’s 
College. Keynes MS 135, printed by Brewster in his Memoirs (note (2) above), 2: 91-5 and 
95-8 respectively). 


10 The first mathematical annotations (1664-1665) 


prosecution of his research. Beyond reasonable doubt he was self-taught in 
mathematics, deriving his factual knowledge from the books he bought or 
borrowed, with little or no outside help. De Moivre’s account confirms it and 
who anyway was there in Cambridge to teach him? (The pleasant story of 
Barrow’s tutorial guidance is ill-founded and there was no formal instruction 
in higher mathematics to be had in the Cambridge of Newton’s undergraduate 
years.®) Very quickly he advanced to the frontier of existing knowledge and 
cut a broad path into new mathematical country. Soon he began to prepare a 
series of papers on analytical geometry and calculus which went far beyond 
anything known, and the initial impetus of that first headlong advance was to 
bear him easily through the rest of his mathematical days. The price he paid 
for the depth of his penetration was the eternal warring within him of a natural 
instinct of pride in his findings coupled with the wish to publish them to the 
world, in conflict with his conscious knowledge of how far he had outranged 
his fellow mathematicians and his refusal to face their misunderstanding. The 
one impulse made him ever willing to show his unpublished papers to those 
whose ability he respected,®” the other hindered their public communication 
to the world (with a few notable exceptions), and the ensuing deadlock has 
led to the intolerable present situation in which many of his crucially important 
early papers have lain, unknown and unsuspected, in darkness for more than 
two centuries. 

Inevitably we are led back to examine those papers and they must remain 
our fundamental source of knowledge of Newton’s mathematical development. 
In this first part of the present edition of Newton’s mathematical work are 
reproduced his annotations, as he set them down in his notebooks, of the 
standard mathematical treatises of his youth—of Schooten, Viéte, Wallis, 


(26) The tradition of Barrow’s early influence on Newton was already accepted by Conduitt 
at the time of Newton’s death. (See Appendix 1.) His authority seems to have been Stukeley, 
who in his letter to Mead of 26 June 1727 wrote: ‘The famous D* Barrow. . . was Sir Isaac’s 
tutor. If he did not take a byass in favor of mathematical studies from him, at least he con- 
firm’d it thereby....His tutor. ..conceiv’d the highest opinion and early prognostic of his 
excellence; would frequently say that truly he himself knew something of the mathematics, 
still he reckon’d himself but a child in comparison of his pupil Newton’. On to this account 
Conduitt himself grafted the anecdote (not in itself implausible) of Barrow’s examining 
Newton in Euclid and finding him wanting. However, Barrow was not Newton’s under- 
graduate tutor when Newton took his B.A. in January 1664/5 (a position filled by Benjamin 
Pulleyn: see Edleston (note (20) above): xli, note 4, and J. and J. A. Venn’s Alumni Cantabri- 
gienses, Part 1, Vol. 3 (Cambridge, 1924): 406). Whether Barrow’s own mathematical maturity 
was sufficient at this time for him to be potentially helpful to Newton is an open question, but 
it is clear that his early Lucasian lectures (those for 1664-66, printed in 1685 as Lectiones 
Mathematice XXII in quibus Principia Matheseos generalia exponuntur...habite Cantabrigia 1664- 
1666) were too elementary and philosophical in approach to appeal to a young man whose 
mind was already afire with new ideas in mathematics. (Their quality, indeed, is an un- 
flattering comment on the prevailing intellectual level of scientific instruction in the university. 
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Descartes, Oughtred, Huygens, de Witt and others. They give us a vivid picture 
of Newton’s likes and dislikes, of what he thought significant and what he 
passed lightly over in his reading. Like all true notes these annotations are not 
mere inferior, copied images but have their own life, revealing a young 
mathematician at work stretching his mind, shaping what he read and 
recording his own impressions in comment upon it. Sometimes indeed, and 
especially with the Wallis notes, there is no true dividing line between the 
summarized impact of the original and the following wave of new ideas which 
became a piece of original research. Elsewhere, as in his annotations on 
Schooten, Newton seems more obviously to have been taking factual notes of 
what interested him in his text. In the case of Descartes’ Geometrie, whose 
decisive influence on Newton is clear in his early research-papers, explicit 
notes are few and those almost wholly refer to the appendices added by 
Schooten in his Latin editions. We may perhaps frame the loose criterion that 
the more clear-cut the annotation, the less fiery its ultimate effect on Newton’s 
development. Of the individual variations in this general pattern, however, 
detailed discussion will be found in the summaries and footnotes added to the 
text reproduced below. Here it remains to evaluate the importance of these 
annotations as a necessary first stage in Newton’s growth to mathematical 
maturity. 

A mathematician needs an adequate notation, a competent knowledge of 
mathematical structure and the nature of axiomatic proof, an excellent grasp 
of the hard core of existing mathematics and some sense of promising lines for 
future advance. By and large Newton took his arithmetical symbolisms from 


See M. H. Curtis’ Oxford and Cambridge in Transition (note (6) above): 227-60: ch. 1x, *The 
Universities and the Advancement of Learning’, and Costello’s Scholastic Curriculum (note (6) 
above): ch. m, ‘The Undergraduate Sciences’, especially 102-4, ‘Mathematics’.) About 
1713, in the midst of his priority dispute with Leibniz, Newton wrote down an off-hand note 
that ‘The same year [1665] I got some light into the method of moments & fluctions. And its 
probable that Dt Barrows Lectures might put me upon considering the generation of figures 
by motion, tho I not now remember it.’ (ULC. Add. 3968.41: 84”). It is interesting to have 
irrefutable evidence that Newton attended Barrow’s lectures, but there is here nothing of the 
cordial intimacy of later anecdote, and not till 1669, when Newton communicated to Barrow 
his De Analysi, do we have formal evidence of personal friendship. Later still, apparently, 
when Barrow left Cambridge for London the friendship—if indeed it was ever more than a 
professional relationship—lapsed again. (In 1670 Barrow gave Newton a presentation copy 
(Trinity. NQ.16.181) of his Lectiones XVIII. . .in quibus Opticorum Phenomenwn genuine Rationes 
investigantur ac exponuntur with the dedication ‘Isaaco Newtono Reverendus Author hunc dono 
dedit. July 7" 1670’, but it cost Newton 3/64 to buy his copy (Trinity. NQ. 16.193, ironically 
a presentation copy to ‘Edm: Matthews’!) of Barrow’s 1675 Archimedis Opera: Apolloniu 
Perget Contcorum libri III. . ..) 

(27) Apart from Barrow, who probably saw only the De Analysi, Collins, John Craig, 
Fatio de Duillier, Raphson, Halley, de Moivre, David Gregory and William Jones (but not, 
significantly, John Wallis) are known to have seen substantial portions of Newton’s mathe- 
matical papers during his lifetime. 
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Oughtred and his algebraical from Descartes, and on to them where necessary, 
particularly in developing his calculus methods, he grafted new modifications 
of his own. Traditional forms of proof he learnt from his repeated reading of 
Barrow’s Euclid@) and these, coupled with the elementary scholastic logic he 
learnt at grammar school and in his early years at Cambridge,®® gave him an 
adequate training in simple deductive procedures. More complex patterns of 
deduction, particularly the method of exhaustion, he seems never to have 
liked.®® Use of the free algebraic variable he acquired from the distinction, 
hazarded by Viéte and more simply presented by Oughtred,® between logical 
restrictions given numerically (in numeris) and as freely variable (2m speciebus) 
and from their confident exploitation by Descartes who, by a suitable inter- 
pretation of geometrical entities, expanded the variable into a new system of 
geometrical structure. Subtler usages, especially the manipulation of tied 


(28) Euclidis Elementorum Libri XV. breviter demonstrati, Operd Is. Barrow Cantabrigiensis 
(Cambridge, 1655), to which is added Euclidis Data succincté demonstrata: Und cum Emendationi- 
bus quibusdam & Additionibus ad Elementa. Newton’s copy (Trinity. NQ. 16.201) is described 
briefly by H. Zeitlinger in his A Newton Bibliography=Isaac Newton, 1642-1727 (ed. W. J. 
Greenstreet) (London, 1927): 148-70, especially 169-70. (The ‘few notes in a different and 
later handwriting’ mentioned by Zeitlinger are also Newton’s.) The annotations reveal two 
levels of study on Newton’s part: a first reading impatient of minor points of detail, and a later 
exhaustive examination whose notes in part correct the earlier, more superficial ones. It is 
important to observe that he gave most of his attention to the ‘arithmetical’ Books (m1, v, vu 
and x) of the Elements, while Books m, Iv, v1, vill, Ix, xm and the pseudo-xrv contain only 
trivial corrections to Barrow’s marginal references. In Book 1 Newton has slightly altered the 
proof of Prop. 7, added three extra construction lines to the diagram of 1, 47 and made 
trivial additions to 1, 15 and 1, 16. Book x1 is blank apart from a cancelled alternative proof of 
x1, 4 (printed in photocopy on p. 170 of Zeitlinger’s article). Book xm also is blank except 
that to Barrow’s appendix Ex Herigonio (which adds some numerical details, taken from 
Hérigone’s 1642 Cursus Mathematicus, on the five regular solids) Newton contributes some further 
amplifications, probably taken from Oughtred’s De Solidis Regularibus Tractatus (= pp. 23-41 
of his Elementi decimi Euclidis declaratio, printed with the Clavis Mathematice in editions from 
1647). Book xv is likewise clean except for a final addition, ‘Haud secus icosaédrii in dode- 
caedro describes’. The notes on Books m, v, vu and x are wholly explanatory and almost 
always brief. (The lengthy addition to x, 18, printed by Zeitlinger on his p. 168, is unique.) 
In the main Newton has used Barrow’s symbolism as listed in the Notarum explicatio (itself based 
closely on Oughtred’s notation in the Clavis) to render the meaning of Euclid’s verbal exposi- 
tion immediately obvious, though he is quick to spot duplication (as at x, 14, which he notes 
to be ‘Eadem cum priori’). The appended Data has been read fairly closely, and though 
Newton has entered no notes on it he has corrected two wrong marginal references. 

(29) From Conduitt (see Appendix 1) derives the tradition that Newton read Saunderson’s 
‘logick’ (Logice artis compendium), a popular university text of the period often used as an 
introduction to the rigours of Aristotle’s text. As is usual with Conduitt’s anecdotes the details 
are overloaded, but we may easily believe that Newton did read the work some time during 
his early years at Trinity. The evidence of Newton’s own undergraduate notes in ULC. 
Add. 3996 (note (6) above) with its sets of annotations under such headings as Ex Aristotelis 
Stagirite Peripateticorum principis Organo Definitionum, sumarum@ sententiarum recollectio is more 
direct evidence of Newton’s early schooling in the niceties of Aristotelian logic. 
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variables, Newton learnt more slowly. His reading ranged widely over 
a number of topics: simple number theory (in Schooten), traditional and 
elementary modern pure geometry (in Euclid, Viéte, Schooten and de Witt), 
topics in algebra and the theory of equations (in Viéte, Oughtred, Schooten 
and Wallis), in elementary analytical geometry (in Descartes and possibly 
Wallis, with some applications in Schooten) and in the twin calculus pro- 
cedures of method of tangents (in Descartes) and quadratures (in Wallis). 
A strong bias to the analytical side of mathematics is noticeable and Newton’s 
own early researches show a similar emphasis. We miss, too, a few important 
names: Napier, Briggs®? and Harriot;®) Desargues, Pascal and Fermat; 


(30) Ina few early papers Newton did, in fact, use variants of the exhaustion proof, but the 
logical structure of these papers, first proofs that tangent- and quadrature-methods are 
strictly inverse procedures, is taken over from Heuraet’s general rectification procedure as 
printed by Schooten in his second Latin edition of Descartes’ Geometrie. (See 2, 5, §1, 
especially note (51).) Newton took no part in the refinement of the exhaustion-method, which in 
the hands of Torricelli, Pascal, Huygens, and James Gregory became a near equivalent of the 
Riemann integral. (Compare D. T. Whiteside, ‘Patterns of Mathematical Thought in the 
later seventeenth century’, Archive for History of Exact Sciences 1 (1961) : ch. rx, ‘Calculus 2. ‘The 
method of proof by exhaustion’.) 

(31) Viéte, in so far as we may interpret the illusive presentation he gave in his In Artem 
Analyticen Isagoge, Ad Logisticen Speciosam Note priores and De A:quationum Recognitione et Emenda- 
tione Tractatus Duo, had difficulty in separating the logical and the extralogical in the process 
of algebraic analysis (Zetetice). However, his distinction between Logistice numerosa and 
Logistice speciosa is explicit: ‘ Logistice numerosa est que per numeros, Speciosa que per species 
seu rerum formas exhibetur, ut[-]pote per Alphabetica elementa’ (Jn Artem Analyticen Isagoge: 
Cap. tv, ‘De praeceptis Logistices speciosee’= Opera Mathematica (ed. Schooten) (Leyden, 
1646): 4). In other words, and as Schooten amplifies the remark in his commentary, Logistice 
numerosa relates roughly to the logical structure of numerical procedures, while Logistice 
speciosa uses the free variable to explore algebraic structure. Oughtred in his Clavis cast away 
the Greek elements in Viéte’s presentation and settled for a strict distinction between magni- 
tudes denoted ‘vel numeris...vel etiam speciebus’ (Clavis Mathematice (Oxford, 31652: 3)), 
devoting much of his work to expounding the elementary techniques of ‘Speciosa hzc Arith- 
metica’ through a notation for variables and logical symbols based on Viete’s. 

(32) Several decades ago Duncan C. Fraser, in an examination of Newton’s work in finite 
differences first printed as a series of articles in the Journal of the Institute of Actuaries and later 
collected as Newton’s interpolation formulas (London, 1927), put forward the hypothesis that 
Newton drew his ideas on subtabulation from a reading of the introductory matter in Briggs’ 
Arithmetica Logarithmica (London, 1624). In particular from an analysis of two manuscripts 
collectively labelled Regula differentiarum (ULC. Add. 3964.7) he concluded (Newton’s Inter- 
polation Formulas: 58) that ‘no one who compares the directions given in the MS with the 
example given by Briggs can doubt where Newton found his starting point [though] Newton 
never mentions Briggs’. However, the evidence Fraser gives in support of his claim is flimsy 
and circumstantial, while Briggs’ name seems to occur nowhere in any of Newton’s un- 
published papers. Further, Newton’s early researches in the binomial expansion and the 
resolution of ‘affected’ equations show no trace of Briggs’ own methods as developed in the 
Arithmetica Logarithmica and Trigonometria Britannica (Gouda, 1633), and while it is true that 
certain portions of the latter were inserted by Vlacq in his Trigonometria Artificialis of the same 
year, a copy of which was in Newton’s library (de Villamil, Newton: the man (note (23) above) : 
69), these insertions were restricted to the unexciting second book of Briggs’ introduction. As 
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Apollonius, Archimedes and indeed any Greek geometer but Euclid (and he 
represented only by his Elements and Data in Barrow’s translation): Stevin, 
Girard and even Kepler (though Newton was soon to be familiar with his 
optical work); Cavalieri, finally, and Torricelli. Of all that Newton did 
read, however, it is not difficult to isolate Descartes and Wallis as the great 
formative influences. In them Newton rightly seized on the two fields of 
analytical geometry and calculus, making them the twin foundation of his 
mature work in analysis, whose nature will be analysed in detail in future 
volumes. 

One final remark. Newton’s annotations do not form a first stage in his 
development which can be set off as the period of his apprenticeship to the 
mathematical discipline. His first researches—those in the transformation of 
co-ordinate systems, in the binomial theorem and Wallisian interpolation and 
in the geometrical optics of white light—were indeed pursued while he was in 
the thick of taking notes on his reading, and the two aspects are essentially 
interdependent. But already by mid-1665, one short crowded year after his 


for Napier, there is nothing to show that Newton read either his Logarithmorum Canonis Descriptio 
(Edinburgh, 1614) or the deeper Mirifici ipsius Canonis Constructio (Edinburgh, 1619) where the 
theory of the logarithm was first expounded in its Napierian form. Almost certainly Newton 
learnt the techniques of logarithmic manipulations elsewhere, perhaps from the tract De 
AEquationum Affectarum Resolutione which Oughtred appended to his Clavis Mathematice (editions 
from 1647). 

(33) On the flyleaf of an undergraduate notebook (ULC. Add. 3996: 31") Newton entered, 
about the end of 1664 if we date the writing correctly, the cryptic phrase ‘ Harriots geometry or 
Algebra. Or Praxis artis Analitice’. No other reference to Harriot appears in Newton’s early 
mathematical papers, and it seems likely that this is merely a bibliographical reference to be 
checked, taken perhaps from Wallis’ Mathesis Universalis (Dedicatio: [v]) as printed in his 
Operum Mathematicorum Pars Prior (Oxford, 1657). Beyond doubt Harriot’s work was not 
studied in detail by Newton who formed his algebraical ideas from a reading of Vieéte, 
Oughtred and, supremely, Descartes. 

(34) Though Newton read parts at least of Wallis’ Commercium Epistolicum (Oxford, 1658), 
in his annotations on the work (3, §3 below) there is no mention of Fermat’s name or of his 
letters there published. (Indeed he may not have had access to an issue of Wallis’ work which 
included the important letter of Fermat to Kenelm Digby sent on to Wallis on 13 June 1658: 
see Appendix 2.) Great effort, again, has been spent in trying to trace a connection between 
Newton’s and Fermat’s method of tangents. In fact Newton in an early paper expresses his 
debt to de Beaune alone for drawing his attention to the advantages of working with the sub- 
tangent rather than with the subnormal. (See 2, 4, §3, especially note (33).) Later, it is true, 
he was willing to admit that he ‘met with the method of Fermat in y* second book of Schooten’s 
Commentaries’ (ULC, Add. 3968.19: 290°), that is, in Schooten’s second Latin edition of 
Descartes’ Geometrie (1: Commentarii in Librum II, 0: 253-5). The question will be discussed in 
greater detail in the introduction to Part 2 below. 

(35) Wallis wrote in preface to his Arithmetica Infinitorum (printed in his Operum Mathemati- 
corum Pars altera (Oxford, 1656)) : ‘Exeunte anno 1650 incidi in Torricellii scripta mathematica 
[that is, Opera Geometrica. Florence, 1644], (que ut per alia negotia licuit, anno sequenti 
evolvi), ubi inter alia Cavallerii Geometriam indivisibilium exponit. Cavallerium ipsum nec 
ad manum habui, et apud bibliopolas aliquoties frustra quesivi’. There is nothing which 
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first beginnings, the urge to learn from the work of others was largely abated. 
The indication of his rapid rise to mathematical maturity is telling. It was time 
for him to go his own way in earnest and thereafter, though he continued to 
draw in detail on the ideas of others, Newton took his real inspiration from the 
workings of his own fertile mind. 


APPENDIX 1 


JOHN CONDUITT’S ACCOUNT OF NEWTON’S 
LIFE AND WORK AT CAMBRIDGE 


Extract from the original in King’s College, Cambridge“ 


M: Aiscough®) had given S? Isaac before he sett out for Cambridge Sanderson’s 
logick & told him that was the first book his tutor would read to him, this St I. 
read over by himself & when he came to hear his tutor’s lectures upon it found 
he knew more of it than his tutour, who finding him so forward told him he 
was going to read Kepler’s Opticks to some gentlemen commoners & that he 
might come to those lectures. S* I. immediately read it at home & when his 
tutour gave him notice of the lectures he told him he had already read that 
book thro*.® He bought a book of Judicial® Astrology out of curiosity (w™ 
Hobbes calls the mother of all Philosophy. Human nature—p. 112) to see 


reveals any direct knowledge on Newton’s part of the works of either Cavalieri or Torricelli, 
and he seems to have been content to take Wallis’ account of indivisibles as an adequate 
rendering of the new ‘Geometria indivisibilibus continuorum...promota’ (as Cavalieri’s 
1635 source-work entitled the theory). 

(1) Keynes MS 130.4: 1-8 (Conduitt’s pagination). This portion is reproduced both for its 
intrinsic interest and to show the liberties which Conduitt took with de Moivre’s memorandum 
in drafting what was to become the main source for later accounts of Newton’s introduction 
to mathematics. 

(2) Newton’s uncle, William, on his mother’sside. Relations between the two at this time seem 
to have been good. Thus, among other notes entered on a loose vellum sheet perhaps in the 
autumn of 1665 Newton added an abrupt phrase as a reminder ‘of wt hath past twixt my 
unkle ayscough & mee’ (ULC. Add. 3958.2: 45”). 

(3) This anecdote is in neither de Moivre’s nor Stukeley’s accounts and we may reasonably 
doubt its truth. 

(4) Conduitt’s interpolation in de Moivre’s account. 

(5) The quotation is, for what it is worth, from the second edition, ‘augmented and much 
corrected by the Author’s own hand’, Humane Nature: Or, the fundamental Elements of Policy, 
being a discovery of the Faculties, Acts and Passions of the Soul of Man, from their original causes 
(London, 1651): 112: ‘And from this Passion of Admiration and Curiosity, have arisen not 
onely the invention of Names, but also supposition of such Causes of all things as they thought 
might produce them. And from this beginning is derived all Philosophy; as Astronomy from 
the admiration of the course of Heaven, Naturall Philosophy from the strange effects of the 
Elements and other Bodies.’ 
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what there was in that science & read in it till he came to a figure of the 
heavens w he could not understand for want of being acquainted with 
Trigonometry, & to understand the ground of that bought an English Euclid 
with an Index of all the problems at the end of it & only turned to two or 
three w® he thought necessary for his purpose & read nothing but the titles of 
them finding them so easy & self evident that he wondered any body would be 
at the pains of writing a demonstration of them & laid Euclid aside as a trifling 
book, & was soon convinced of the vanity & emptiness of the pretended science 
of Judicial astrology. © 

About Midsummer 1664 he read Oughtred’s Clavis w“ he understood tho" 
not entirely he having some difficulties about what the author calls scala 
secundi et tertii gradus relating to the solution of Quadratick [&] cubic 
Aiquations. (The opinion he had of Oughtred’s Clavis appears by the 
following memorandum found among his papers in his own writing & signed 
with his name viz—Mr Oughtred’s Clavis being one of the best as well as one 
of the first Essays for reviving the Art of Geometrical Resolution & Composi- 
iton—I agree with the Oxford professors that a correct edition thereof to make 


(6) Probably Conduitt’s own fabrication rather than inserted anecdote. 

(7) The original (ULC, Add. 3965.6: 35) was scrawled hurriedly and with some cancella- 
tion at the foot of a page of drawings of scientific instruments and on the back of part of a 
draft revision of his Principia begun about 1693, (It is reproduced as Plate IV, facing p. 176, in 
A.R. and M.B. Hall’s Unpublished Scientific Papers of Isaac Newton (Cambridge, 1962).) 
Conduitt’s first copy (Keynes MS 130.12) is a more accurate transcription of Newton’s ‘M" 
Oughtred Clavis being one of y® best as well as one of y® first Essays for reviving y® Art of 
Geometricall Resolution & Composition I agree w® y® Oxford Professors that a correct 
edition thereof to make it more usefull & bring it into more hands will be both for y* honour 
of of nation & advantage of Mathematicks. Is. N.’ The Savilian Professors at the time were 
John Wallis (of Geometry) and David Gregory (of Astronomy), with both of whom Newton 
was in correspondence. A fifth Latin edition of the Clavis (unaltered from the third) was 
published at Oxford in 1693, but more probably the work to which Newton was giving his 
support was the new English translation, printed at London in 1694 but not particularly free 
from error, which Halley recommended in his preface ‘to all Beginners in the Analytical Art, 
especially to such, who tho they may be Ignorant of the Latin tongue, may yet be desirous to 
inform themselves in Geometry’. 

(8) Descartes’ ‘Epistles’ were first published by Clerselier in his Lettres de M. Descartes 
3 vols. (Paris, 1657-67), with the bulk of the mathematically interesting letters inserted in 
Tome ut (1667), ‘Ou il répond a plusieurs difficultez qui luy ont esté proposées sur la Di- 
optrique, la Geometrie, & sur plusieurs autres sujets’. (A second edition, with Latin and 
French translations added to French and Latin originals, appeared in six volumes at Paris, 
1724/1725.) Conduitt seems to refer to Descartes’ letter to de Beaune on 20 February 1639 
(Clerselier 3: Letter 71: 409-16, especially 410 = Giuvres des Descartes (ed. Adam and Tannery), 
2 (1898): cxiv1: 510-19, especially 511-12), where he wrote: ‘...i’auois preueu que 
certaines gens, qui se vantent de scauoir tout, n’eussent pas manqué de dire que ie n’auois rien 
écrit qu’ils n’ayent sceu auparauant, si ie me fusse rendu assez intelligible pour eux;. . .Outre 
que ce que i’ay obmis ne nuit a personne; car pour les autres, il leur sera plus profitable 
de tascher a l’inuenter d’eux mesmes, que de le trouver dans vn Liure. Et pour moy, ie ne 
crains pas que ceux qui s’y entendent m’imputent aucune de ces obmissions; car i’ay par tout 
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it more usefull & bring it in to more hands will be both for the honor of our 
nation and advantage of Mathematicks.”) He then young as he was took in 
hand Des-Cartes’s Geometry (that book w“ Descartes in his Epistles with a 
sort of defiance says is so difficult to understand®). (He began with the most 
crabbed studies & books, like a high spirited horse who must be first broke in 
plowed grounds & the roughest & steepest ways, or could otherwise be kept 
within no bounds.) When he had read two or three pages & could under- 
stand no farther he being too reserved or modest to trouble any person to 
instruct him) begain again & got over three or four more till he came to another 
difficult place, & then began again & advanced farther & continued so doing 
till he not only made himself master of the whole without having the least 
light or instruction from any body®, but discovered the errors of Descartes, as 
appears by the original book w he read at that time [&] is still in being & 
marked in many places in his own hand writing with these words Error—Error 
non est Geom. (Mem™ Mr Professor Smith told me he had seen the book[:] it 
will be proper to mark the passages & shew they are errours.)@ 


eu soin de mettre le plus difficile, & de laisser seulement le plus aisé.’ Descartes made many 
similar remarks in his correspondence. On 31 March 1638, for example, he wrote to Mersenne: 
‘..ie mets dans la question de Pappus tout ce qu’il faut scauoir de plus pour les entendre. 
Mais le bon est touchant cete question de Pappus, que ie n’en ay mis que la construction & la 
demonstration entiere, sans en mettre tout l’analyse, laquelle ils s’imaginent que i’ay mise 
seule, en quoy ils tesmoignent qu’ils y entendent bien peu. Mais ce qui les trompe, c’est que 
i’en fais la construction, comme les Architectes font les bastimens, en prescrivant seulement 
tout ce qu’il faut faire, & laissant le trauail des mains aux charpentiers & aux masons.’ 
(Clerselier, 3: Letter 69: 395-6 = CEuvres, 2: cx1x: 83.) To Schooten, then engaged in preparing 
the commentary to his Latin translation of the Geometrie, he sent a similar passage for insertion : 
‘Ejusdem brevitatis studio nulla etiam hic mentio sit oppositarum Hyperbolarum, non quod 
ab Authore ignorentur.... Sed notandum est illum faciliora feré semper in hac Geometria 
neglexisse, nihil autem ex difficilioribus, inter ea que tractanda suscepit, omisisse.’ (Clerselier, 
3: Letter 82: 471 =(CEuvres, 2: cixm: 577, inserted with slight alterations in Schooten’s 
Commentarii in Librum II, E =Geometria, ,1649: 197/,1659: 225.) 

(9) Conduitt’s interpolations, both dubious and highflung. 

(10) Conduitt’s interpolation in de Moivre’s account. 

(11) David Brewster wrote in 1855: ‘Newton’s copy of Descartes’ Geometry I have seen 
among the family papers. It is marked in many places with his own hand, Error, Error non est 
Geom.’ (Memoirs...of Sir Isaac Newton, 1: 22, note 1.) Brewster’s note is clearly based on 
Conduitt’s present account, yet is at odds with the latter’s affirmation that he had the story 
from ‘Mr Professor Smith’ (the well-known Master of Trinity and editor of Roger Cotes’ 
posthumous Harmonia Mensurarum) and the implication that the copy of Descartes’ Geometrie in 
question was not among the family papers in Conduitt’s possession. We must surely believe 
Conduitt’s version, but need not thereby convict Brewster of consciously cheating. It would 
be easy for him to have misread his notes on Conduitt’s manuscript and ultimately to have 
convinced himself that he had seen the book. We may add that the 1888 Catalogue of the 
Portsmouth Collection enters (at section vu, 6) ‘A copy of Schooten’s edition of Des Cartes’ 
Geometry, Lugd. [Batav.] 1649, with a few notes in Newton’s hand’. The assertion is false. 
The listed work (ULC. Adv.d.39.1) has indeed some minor corrections but the hand is not 
Newton’s. It is in any case beyond doubt that Newton read the Geometrie in its second Latin 
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Soon after he stood to be a Scholar of the House & D* Barrow examined him 
in Euclid w™ he knew so little of that D’ Barrow conceived a very indifferent 
opinion of him. The D* never asked him about Descartes’s Geometry not 
imagining that any one could be master of that book without first reading 
Euclid & St Isaac was too modest to mention it himselfso that he was not made 
Scholar of the House® till the year following. Upon this S' I. read Euclid 
over again & began to change his opinion of him when he read that Parallelo- 
grams upon the same base & between the same parallels are equal & that other 
proposition that in a right angled triangle the square of the Hypothonuse is 
equal to the squares of the two other sides®® (& in his latter days he spoke with 
regret of his mistake at the beginning of his Mathematical studies in applying 
himself to the works of Descartes & other Algebraic writers before he had 
considered the Elements of Euclid with that attention w® so excellent a writer 
deserved—Pemberton in the preface.™) 

About Xmas 1664 He read Schooten’s Miscellanies & D* Wallis’s Arith- 
metica Infinitorum & on the occasion of a certain interpolation for the quadra- 
ture of the circle found that admirable Theorem for raising a binomial to a 
power given, but before that time a little after reading Des Cartes’s Geometry 
wrote many things concerning the vortices“) Axes [&] Diameters of curves 
wh afterwards gave rise to that excellent tract de Curvis secundi generis & 
made several notes & remarks on Schooten’s Miscellanies w™ are still in 
being, that was his usual method in all the books he read. 


edition (Leyden, 1659/61) with its appended tracts by Hudde, Heuraet and de Witt. An 
extensive search through the Wren Library at Trinity College and the University Library has 
turned up no copy which can be identified with that claimed to have been seen by Smith, 
himself hardly familiar enough with Newton’s hand to be able to distinguish it with certainty. 
If Newton did, in fact, enter an ‘Error, non est Geom.’ in Descartes’ work we may justly 
convict him of an excess of undergraduate callowness and incomprehension. But the story 
conflicts with the unchallangeable manuscript evidence of Descartes’ overwhelming influence 
on Newton’s early mathematical development, and may for that reason be safely disregarded. 

(12) That is, of Trinity College. 

(13) A neat example of Conduitt’s grafting of anecdote on to de Moivre’s account. 

(14) Conduitt refers to Henry Pemberton’s View of Sir Isaac Newton’s Philosophy (London, 
1728): Preface: [iii]: ‘Sir Isaac Newton has several times particularly recommended to me 
Huygen’s stile and manner. He thought him the most elegant of any mathematical writer of 
modern times, and the most just imitator of the ancients. Of their taste, and form of demon- 
stration Sir Isaac always professed himself a great admirer: I have heard him even censure 
himself for not following them yet more closely than he did; and speak with regret of his 
mistake at the beginning of his mathematical studies, in applying himself to the works of 
Des Cartes and other algebraic writers, before he had considered the elements of Euclide with 
that attention which so excellent a writer deserves.’ Here Newton was doing himself down a 
little too strongly. His copy of Barrow’s Euclid (see note (28), page 12 above) shows that he went 
through the geometrical argument carefully, correcting several mistakes in proposition 
references. 

(15) Conduitt intends ‘Vertices’ of course! 
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(In the winter between the years 1664 & 1665 he found the method of 
infinite series, & in summer 1665 being forced from Cambridge by the plague 
computed the area of the Hyperbola at Boothby in Lincolnshire to two & 
fifty figures by the same method—Mem™. This is writt in a pocket book in 
S' I.’s own hand writing.@®) 


APPENDIX 2 


BIBLIOGRAPHICAL NOTE ON THE WORKS 
ANNOTATED BY NEWTON 


As far as we have been able to discover, Newton in the years 1664 and 1665 
made detailed notes upon six standard mathematical texts of the period, three 
edited or written by Frans van Schooten, one by William Oughtred and two 
by John Wallis. For convenience of reference we collect here some pertinent 
facts relating to their composition and printing history. 

Having written it between the autumn of 1635 and the beginning of 1637, 
René Descartes first published his Geomeirie in June of the latter year as the 
third of the scientific tracts appended, ostensibly so at least, as practical 
applications of his Methode...pour chercher la verité dans les sciences.) From the 
first he was little satisfied with its form and argument and quickly encouraged 
the writing of commentaries clarifying its obscurities and developing its 
approach.® Already in the summer of 1638 he had sanctioned the anonymous 
Introduction a la Geometrie (perhaps by Haestrecht),® but more importantly he 


(16) The transcription of this passage (quoted in the preceding introduction from Newton’s 
original) is taken from Conduitt’s primary copy (Keynes MS 130.12), where he noted that 
‘In one of St I.N.’s paper books near some annotations of Dt Wallis’s Arithmetica Infinitorum 
There is the following Mem™ in S' Isaac’s hand writing—July 4. 1699... by the same method. 
Isaac Newton. Mem® in the same book [ULC. Add. 4000] a good deal upon chances & 
Musick.’ Conduitt probably made this latter copy from the original, but it is possible (if we 
interpret correctly the dubious ordering on pp. 8 and 9 of Conduitt’s Keynes MS 130.4) that 
he had it at second hand from William Jones, who himself had taken, along with a transcrip- 
tion (now in private possession) of the whole of Newton’s annotations of Wallis, a ‘Cop. ver.’ 
of the passage. 

(1) [René Descartes], Discours de la Methode pour bien conduire sa raison, & chercher la vertté dans 
les sciences. Plus La Dioptrique. Les Meteores. Et la Geometrie. Qui sont des essats de cete Methode, 4° 
(Leyden, 1637): (,1-,78) Discours de la Methode; (,1-,153) La Dioptrique; (.155-,294) Les 
Meteores; (,295-,413) La Geometrie; (80 pp. unpaginated) Table. 

(2) See Gerard Milhaud’s introduction to his first printing of de Beaune’s Notes bréves in 
their original French in [Ch. Adam and G. Milhaud], Descartes, Correspondance 3 (Paris, 1941): 
Appendice II: 352-67, especially 360-1. 

(3) Printed for the first time (in modernized French) on pp. 328-52 of the work cited in the 
preceding note (2). 
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welcomed, as a perceptive exposition of the more elementary aspects of his 
work, the Notes bréves sur la geometrie de M". D.C. which Florimond de Beaune 
composed in the winter of 1638/39. Ten years later Schooten translated both 
the Geometrie and de Beaune’s notes into Latin and published them in 1649 with 
an informative commentary of his own, many of whose details were derived 
directly from Descartes’ own criticisms made in his correspondence with 
Schooten. A decade later still, nine years after Descartes’ death, Schooten 
revised his Latin edition, doubling its bulk with letters and tracts by Johann 
Hudde, Henrik van Heuraet and Jan de Witt together with two further tracts 
of his own authorship and one of de Beaune’s (as posthumously edited by 
Erasmus Bartholin). This final compendium,® overwhelming the hundred 
small pages of Descartes’ original text with more than eight hundred pages of 
commentary, is the work which Newton borrowed and annotated in the 
summer and autumn of 1664 (though the copy he bought for personal use the 
following winter may have been a 1649 edition). To distinguish it from 


(4) Printed (in modernized French) on pp. 368-401 of the work cited in note (2). 

(5) Geometria d Renato des Cartes Anno 1637 Gallicé edita; nunc autem Cum Notis Florimondi de 
Beaune, In Curia Blasensi Consiliarit Regit, In linguam Latinam versa, & commentariis illustrata, 
Operé atque Studio Francisci a Schooten, Leydensis, in Academiaé Lugduno-Batavdé, Matheseos Professoris, 
Belgicé docentis, Leyden, 1649 (4°): (Unpaginated) Epzstola Dedicatoria, [Ad Lectorem,/ Index 
Eorum, que in hac Geometria continentur; (1-18/19—74/75—-118) Geometrie Liber primus] secundus| 
tertius; (119-61) Florimond: de Beaune In Geometriam Renati des Cartes Note Breves; (162-294) 
Francisci & Schooten In Geometriam Renati des Cartes Commentarii; (295-336) Additamentum. 

(6) Geometria, a Renato des Cartes Anno 1637 Gallicé edita; postea autem Und cum Notis Florimondi 
de Beaune, In Curia Blesenst Consiliartt Regii, Gallice conscriptis in Latinam linguam versa, & Com- 
mentariis illustrata, Operd atque studio Francisci a Schooten, in Acad. Lugd. Batava Matheseos Professoris. 
Nunc demum ab eodem diligenter recognita, locupletioribus Commentariis instructa, multisque egregiis 
accesstonibus, tam ad uberiorem explicationem, qudm ad ampliandam hujus Geometrie excellentiam 
Sacientibus exornata, (2 parts) Amsterdam, 1659/61 (4°). [Pars prima]: (unpaginated) Epistola 
Dedicatoria/Prefatio ad Lectorem; (1-16/17-66/67—106) Renati des Cartes Geometrie Liber primus| 
secundus/tertius; (107-42) Florimondi de Beaune in Geometriam Renati des Cartes Note Breves; (143- 
344) Francisct a Schooten in Geometriam Renati des Cartes Commentarii; (345-68) [ejusdem] Appendix, 
de Cubtcarum Aiquationum Resolutione; (369-400) Additamentum, [in quo continetur solutio artificio- 
sissima difficilis cujusdam Problematis; & Generalis Regula de extrahendis quibuscunque Radicibus 
Binomis|; (401-506/507-16) [Johannis Huddeni| Epistole due, quarum altera de Aiquationum 
Reductione, altera de Maximis et Minimis agit; (517-20) Henricit van Heuraet Epistola de Trans- 
mutatione Curvarum Linearum in Rectas. Pars secunda: (1-48) Principia Matheseos Universalis, sev 
Introductio ad Geometrie Methodum Renati des Cartes, Conscripta ab Er. Bartholino, Casp. Fil. Editio 
tertia, priore correctior [first published at Leyden, 1651]; (49-152) De Aquationum Natura, 
Constitutione, & Limitibus Opuscula Duo. Incepta a Florimondo de Beaune...; Absoluta vero, & post 
mortem ejus edita ab Erasmio Bartholino, Medicine G Mathematum in Regia Academia Hafniensi 
Professore publico; (153-340) Johannis de Witt Elementa Curvarum, Edita Operd Francisct a Schooten. ..; 
(341-420) Francisct a Schooten, Leidensis,...Tractatus de Concinnandis Demonstrationibus Geometricis 
ex Calculo Algebraico. In lucem editus a Petro a Schooten, Francisci Fratre. (The tracts in the second 
part have individual title-pages. An unchanged reissue of the whole was made at Amsterdam 
in 1683.) | 
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Descartes’ Geometrie and for convenience of reference we shall universally dub 
this second Latin edition the Geometria. 

Earlier, in 1646, conscious of the high importance of Francois Viéte’s 
scattered works on algebra, geometry and analysis which had been published 
singly over the period 1579-1615 and already become exceedingly rare, 
Schooten had gathered most of them,® suitably edited with commentary and 
a valuable discussion by Alexander Anderson of Vieéte’s researches in angular 
sections,® in his Franciscit Viete Opera Mathematica. The work, having been 
quickly established as an indispensable gathering of mathematical source- 
material, was soon widely circulated and twenty years later Newton had a 
choice among several copies in Cambridge libraries from which to make his 
notes.*) Schooten had also published in 1646 a very readable piece of geo- 
metrical research De Organica Conicarum Sectionum in Plano Descriptione, and 


(7) In the Portsmouth Collection in the University Library, Cambridge, there is a copy 
(ULC. Adv.d.39.1) of the 1649 edition which seems to have been in Newton’s possession at 
his death. Despite the affirmation of the Catalogue (Cambridge, 1888: 47=vu, 6) its brief 
manuscript annotations are not in Newton’s hand. 

(8) The most important exception is Viéte’s work on trigonometry, Canon Mathematicus, 
Sev Ad Triangula Cum Adpendicibus (Paris, 1579), with its appendix Francisci Vieter Vniversalium 
Inspectionum Ad Canonem Mathematicum Liber Singularis, (These, it appears, were already 
sufficiently rare for Schooten not to be able to obtain a copy.) 

(9) [Alexander Anderson]: Ad Angularium Sectionum Analyticen Theoremata xafodixcrepa.. 
A Francisco Vieta.. .primum excogitata, et absque ulla Demonstratione ad nos transmissa, 1am tandem 
Demonstrationibus confirmata. . .studio Alexandri Andersoni, Paris, 1615. 

(10) Francisci Viete Opera Mathematica, In unum Volumen congesta, ac recognita, Operd atque studio 
Francisci & Schooten Leydensis, Matheseos Professoris Lugduni Batavorum, Leyden, 1646 (folio). 
(Unpaginated) [Epistola Dedicatoria],/Ad Lectorem,/Francisci Viete Vita Ex Jac. Augusti Thuant 
Historiarum Libro CXXIX; (1-12) In Artem Analyticen Isagoge; (13-41) Ad Logisticen Speciosam 
Note Priores; (42-81) Zeteticorum Liber Primus|Secundus/Tertius/Quartus/Quintus; (82-158/159-61) 
de Aquationum Recognitione et Emendatione Tractatus Duo./Appendix ab Alexandro Andersono Opert 
subnexa (from his 1615 edition at Paris); (162-228) de Numerosa Potestatum Purarum, atque 
Adfectarum Ad Exegesin Resolutione Tractatus; (229-39) Effectionum Geometricarum Canonica Recensio; 
(240-57) Supplementum Geometrie; (258-74/275-85) Pseudo-Mesolabum|@ alia quedam Advuncta 
Capitula; (286-304) Ad Angulares Sectiones Theoremata KA@OAIKQTEPA, Demonstrata per 
Alexandrum Andersonum; (305-24) Ad Problema, Quod Omnibus Mathematicis Totws Orbis construen- 
dum proposuit Adrianus Romanus; (325-38/339-42/343-6) Apollonius Gallus. Sev, Exsuscttata 
Apollonii Pergei IIEPI "EITA®QN Geometria./Appendicula I. De Problematis quorum Geometricam 
Constructionem se nescire ait Regiomontanus./Appendicula II, De Problematis quorum Factionem Geo- 
metricam non tradunt Astronomi, itaque infeliciter resolvunt; (347-435) Vartorum de Rebus Mathe- 
maticis Responsorum, Liber vu: (486-46) Munimen adversus Nova Cyclometrica, seu, Antti TTEAEKV 2; 
(447-508) Relatio Kalendarii vere Gregoriani; (509-39) Canones In Kalendarium Gregorianum. 
Canon I. De Cyclo Decennovennali Aurei Numeri; (540-4) Adversus Christophorum Clavium Expostulatio ; 
(545-54) Francisci a Schooten Note. 

(11) Newton appears never to have bought a copy of Schooten’s edition, but to have made his 
notes wholly from library copies. (Viéte’s name does not appear in the list of authors of the 
books in Newton’s library at his death.) 

(12) Francisci a4 Schooten de Organica Conicarum Sectionum in Plano Descriptione Tractatus... .Cut 
subnexa est Appendix, de Cubicarum Aiquationum Resolutione. Leyden, 1646. 
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this in 1657 he incorporated, along with two sets of mathematical problems and 
two further tracts on pure geometry, in his Exercitationum Mathematicarum Libri 
Quinque.“) (Its citation by Newton as the ‘ Miscellanies’ refers strictly only to 
the fifth book, on the first half of which he made elaborate notes.) In appendix 
to these Exercitationes (which title we give it for brevity) and in his own Latin 
translation from the original Dutch, Schooten printed a small tract of 
Christiaan Huygens’ on elementary probability, De Ratiociniis in Ludo Alee.® 

In contrast, William Oughtred, employed about 1628 as tutor to an English 
nobleman’s son, had composed his Clavis Mathematice as an elementary intro- 
duction to arithmetic and algebra for his pupil’s use.2°) From the time of its 
small first edition in 16319 its qualities of clean workmanlike notation allied 
to concise exposition of basic methods quickly made it a widely read text-book. 
Later in 1647 Oughtred revised the original text, translating it into English, 
slightly shortening it but adding several new brief mathematical appendices. 
Further appendages appeared in the second and third Latin editions of 1648 
and 1652, and the latter,®” reprinted without change in 1667, became the 
standard edition of the Clavis and the one apparently studied by Newton.?® 


(13) Francisci a Schooten Exercitationum Mathematicarum Libri Quingue (Leyden, 1657) (4°). 
(Unpaginated) Ad Lectorem; (1-112) Liber Primus, Continens Propositionum Arithmeticarum et 
Geometricarum Centuriam; (113-90) Liber u. De Constructione Problematum Simplicium Geometri- 
corum, seu Que solvi possunt, ducendo tantim rectas lineas; (191-292) Liber m1, Continens Apollonit 
Pergei Loca Plana restituta; (293-368) Liber rv, sive de Organica Conicarum Sectionum in Plano 
Descriptione Tractatus. Geometris, Opticis; presertim verd Gnomonicis @ Mechanicis Utilis; (369-516) 
Liber v, Continens Sectiones trigintas Miscellaneas; (517-34) [Appendix] De Ratiociniis in Ludo 
Alea. Newton’s copy of this work is now in Trinity College, Cambridge (NQ. 16.184), 

(14) See the previous note. Huygens’ original Dutch rendering, Van Rekeningh in Spelen van 
Geluck, is printed (with an interleaved French translation) in Céuvres completes de Christiaan 
Huygens 14 (La Haye, 1920): 50-91. 

(15) See Florian Cajori, William Oughtred, a Great Seventeenth-Century Teacher of Mathematics 
(Chicago and London, 1916): ch. nu, especially 17-46. 

(16) Arithmetice in Numeris et Speciebus Institutio: Que tum Logistice, tum Analytica, atqve adeo 
totivs Mathematice, quasi Clavis est (London, 1631). 

(17) Guilelmi Oughtred AEtonensis...Clavis mathematica denvo limita, sive potius fabricata. Cum 
aliis quibusdam ejusdem commentationibus....Editio tertia auctior G emendatior (Oxford, 1652) (8°). 
Main text: (unpaginated) Ad Lectorem; (1-109) Clavis Mathematice denuo limata; (110-51) De 
Aiquationum Affectarum Resolutione in Numeris. Minor tracts (individually paginated): Elementi 
Decimi Euclidis Declaratio; De Solidis Regularibus Tractatus; De Anatocismo, sive Usura Compostia; 
Regula False Positionis; Theorematum in Libris Archimedis de Sphera et Cylindro Declaratio; Horologia 
Scioterica in Plano, geometricé delineandt Modus. 

(18) There is a curious fragmented copy of the text of the Clavis in this edition which is 
preserved in Newton’s library (Trinity. NQ. 8.59). The volume in which it is contained 
consists otherwise of handwritten copies (not in Newton’s hand) of elementary mathematical 
texts. Presumably it was composed by an older contemporary of Newton’s at Trinity and then 
passed on to him after graduation. After a preliminary two pages (in Latin transcript with 
some Greek) relating to Archimed. de Sphaera et Cylindro, there follow 39 manuscript pages, 
separately paginated, which discuss the ‘Aurea Regula in Fractionibus’, ‘Rationum Numera- 
tio’, ‘Numeri Figurati’ and finally the definition of the conics. Then come pp. 1-108 of the 
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John Wallis, finally, who had become Savilian Professor of Geometry at 
Oxford in 1649,® published as his first Opera Mathematica in 1656/7™) a fat 
and rather diffuse two-part collection of his early mathematical lectures, com- 
mentaries and researches, of which his Arithmetica Infimtorum (composed 
partially in collaboration with Brouncker) was to become particularly well 
known and read, not least by Newton. Around the same time and again with 
Brouncker’s collaboration he became engaged in an active mathematical 
correspondence, carried on for the most part through Kenelm Digby, with the 
French mathematicians Fermat and Frénicle. These letters, at first restricted 
to specialized topics in number theory but gradually broadened in theme to 
include general topics in analysis and mutual criticism of mathematical 
techniques and attitudes, were presented by Wallis in abridged form in his 
1658 Commercium Epistolicum,» a work clearly published with the main inten- 


1652 edition of the Clavis Mathematica, with a handwritten copy of the final p. 109 inserted 
immediately after and complemented by 3 pp. of elementary notes (likewise not in Newton’s 
hand) In Clavem. The volume is completed by a closely written, continuously paged set of 
notes: (1-62) E P.R. Geometria (a Latin summary, with some additional material, of the 
geometrical propositions in the Elements); (63-79) Ex Archimede, de Sphera @ Cylindro (in 
Greek); (81-115) [Note] In P.R. Geometriam; (116-45) Paradigmaia Clavi inservientia; ([146]- 
[156]) Archimed. de Sphera et Cylindro (in Latin) ; ([157]-[160]) [Note] Jn P.R. Geometr.; ([160]) 
De Sphera et Cylindro; ({161]-[164]) In Clavem. 

(19) See J. F. Scott, The Mathematical Work of John Wallis (London, 1938); and also 
A. Prag, ‘John Wallis, 1616-1703. Zur Ideengeschichte der Mathematik im 17. Jahrhundert’, 
Quellen und Studien zur Geschichte der Mathematik. Abt. B, Studien, 1 (1930) : 381-412. 

(20) Johannis Wallisit, SS.Th.D. Geometrie Professoris Saviltani in Celeberrimé Academia 
Oxoniensi; Operum Mathematicorum Pars Prima] Altera, Oxford 1657/1656 (4°). Pars prima (1657) : 
(18 pp. unpaginated) Johannis Wallis, Geometrie Professoris Saviliant, Oratio Inauguralis: In 
Auditorio Geometrico, Oxonii, habita; ultimo die Mensis Octobris, Anno Atre Christiane 1649; ([i- 
viii] + (1-398)) Mathesis Universalis: Sive, Arithmeticum Opus Integrum, tum Philologice, tum 
Mathematice traditum; Arithmeticam tum Numerosam, tum Speciosam sive Symbolicam complectens, sive 
Calculum Geometricum; tum etiam Rationum Proportionumve traditionem; Logarithmorum item Doctrinam; 
aliaque que Capitum Syllabus indicabit; Adversus Marci Meibomit De Proportionibus Dialogum, 
Tractatus Elencticus (comprising (,1—-,50) Dedicatio [sive Epistola; qua de Paraboloide Cubical; & 
Aiquationibus Cubicis agitur]; (,1-,62) De Proportiontbus, Dialogi; A Marco Meibomii Conscripti; 
Refutatio; (2 pp. unpaginated) M. Mersenni locus notatur). Pars altera (1656): ([i-ii] + (1-51)) 
De Angulo Contactus et Semicirculi Disquisitio Geometrica; ([i-v]+(1-108)) De Sectionibus Conicis, 
Nova Methodo Expositis Tractatus; ([i—xii] + [i-ii] + (1-298)) Artthmetica Infinitorum, sive Nova 
Methodus Inquirendi in Curvilineorum Quadraturam, aliag difficiliora Matheseos Problemata; ([i- 
iii] +(1-9)) Eclipsis Solaris Oxonit Vise Anno Are Christiane 1654. 2° Die Mensis Augusti, Stilo 
Veteri, Observatio. Observatore Johanne Wallisio. 

(21) Commercium Epistolicum, De Queastionibus quibusdam Mathematicis nuper habitum Inter 
Nobilissimos Viros D. Gulielmum Vicecomitem Brouncker, Anglum, D. Kenelmum Digby, item Equitem 
Anglum. D. Fermatium, in suprema Tholosatum Curia Iudicem Primarium. D. Freniclum, Nobilem 
Parisium. Una cum D. Joh. Wallis Geomet: Profess: Oxon. D. Franc: a Schooten, Math: Prof: 
Lugduni Batavorum; Alisque. Edidit Johannes Wallis, Oxford, 1658 (4°): (2 pp. unpaginated) 
Dedicatio [to Digby]; (1-182) Commercium Epistolicum; (183-90) Appendix ad Literas precedentes. 
(The appendix is not present in all copies, and in particular it is lacking in the copy in the 
University Library, Cambridge (M. 6.26) which Newton may have consulted.) 
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tion of adding to Wallis’ mathematical prestige but nevertheless containing 
several interesting ideas which there appeared in print for the first time. 
Newton’s annotations show that he read parts of it at least with keen interest. 
(Note further that, though he made no explicit notes on the work, it is probable 
that Newton also read Wallis’ 1659 Tvactatus Duo,@» which presented his 
researches on the cycloid, cissoid and other geometrical figures and is today 
often to be found bound up with the Opera Mathematica and the Commercium 
Epistolicum.) 

It is, in conclusion, interesting to recall an incident which shows clearly the 
faith Newton had in these texts as a propaedeutic. In 1691 when Richard 
Bentley, then intent on mastering Newton’s newly published Philosophie 
Naturalis Principia Mathematica, anxiously applied to its author for a suitable 
introductory course of study, he was favoured with a set of ‘Directions’ which 
included : 


‘Next after Euclid’s Elements the Elements of y® Conic sections are to be understood. 
And for this end you may read...the first part of y° Elementa Curvarum of John de 
Witt.... 

For Algebra read first Barth[ol]in’s introduction & then peruse such Problems as you 
will find scattered up & down in y® Commentaries on Cartes’s Geometry & other 
Al[geb]raical writings of Francis Schooten. I do not mean y‘ you should read over all 
these Commentaries, but only y® solutions of such Problems as you will here & there 
meet with. You may meet with De Witt’s Elementa curvarum & Bartholin’s introduction 
bound up together w‘® Cartes’s Geometry & Schooten’s commentaries. 


(22) Johannis Wallisit... Tractatus Duo. Prior, De Cycloide et corporibus inde genitis. Posterior, 
Epistolaris; In qua agitur De Cissotde, et Corportbus inde genitis: et De Curvarum, tum Linearum 
Ev0ivoe, tum Superficierum ITkarvopd. Oxford, 1659. (The latter part, pp. 75-121, is pre- 
sented as an open letter to Huygens but it was never sent as such. Compare Wallis’ letter to 
Huygens of 24 November 1659 = Ciuvres completes de Christiaan Huygens 2 (La Haye, 1889): 
518-20.) 

(23) ‘Directions from M*t Newton by his own hand’, printed by J. Edleston in his Corre- 
spondence of Sir Isaac Newton and Professor Cotes (Cambridge, 1850) : 274 = Correspondence of Isaac 
Newton 3 (Cambridge, 1961): 155. 
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ANNOTATIONS FROM 
OUGHTRED, DESCARTES, 
SCHOOTEN AND HUYGENS 


$1. MATHEMATICAL NOTES IN THE FITZWILLIAM 
POCKET-BOOK 


[Late 1664?] 


From the original") in the Fitzwilliam Museum, Cambridge 


[1] Of right angled triangles 
I. Any two leggs given to find y® other. 
1. bg+cq=hq. 
Eucl 


2. rihqg—bq:=c. 


lib. 1. pr: 47. 
3. r:hq—cq[:]=5. 


(1) This small notebook, 4-9 in. x 2:8 in. of 118 leaves (with entries on about 50 pp.) and 
bound in calf, is described by Brewster, Memoirs 1: 31-3. The long list of expenses (which 
begins in 1665 with the entry, ‘R* 10!? May 234 whereof I gave my Tutor 5!’ and ends in the 
autumn of 1668) is a later addition at the reverse end of the notebook and is partially written 
in over the numbered blank sheets of a Canones sinuum. The original inside cover is blank except 
that Brewster has added a classifying number ‘(5)’ in his resorting of the Portsmouth papers 
in 1855. The flyleaf bears Thomas Pellet’s adjudication, ‘Sep. 25 1727/Not fit to be printed/T 
Pellet’, entered when he roughly sorted the Portsmouth papers immediately after Newton’s 
death. On the reverse inside cover Newton has entered, probably when he first purchased 
the book, ‘Isaac Newton/pret 84’. Newton’s first entry seems to have been a page of dictionary 
entries in Hebrew and English, headed ‘Nova cubi Hebrei Tabella.’. The notebook is not 
paginated except for Newton’s own numbering of the pages he intended to allot to his un- 
finished sine table, and the headings in square brackets are introduced to break the text up 
suitably into natural divisions. 

(2) Newton has cancelled the Latin title, ‘De Triangulis rectangulis’. 

(3) The celebrated ‘Theorem of Pythagoras’ relating the sides of right triangles. Newton 
has entered this reference in cancellation of the previous ‘Ought. c. 18 Theo: 14’, that is, 
Oughtred[, Clavis]: Cap. xvm, [Penus Analytica: 63-74;] Theorem 14 [:68] (and also 
Theorem 15: 68-69). 
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II.  y* b. c. & h given to find p. 
1. Xp, Euc[l]id 6.8. 
III. c. A. p given to find dsh. 
1. H—2r:bq—pq:=dsh. 
IIII. 0b. p. A. given to find dsh. 
1. 2r:bg—pq:—h=dsh. 
V. b.c. h given to find dsh. 


I. H—2r:cq— Qi = doh. 


2. Qr:bq— Qi Xs 4 h=dsh 

VI. b.c or b.h or h. ¢ given to find p: 

h=hypotenusa. 

b= basis. 

c= Cathetus. 

p=perpendicular. 
hdc = diff: hypot: & Cath[:] 
bdc = diff: basis & cathet: 
bdh=difference basis & hyp[:] 
dsh = diff: seg: hypoten: 


sh=segment: hypoten: 
bh=lesse seg[:] hyp[:] 
ch=greater seg: hypot: 


bxc 
ribgteq: 
bxr:hq—bq: 
h 


2. =p. 


3. xe et? =p. 


(4) This was originally added to I as ‘4. “xe =p.’, but immediately cancelled and made a 
separate section. 

(5) Euclid, Elements: Book VI, Prop. 8. (The usual interpretation of this in contemporary 
texts, particularly Barrow’s Euclid, would be Book VIII, Prop. 6.) 
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VII. 5. h. orc. h. or 6. ¢ given to find dsh. 
1. [2bh—h=dsh.] 
[2. h—2ch=dsh.]| 


bq—cq _ (6) 
[3. ao 


Explanation. Newton uses Pythagoras’ theorem and the properties of similar 
triangles to derive relations between line-segments on his figure. In treatment 
and notation Newton models himself closely upon Cap. xiv, Penus Analytica of 
Oughtred’s Clavis, but his theorems are obvious when expressed in modern 
notation. 


I. 1. 6?+c?=h?. 
2. Jh—b?=c. 
3. J/hR—c2=b. 
be 
II. 1. —=A. 
p 


III. 1. h-2./6?—p?= (dsh). 
h=hypotenusa= BC, 
b=basis= AC, 
c=Cathetus= AB, 
p=perpendicular = AH, 
hdc= BC—AB=CA’, 
bdc= AC—AB=B'C, 
bdh=BC—AC=BA", 
dsh=CH—BH=CB’, 
sh=BH or CH, 
bh=BH, 
ch=CH. 


III. 1. 2/b?—p?—h= (dsh). 


— 


v1. kL a—(Z) = (ash 


a 


2. 2 |62—(F) +h= (ash) 


(6) Newton broke off and did not complete the entry, which is restored on the lines of his 
earlier theorems. 
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be 
VI. 1. a es 
Jbt+c2 P 
bh? — 5? 
ae ee 
cv h*—c? 
3. —— 
22! eS 
[2] Theorem 1. 


As y® difference twixt y® base & cath[:] (in rectang: triang:) is to y® greater 
side:: so is y® difference of y® segin of y® base; to y* greater segm™ of y® base & 
perpendicular. 

Theorem 2. 


As y® difference twixt y* base & cathetus to y° less side::so y® diff[:] of y* 
segm's of y® base to y® lesse segment of y* base & perpendicular.® 


Theoré 34, 


base — Cathetus: hypotenusa::greate[r] seg: base—less seg[:] base: base + 
Cathetus.® 
Theor. 4. 


If wthin a circle be described an Ellipsis touching y* Circle in 2 opposite 


points [&] if y* Diameter cut it at right angle in any points except y* touch 
point[,] y a line drawne f[ro]m either touch point perpendicular to y* former 


2 8\ 52 
(7) In the notation of the first section, 5 ~0:b::(5 -‘) oa +p. 


2 <a 


(10) Read ‘circle’. 

(11) Newton has drawn no diagram with his text, 
though without one it is a little obscure. The inscribed 
ellipse aCa’D meets the circle ABCD in two diametrically 
opposite ‘touch points’, C, D, such that, where Aaa is 
the normal ‘semidiameter’ and Bbf an arbitrary ordinate 
parallel to it, BB: bf = Aa: aa. 

This construction for the ellipse from the generating 
circumscribed circle was widely known in the early 
seventeenth century. Implicitly it occurs in Oughtred’s 
Clavis: Cap. x1x: Prob. XXIII: Scholium: 103, while 
Schooten in his Exercitationes (Liber 1v: Cap. vi: Scholium: 333-4) gave an allied theorem 
for the hyperbola. 
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diameter will bisect it & being produced will cut y* ©® in y* other touch point 
& all y® lines drawne twixt y° © & y* line parallell to y‘ diameter shall be 
di[vi]ded by y® Ellipsis so as one segment shall bee to y° other as y* segments of 
y® semidiameter are to one another. they being divided by y* same Ellip:*» 
let ab bee equall to 10[0] pts. 
eb =157[,] 079 = Periph: [ac] & 
p[e]riph — Rad: Rad::Rad:db. 
db =175, 1938394.2 
de=18, 1142067.4% 


a 


[3] To describe an ellipsis. 

[a] Let fe & gc be two lines [&] ef make righ|t]- 
angles w'" gc. let a point be taken in bd as ata & 
let yt point move along y® line gc. & d y* one end 
of y* line db move on y* line ef & y* other end 6 shall 
describe y® Ellipsis ghcf'0 
[5] Let c & a b[e] two fixed points about w™ let a 


- P<b- ~~~ 
es i 2 ~.. loose cord be put haveing both ends tyed together. as 
ee =< . is signified by y® 8 lines cb. ba. ac. strech it out w™ 
t aaa eed Yo ' another point as b. & keeping it so streched out draw 
e / y® point b about & it shall describe y° Ellipsis bd.@° 
gee — Chartesij Dioptr[:]° 
(100)? 
Se 57-079" 


(13) We have not been able to trace the source of this note, and perhaps it is Newton’s 
own. It is, anyway, an immediate corollary of the approximation 


eb = 47x 100 = 157-079 (or 7 = 3-14159). 


(14) The well-known trammel construction, noted by Newton from Schooten’s Exercita- 
tiones, Liber rv: Cap. 1v: 323-5. 

(15) The ‘gardener’s’ construction of the ellipse, probably noted by Newton from 
Schooten’s Exercitationes, Liber 1v: Cap. tv: 325-6, or Cap. rx: 345-6. 

(16) This is added in a slightly later hand, and the reference is to Descartes’ use of the 
construction in his Dioptrique. Newton’s knowledge of French was weak and almost certainly 
he read Descartes’ work in one of its Latin editions. (The first was Renati des Cartes Specimina 
Philosophie: seu Dissertatio de Methodo recté regende rationis & veritatis in scientits investigande: 
Dioptrice, et Meteora. Ex Gallico translata,@ ab Auctore perlecta, variisque in locis emendata, Amster- 
dam, 1650: see especially Cap. vu, De figuris quas pellucida corpora requirunt, ad detorquendos 
refractione radios omnibus modis visioni inservientibus, IT, Quid sit Ellipsis, @ quomodo sit describenda. : 
142-3.) Probably Newton added the reference to the note he had already made from 
Schooten. 
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[c] Let y® line ae be infinitely extended [&] in it take y* point 0 about [w*"] y* 
line oc shall turne[.] at y® point c in oc let y* point ¢ in y® line ab be fastened & let 
a y* end of y* line ab move on y° line ae & oc turning round, each point of y* line 


ab betwixt a [ &] c will describe an Ellipsis whose transvers axis is equall to oc & 
parallell to ae but each point on y® other side [of] c describes an Ellipsis whose 
righ[t] axis is equall to oc & parallel to ae.@” 


(17) An incorrect generalization by Newton of Schooten’s ellipse-construction in [d] 
below. The locus of d will be, in general, one of the two non-elliptical ovals of an irreducible 
quartic whose Cartesian curve is symmetric both about ave and the normal to it through o. 


In proof, take c’, d’ in ae with od’ = oc—cd and oc’ = oc; take also, to define d, co-ordinate 
line-lengths d'D = x, Dd = y and the constants cd = c'd’ = k, da = I, oc = oc’ = m. Then, 
where A = (/+k)/l, aD = ./(?—y*) and oC = ,/(m*—A?*y?), so that 


(K/l) /(2—y?) = DC = (Dd'+d'c’) — (oc' $ oC) 
=x+k—m+,/(m*—A?y?), 


a quartic. Only in the particular case (Schooten’s) where ac = oc (k+1 = m, A = m/l) does 
the locus reduce to the conic-pair 


x—l = (2k+J)/l,/(—y*) (an ellipse) 
x—l = ,/([/?—y*) (a circle) : 


(18) Read ‘one’. The two ‘other’s are a straight translation of the Latin ‘alius. . .alius’, 
idiomatically translated as ‘one...other’. 
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[d] Extend de both ways[.] take y* lines ca & ab equall to one another [&] 
‘ fasten[d] together at one end as at a. set y° 
other@® end of ca at y® pointcin db. & let y° 
other end of ab slide on db. y® take a point 
in ab aso & turne ac about & it shall describe 
y® ellipsis dgoe. 
Shooten in lib. 24 Cartesij Geometriz.@® 


[e] Cut y® cone abe so y'" y® diam[:] of y® sec- 
tion ed produced cute™ y* base of y* triangle ac 
produced w'tout y* cone as at r & makes right 
angles wt® gh y® base of y® sectid.@ 


[f] If eg be moved twixt y® lines ed & gad[,] a point in it as 
(b) shall describe an ellipsis whose semi=axis ad is equall to 
b[ zg]? & semiaxis dce= eb.) 


(19) Newton’s reference is to Schooten’s 
analytical proof in his Commentarit in Librum I, 
A = Geometria: 172-4, but the note itself seems 
taken from Schooten’s synthetic treatment in 
his Exercitationes, Liber 1v: Cap. m: 309-11 
(theory) ; Cap. rv: 321-3 (construction). 

It is the particular case of the preceding con- 
struction with ca = ab: the quartic locus then 
reduces to the conic-pair, circle (0’) x ellipse (0), 
where o’ is taken in ca with co’ = bo (0’a = 0a). 

(20) Read ‘cut’. 

(21) Newton’s simplification from Schooten’s Commentarii in Librum II, CC = Geometria: 211. 

(22) Newton wrote ‘bd’. 

(23) Compare Schooten’s Exercitationes, Liber 1v: Cap. mi: 314-17; Cap. 1v: 323-5, 
especially 325. The condition that ad, de be semiaxes limits the angle adc to being right. 
(Newton’s own drawing, incorrectly, has eg tangent to the ellipse at 0.) 
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[g] Ifdc revolve abute® y* center d. & to y® other end 6 be fastend a triangle 
bca & db=ba=be & y* angle a moves on y® 
line ad[,] y® other end c¢ will describe y° 
streigh|t] line cd & y® angle cha=2cda & a 
point in y® line (ca) as (e) shall describe an 
ellipsis ehg whose diam[:] 2dh=2dg=2ec & 
y° other diameter conjugated to it is od[.| & 
od=./4db x db —ec x ec—2ec x ea for op=ec. 
og=ea. dp=2db. 

& if in y® line dc be taken a point as 5, 
it shall describe an ellipsis[,] y® one diam: 
being 2db+2bs, y® other diam = 2cs.@°) 


v [h] If o & abe y® foci & ch=o0a & ca=o0p=tt 
theire section in s shall describe an ellipsis.@® 


¢ ft] If a&b=tbe=a=—a=f or greater y* 
(if) & bh=fp & ac bisects y* angles baz. bev. 


a ~—— y" if bf turne round y° intersections of bh & 
ac shall describe an Ellipsis. & h & 1 are y® 
ae a 


| LAP 


(24) A phonetic rendering of ‘about’ and an interesting commentary on Newton’s speech 
(clearly still with traces of his Lincolnshire dialect). 

(25) Newton’s improvement on Schooten’s Exercitationes, Liber tv: Cap. m1, especially 
Scholium: 317-21. Schooten proved that: 

(a) The locus of ¢ is the fixed line cd. (The point 2 is the circumcentre of the variable 
triangle adc, in which ac is a chord of fixed length; or abc is constant, with adc (subtended by 
the chord ac in the circumcircle) = 4 x abc.) 
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[4] To describe a Parabola. 


[a] Let bc fall perpendicular on ad & 
let c y® one end thereof move®®) uppon 
ad a given line[.] & if bc x k a given line, 
be equall to ac xcd. y® shall d y* other 

c d end of bc describe y* Parabola afd. 


Rabe sees 


[5] Draw ah perpendic[:] to ap. & [v]d from ah parallell to ap. divid bh into 
equall pts as bedefgh. & divide ap into parts equall to y° former as zkimnop. draw 
lines cros®) to each part of y* lines ah & ap as ib. ke. Id. me. nf. &c [&] w™ half 


of each line descri[be] a circle as b[g]z wt [y® radius] > ib. from bv in y* poin|[ts] 


cut by y* diameters of y® circle[s] draw lines perpendicula[r] to y* diamet** 
untill they reach y® circle from whose diameter they are drawne as y* lines pu, 


(b) The locus of e can be reduced to [d] above, and so to an ellipse. (Take A in be with 
bA = ba = bd. It follows that the locus of A is a fixed line 
dX, and the reduction is immediate.) 

(c) Since the locus of c is the fixed line dc, the locus of s 
reduces straightforwardly to [d], and so is an ellipse. 

To this Newton adds some results which define the 
ellipse-locus with greater precision. Clearly, the semi- 
diameter do conjugate to hdg is fixed by finding o, the 
point on the locus (e¢) farthest from da; or by taking ced 
normal (at g) to da. In this position dp is the diameter of 
the (fixed) circumcircle of the variable triangle adc (here coincident with gdp), and so 


dp = 2bd = 2ba = 2be. 
Finally, od? = og?+dg? = ea®+pd?—pq? 
= 4bd*—[(ce+ea)?—ea®] = 4bd* —ce(ce + 2ea). 


(26) Schooten’s Exercitationes, Liber tv: Cap. vu: 339-41. The triangles osa, csp are con- 
gruent, or os-+sa = op = it, constant; so that the locus reduces to the gardener’s construction, 
[d]. 

(27) Schooten’s Exercitationes, Liber 1v: Cap. vu; idem aliter: 341-3. The locus-point d is 
the meet of ac, normal bisector of bi, with hb; db = di, therefore, so that hd+dt = hb = fp, 
constant, and the locus again reduces to [6]. (In Newton’s sketch the line adc is drawn, 
incorrectly, not tangent to the ellipse at d.) 

(28) Newton has cancelled the word ‘perpendicular’ here. 

(29) Schooten’s Commentarit in Librum II, A = Geometria: 175. (The property has a long 
tradition and was known to both Apollonius and Archimedes.) 

(30) Read ‘across’. 
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d os 


b c 


qx, ry, sz, t&, v+. Erect those lines perpendicular to y° line bv as p38, ¥, rIl, 
sa5, #2, vl. & by y® end of those lines draw a line & it shall be a parabola. as 
by P Ilao QM]. 


a 


4 [c] Ifabc be a cone. de (y® diameter of y* section fgd) 
IN parallell to ac: & fg (y® base thereof) cutting dc at right 
angles y" is y® section dfg a Parab[:]°” 
eS 
LT 


(31) Newton had drawn a preliminary diagram in which the circles are all quadrants of 
centre a, and then cancelled. This seems to suggest that the construction is Newton’s: a 
conclusion reinforced by its relative crudity of structure in comparison with the elegances of 
Schooten’s expositions. However, some allied constructions for the hyperbola will be found 
in de Witt’s Elementa Curvarum: Liber 1: Cap. rv: 231-8. 


The construction itself requires that ai = ab, as well as be = cd =... = tk =kl.... It 
follows that 1b = kp = lq =... = /2ab, and pe = ./2pb, qd = ./2q6, ...; and so at a general 
point & 

(pS)? = (pw)? = kpx pe = /2abx /2pb 
= pb x 2ab. 


That is, b &§ ¥ Il od SQ TY is a parabola of latus rectum 2ab. (Note that Newton’s diagram 
has two points # and that in it the various circle arcs are but crudely drawn. The semicircle 
on diameter 57, here correctly drawn tangent to /d at g, is made by him to pass very nearly 
through r and was denoted in the manuscript by ‘dri’. 

(32) Simplified from Schooten’s Commentarit in Librum II, CC = Geometria: 207. 
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[d] Make db perpendicular to ef[&] on 
y® center ) let y® right angled figure pbgh 
turne. let gh move perpendicularly on ef 
ever intersecting ef & bA in one point[.] y® 
pbgh moveing round y° intersections made 
twixt pg. gh describe y* parabola qbg.°*) 


[e] If ab =bd=do=a0 is greater then ac & 
ac=cs y® corner (a) fastend to y° focus (a). 
& y® line de fastened to y*® corner d & 
moveing perpendicularly on sd[.] & y® line 
boe crossing y® corners b & o. y® y* line[s] boe 
& de at theire intersections shall describe a 
Parab & y® line doe always toucheth y° 
Parabola in (e) &c.& 


[f] If (d) be y® focus[,] od=oe[,] y® ruler 
fc=to y* thred fad & [y*] thred [be] fastened to 
y* ruler at f & to y® focus d & y® ruler move 
perpendit to ce & parallell to de. y™ y® parting 
of y® thred from y‘ ruler as at (a) shall describe 


a Parabola.@® 


(33) The first, particular case of de Witt’s Elementa Curvarum: Th. 1: 162-4. (Newton later 
transcribed the complete theorem—see below.) The proof of the construction follows by the 
similarity of the triangles bdh, big, since bd:dh (or bi) = bi:ig, or (bt)? = db xzg. 

(34) Schooten’s Exercitationes, Liber 1v: Cap. xut: 356-9. Since boe is the normal bisector 
of ad (where a is the focus and d on the directrix), the focus-directrix defining property, 


ae = de, is an immediate consequence. Further, since boe bisects aed, boe is tangent at e. 
(35) Schooten’s Exercitationes, Liber rv: Cap. x1tv: 360-1. The construction is a simple 
variant on [e], and akin to the ‘gardener’s’ method for drawing the ellipse. 


3-2 
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[5] To describe an Hyperbole. 


f [a] Let fa fall on ag suppose at right 
angles[.] let one end of y® line /g move 
up & downe in y° line fa & towards y° 
other end let it cut y® line gain g. let mp 
keepe parallel to df haveing one end p 
moveing in y° line fa but yet keeping an 
equall distance frd / y* end of gl. y* is let 
y® triangle npl be immutable. let y™ y° 
lines mp & gl thus move to & fro & theire 
intersections shall describe an Hyperbola. 
& y* rectangle de x ea=1c x ch =qo x op". 

Cartes Geom: 


[d] Fasten a pegg as at a & another as at J°” 
upon w® let y® line de be turned. at y® pin a fasten 
one end of a chord & y¢ other at e¢ y® end of y*® 
line de. y® streching y® cord from a & ew" y® pin 
c turne de about & y° pin ¢ will slip towards e & 
describe 4 y* Hyper: oce!’!.8°) 


a [c] the rectangle twixt ad & db is equall to y® rect- 
: é angle twixt ae & ec. so yt each point c in y* Hyperb: 
. b e bc is found by makeing a = or ae * e . also 


be x ce=be x da—db x ec.© 


(36) This is Descartes’ well-known construction of the hyperbola by moving angles, first 
published in Book 2 of his Geometrie (=Geometria: 21-3). Descartes himself gave only an 
analytical proof of the construction and did not consider the ‘opposite’ branch of the hyper- 
bola, also yielded by the method. (See also Schooten’s Commentarii in Librum II, H = Geometria: 
236-8.) Schooten, in his Exercitationes, Liber rv: Cap. vi: 331-2, was the first to give a 
synthetic proof, resolving the locus by reducing the construction, as here, to the property 
ic x cb = goxop’. (Note that Newton has added the reference to ‘Cartes Geom:’ at a later 
date, which seems to show that he entered the annotation from Schooten; also, that by p he 
designates two separate points, of which one is taken in the text as p’.) 

(37) Read ‘a’, 

(38) Schooten’s Exercitationes, Liber 1v: Cap. vu: idem aliter, datis axibus: 337-8. The 
construction fixes the defining condition de—ac = do—ao, constant, where a and d are the 
foci. 
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[d] Cut y® cone abe so yt y® dia[me]ter of y° 
section er produced cuteth one side of y*® Cone 
bc produced as at d. y® base thereof gh cutteth 
ac y* base of y* triang: abc a[t] right angles.@® 


[e] If (of) touch y* Hyperb: & (as) be its transverse diam: & (gb) keepe 
parallel to (eo) & (cag) a[l]ways pass through (a) y® vertex of y®° Hyperb. & (dc) 
be always in y® line (fh) fastend to (gb) & equall to fd= de— It. y” y® lines 


(agc) & (gb) moveing by theire intersection shall describe an Hyperbola whose 
asymtotes are o¢, fe; ch, eb & wx is a right line conjugate to y® transverse 
diameter (as). viz: it is y® right diameter.@» 


[(] tis y® same with y° first.) 


(39) Schooten’s Commentarii in Librum II = Geometria: 175-6. This familiar property of the 
hyperbola was, a little later, to be the basis of Newton’s researches in the theory of the 
logarithm. 

(40) Newton’s simplification from Schooten’s Commentarit in Librum II, CCC = Geometria: 
209. 

(41) Schooten’s Exercitationes, Liber 1v: Cap. v1: 331-2. As Newton notes it is identical with 
[a] above. The asymptote ‘eb’ should presumably be ‘ep’. 
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[ f] If dk=er be [y*] (latus transver- 
sum) & de=kr be [y*] latus rectum y? is 
sd=sr=se=sk=sa=sx. at (a) & (x) 
fa[s]ten 2 pins on w let y® [lines] 
(acbp, xobq) revolve, & if ac=ox=z1= 
dk=er, & co=ax y" y® intersection of y* 
lines cabp, & gbox (when they move) shall 
describe a Hyperb whose focus is a, & y° 
opposite Hyperbola (whose focus is x[) | 
is described by y® same lines after gbox, 
esk & cabp are parallell.@) 


[g] Ifde=de=ex=cx1s not lesse y" 1x =az 
& 2 of theire ends loose pind“) together 
at (e) & 2 at (c) on w 2 corners lyes y* line 
(coe)[,] two of theire ends are loosely pinnd 
on y® focus (x) [&] y® last two are pind on 
y® line (adp) at (d) soe y‘ y® ruler adp being 
pinnd to y® focus (a4), ad=zz[.] y™ y® inter- 
sections of y® lines (adp, coe) describe y° 
Hyperbola ozg. & after they are parallell 
they shall describe y® opposite Hyperbola 
hzk.@ 


[kh] The Asymptotes ag, an, & (m) a point in y° Hyperbola draw mq ||an. & 
mn || ag. Then draw en at a venture) & make er=mce||er & r shall bee a point in 
y® Hyperbola.“@® 


(42) Schooten’s Exercitationes, Liber 1v: Cap. rx: 344-6 (and scholium: 347-8). The con- 
struction yields the defining condition bx—ba (or bo) = ox = transverse axis zi, the focal 
property of the hyperbola. (Note that Newton, cramped for room in his notebook, drew a 
badly misshapen figure which is here redrawn more accurately.) 

(43) Read ‘loose-pinned’. 

(44) Schooten’s Exercitationes, Liber 1v: Cap. 1x: 348-52. Since coe is the normal bisector 
of dx, do = ox, and the construction reduces to the focal property ao—ox = ad = zi, Further, 
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er renee 


[<] If y* position of ye Asymptotes (ad) & (ab) 
bee given & any pointe as (c) in y® Hyperbola. 
then draw vcbf\| ad. vd|| ab || fg making bf=d0= 
4bc. Then at a venter draw bewh, through y* 
point 6. & make ak=fh=vw. Or dw=bdk. & 
from y® point k draw ke, w® shall touch y° 
Hyperpola in 2, if kn=ne.@ 


[j] The foci (a,d) & (c) a point in one Hy[p]erbo: given to describe 
them. 

Draw ac, cd, frd the given point c to 
the foci, y" upd the center c w'® any 
radius ce describe y® circle erf. soe y* 
ec=cf. y® w'® y® Rad ae & df upon y® 
centers a & d describe y* circles hep[,] 
fhp. their points of intersection p, h 
shall be in y® hyperbola. The inter- 
mediate distance twixt divers points 
thus found may bee completed by y° 
helpe of tang™t lines or circles or a 
steady hand.) 


coe, since it bisects aoz, must be tangent at o and is so drawn here, though in Newton’s sketch 
it is conspicuously not so. 

(45) That is, arbitrarily. 

(46) This is apparently Newton’s own deduction from [c]. The result follows from the 
hyperbola property anxnm = aexer since, by the similarity of the triangles ean, nmc, 
ae:an = nm:me. 

(47) Probably Newton’s adaptation from Schooten’s Commentarit in Librum II, CCC = Geo- 
metria: 219-20, though many details are Newton’s own. Since the tangent kne included 
between the asymptotes ab, ad is bisected by the contact-point n, immediately ak = 2am and 
ae = 2mn; so that abxbe = amxmn = jak (or ow = fh) xae, or fh:4bc = ab:ae = fh: fb, 
since the triangles bae, hfb are similar. 

(48) This simple construction is apparently original with Newton, and reduces imme- 
diately to the focus property: for pd (or df)—pa (or ae) = (¢f—cd) —(ce—ca) = ca—cd, 
constant, since ¢f = ce. Newton’s last remark is probably his first reference to interpolating 
a continuous curve between given points on it by drawing the tangents at these points (here 
found by bisecting apd) or by freely joining up the set of constructed points with circle arcs or 
arbitrary portions of smooth curves drawn in with ‘a steady hand’. 
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The properties of y* Parabola. 
[a] ab=acbe=b, aee=c. ch=d. &=*x,fi=y. 


b:c::%: (tk) -2 


- a:c::d: (es, or i) 5 whence ba 


= x. 
ccd ccd 


ab:cc::d: (en) a ah me: y' is. ne a given line 


multipl[y]ing ¢:=zf square.“ Or breifly. a:c::d: (es 
or il) —. bro: : (en) oot ay ne is called latus rectum 


of ©) Apollon[ius] & Parameter by Mydorgius. gh is 
its base [&] ed its Diameter.© 


[b] ang[:]pbh=phg. kg parallell to ac tangent. 
no parallell to y* tangent ac. y" nm=mo. 


(2) dbx bk=kg x kg. 
kg x kg:nm x nm::.db x bk: db x bm:: 
bk: bm.©» 


(49) Where ne is constant, nex er = (if)?. 

(50) Read ‘by’. 

(51) A basic proposition in conics taken over unaltered, along with the reference to 
Apollonius and Mydorge, from Schooten’s Commentarii in Librum II, CCC = Geometria: 207-8. 
(In the accompanying diagram a first, wrongly drawn line ft has been omitted.) 

(52) The generalization of the construction already noted by Newton (in section 4d) from 
de Witt’s Elementa Curvarum: Th. 1: 162-4. Here ph is no longer parallel to ac but, as before, 
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[c] a=foco. ac=} lateris recti. ac=oc. ah=do, sit 
(sh) Parallela ad (dr). & (rh) contingat Parab: in fh. 
& (dh) perpend: ad (dr). erit ang: ahr=rhs.©® 


7 [d] If cs=sb & sr parallell to ab y® y® triang 
cea:cab::1:4. & so it may be saide infinitely. If ab & 
cd are ordinately applyed y® Parabola ceadb is to y° 


triangle cda as eight to six. & rfxrf=rsxre. or, 
reas 


[e] If rs is parallell to gx y™ are y® 2 segments of 
Parabolas [(|gproxa=gesqxa) equall & po=cq. & if 
ga=ax then y® diameters ar. as cut y® line 7s in its 
touch points. 


the essence of the proof is that the triangles bdh, beg are similar, with abd = phh = phe = adb 
(or ad = ab, dh = bc). Then bd:dh (or bc) = be:cg (or bk), and so db (constant) x bk = be? = kg?. 
(53) ‘a = focus. ac = } of latus rectum. ac = 0c. ah = do. let sh be parallel to dr, rh 
tangent to the parabola in A, and dh perpendicular to dr. then ahr = rhs.’ 
The proposition is adapted from Schooten’s Exercitationes, Liber 1v: Lemma: 355-6, where 
the parabola property follows from ah = do by 


dh? = ah? (or od®) —ad® = 0a?+20axad = 4cax cd. 


(54) Newton originally wrote ‘five’! 

(55) A familiar Archimedean proposition given an original slant by Schooten in his 
Exercitationes, Liber tv: [general] Scholium: 361-8. The pole-polar property that re, rf, rs are 
in continued proportion (1: 361-2) is fundamental in the proof. 

(56) Adapted from Schooten’s Exercitationes, Liber 1v: Cap. m, Scholium: 316-17 (where 
the theorem is given for ellipse segments). 
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[7] The properties of y* Hyperbola. 


Cx. 
[a] mt =YY. 


on a ae 
Ne i laasa er for bh & FF 2 


am=a. mb=b. mc=c. de=q. eb=x. di=q-+x. 

fi=y. bier:q+x: (il) ane b:a::%: (tk) - 

mee ac 

il x ik=yy= bb:ac::q: (en) = (=). 
ac acx 

bb sacs: 9g: Fs: x: (gp or on) FB: 


b 
Whenc sa all <i =pix 1e= yy. 


More breifly thus. 


b:c::q[:] (es) bra::“h: 4 (=2). 


de is called latus transversum & en latus rectum by Apollonius. but Parameter 
by Mydordgius.©” 


[b| mn=pd=bg=q. fe=db=pq=). nv=x. 
au=y. ha=ck=0. st=rP. 


1) giriigxtaxiyy. & yy=rxt ayy. 
2) 2by+bb=t pp. q 
3) gip:ipir. 
4) gir::qq:pp. 
(5) YY 2 qX+-XX39q » pp.©) 
pq=fe=db =axi secundo & recto. & diam. recte 


pd=mn=qb=axi primo, transverso & lateri sive 
diametro transverse. st=r=Lateri recto.) 


( 
( 
( 
( 


(57) Noted, along with the references to Apollonius and Mydorge, from Schooten’s 
Commentarit in Librum II, CCC = Geometria: 209-10. 

(58) Since hax ak = hexck = dnxnb. 

(59) Theorems (1) and (3) are standard properties of the hyperbola, from which theorems 
(4) and (5) are immediately deducible. 

(60) ‘pq = fg = second & right axis. & the right diameters pd=mn= qb are equal to the 
first, transverse & lateral axis or transverse diameter. st = r = Latus rectum.’ 
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[c] If xt=p. sr=q: r+Param & [area] iry=a. eno[r]=b. in=y. en=z. 
m=x. Then if p=q=r as in (a)®): (a) is y® 
simplest of all Hyperbola’s, & y", yy=xx-+ qx. 
& if (q) is y* same in both (a & 6) & (xt=9) 
is propper® to (b) then yy:zz::qq:pp. & there- 
fore Hyperbolas are to one another as theire 
rig[h]t axis®) are supposeing theire transverse 
axes equall. viz 


iryeon:eron::in:en::[q]® :p. 


therefore if (7s) is parallell to ao, & 


$ 
ae=co. y™ (arextc=csoext.) & if 
at=te=cx=x0. 
tr & xs (cutting 7s in y® touch points) are 
ordinately applyed to y° Diameters & bisect 
a ef x ¢ 0 y° Hyperbolas.© 


[d] If (0 & a) are y* foci & (v) a point in one of 
y® Hyberb:s. then av+ei=ov. & if as=et=or. y® 
vs=vo. & rs=oa. & (i!v) bisecting y® angle (77'"a.) 
it shall touch y* Hyperb in v.© 


(61) That is, the parabola zry. 

(62) Read ‘belongs’. 

(63) Read ‘axes’. 

(64) Newton wrote ‘p’ in error. 

(65) Newton’s analytical rendering of Schooten’s Exercitationes, Liber 1v: Cap. vt, Scholium: 
333-5. 

(66) The gist of Schooten’s Exercitationes, Liber tv: Cap. 1x: 344-6, and Scholium: 347-8. 
The proposition reduces to the focus-property of the hyperbola that ov—av = or = ét, 
constant. 
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[8] The Properties of y* Ellipsis. 


[a] re — = yy. that is 
r 
cS a eles 
<< - a 
for eed & ce 3 


am=a. bm=b. cm=c. ed=q. 
e=x. id=q—x. fi=y. en=r. 


—b:e::q—x: (0b) ae 


—— 
ns 0% cqgax — acnx aqe 
bare (th) =. ke xl a =ftxft=yy. bb2ac::q:en= a r. 
bb: acz:x:0n=—. wherefore rx — (on x 2) = OO — yy. 69 


[5] Af=q=axi trans v: sive primo. ck=p. fg= 
r=lateri recto.©) ad=x.df=q—x.dh=y. 


(2) s qe peRiri (2) yy:xq—xxrirsg. 
therefo™ [(]3[)] yy =e as before. af is y° 


first & transverse axis or side ck is y® seacond & 
right axis fg is y° Parameter or right side) 


(67) Read ‘(onxx=)’. 

(68) Transcribed from Schooten’s Commentarii in Librum II, CCC = Geometria: 211-12. 
(69) ‘af = q = transverse or first axis... .fg=r=latus rectum.’ 

(70) Read ‘therefore’. 

(71) Newton’s reworking of [a]. As his cancellation indicates parts (1) and (3) were 


originally combined and placed after (2). 

(72) Read ‘oekl’. 

(73) ‘Take pn=qn. ne=no. then will segment oekl be to segment 
chd as chd to ghh'cd: :fh:ab:: (afbhed) ellipse: (ah’bg) circle.’ 

The theorem is adapted from Schooten’s Exercitationes, Liber tv: 
Cap. um and Scholium: 309-11, 312-13, which in essence proves that, 
where A, y are the respective meets fp, ncg and h’cdg, plgb, then 


pl:py = ol (or cu):h'w = ellipse (afbh): circle (ah’bg) — 
= Sb (or cq): pb (or Ac) = ug: pp, 


so that pl = wq. It follows that p, 0, n, h’ are collinear (and so 
similarly are p, k, g). (Note that Newton has two points h in his 
diagram, one of which is here transcribed h’.) 
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[c] sit p[n]=gn. nc=no. erit segmentum 
oetl®) ad seg chd, ut chd ad ghh'\cd::fh:ab:: 
(afbhed) elipsis: (ah'bg) circulum.) 


[d] If y® lines (pq, rs) are parallell & co y® 
common axis of both y® Ellipses y" are y® 2 
Ellipses equall to one another, for ax=be. y° 
conjugated diam: cut y® touch points of pq, 7s. 
& parallells to these are also conjugated.“ 


[e] Ifad touch an Ellipsis & (0) & (x) be 
y® foci y® y® angle aco=bex. & if (ocx) be 
bisected by (cr) y® acr=bcr=right angle. 

If xv=ot=ys. & vo bisected in a then 
vac=oac=to a right angle. 

If also vt=ox. & vt & xo be produced 
till they meete in h. y® angle vho shall be 
bisected by y® line ach. 


(74) Noted from Schooten’s Exercitationes, Liber tv: Cap. m1, Scholium: 316-17. 

(75) Newton’s transcription from Schooten’s Exercitationes, Liber tv: Cap. vim: 339-41, 
whose foundation is the focal property of the ellipse that oc-+cx = ys, constant. Tangent ab 
bisects ocx externally, while from vx = of = ys (= oc+cx), or ve = oc, et = cx, it follows that 
the triangles ocx, vct are congruent and symmetric round the line ab. 
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§2, A MISCELLANEOUS NOTE ON BOOK 2 
OF SCHOOTEN’S EXERCITATIONES 
[Late 1664 ?] 


From the original pasted in Newton’s library copy” in Trinity College, Cambridge 


If ab=ac, & bc=cd, & bd=de &c. 

Then is 2baf=2bcf=4bdf=8bef. &c. & 
LAbc=2chd=4dbe &c. Or if bg || Af. then 
is gbA =2gbc=4gbd=8gbe. &c.® 


(1) Trinity. NQ. 16. 184. The text of the Exercitationes itself is clean, but the insert is 
pasted in between pp. 178/9—that is, in the Appendix Simplicium 
Problematum at the end of Liber nu. 

(2) This seems to be Newton’s improvement of a construction 
by ‘simple geometry’ (that is, by using a graduated straight edge) 
which Schooten gave in Liber u, De Constructione Problematum 
Simplicium Geometricorum, seu Que solvi possunt, ducendo tantum rectas 
lineas.: Problema I, Datum angulum rectilineum BAC bifariam secare. 

Schooten’s construction finds the bisector AF of BAC by taking 
AB = AD = DE and F on EB with EB = BF. On the same 
basis Newton would bisect his bAf by constructing dg|| fA and 


finding the bisector bc of gbA = bAf by constructing bA = Ac. It 
is in this form, indeed, that a few years later in an (unpublished) 
tract on constructing equations now in the University Library, 
Cambridge (Add. 3963.9), Newton entered the proposition (on 
72°) as his Prob 16: Datum angulum BAC bisecare idg continuo. 
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§3. NEWTON’S NOTES ON THE FIRST HALF OF 


BOOK 5 OF SCHOOTEN’S EXERCITATIONES 
[Late 1664?] 


From the original in a pocket book") in the University Library, Cambridge 


Proposttiones Geometria ex Schootentj Sectionibus miscellaneis. 
Sectio 2m) 


To know how many changes 6 Bells, abcdef. or how [many] divers conju[n]c- 
tions y® 7 Planets can make h 23 © 2§ ). or how many divisors abcde hath, 
or how many divers compositions y® 24 leters® can make &c the examples 
following show. 


a eS 

2; 0. a0. 3. 

4. ¢. cb. cab. ac. 7. 

8. d. da. db. dab. dc. dac. deb. dcab. 15. 

16. ¢. ea. eb. eab. ec. eac. ech. ecab. ed. eda. edb. edab. edc. edac. edch. edcab. 31. 


32. f. fa. fb. fab. fe. feb. fac. feab. fd. fda. fdb. fdab. &c. 63. 
64. g. ga. gh. gab. gc. gcb. gac. gcab. gd. gda. gdb. &e. 127. 


w shows y* in 7 letters 127 elections may be made[.] yt 7 Planets may be 
conjoyned 120) divers ways. y' abcdefg hath 128 divisors for an unite is one of ¥ 
& 1x2x3x4x5x6. =720. are y® number of changes in six bells. 


(1) Add. 4000: 12'-14". In private possession there exists a contemporary copy (in John 
Collins’ hand) which later passed into William Jones’ library. 

(2) ‘Propositions of geometry out of Schooten’s miscellaneous sections.’ 

(3) Exercitationes: 373-80: Sectio 1, Ratio inveniendi electiones omnes, que fiert possunt, datdé 
multitudine rerum. 

(4) The conventional astronomical symbols for Saturn, Jupiter, Mars, Sun, Venus, Mercury 
and Moon respectively. 

(5) Read ‘axbxcxdxe’. 

(6) Newton notes this from the original written in Latin, which lacks w and z. 

(7) The left-hand numbers enumerate the number of combinations written out at each 
level, the right-hand ones the total number of combinations in this and all higher levels. 

(8) Read ‘127’. 

(9) Two simple problems in combinations and permutations: 

(a) Total number of combinations of n objects taken one, two, three, ... (up to) m ata 


. . 7 & s * 

time is >) (’) = 2"—1 (which Schooten proves by total enumeration successively for 
1<ign 

n = 1, 2,3, ...). The additive ‘zero’ is not counted by Schooten since for him a null-set is not 

a real combination, but the multiplicative ‘zero’ (Schooten’s ‘unite’) is allowed. 


(b) Total number of permutations of n objects is n!. 
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Sec 20°) 
[1] Yo know how many things & of w' sort they are w may be chosen 15 ways. 


16 8 a 2 
15+1=16. otc 97 * 92. gal. & 2—1. 2—1. 2—1. 2-1. =1.1. 


1.1. =4. [so] that 4 things all unequall may be varyed 15 ways. also - = 4, 
5=2. S=1. 4—1. 2—1. 2—1. =5. & 5 things whereof 3 are equall viz: 
a.a.a.b.c. [may be varyed 15 ways. | & =A. 7=1. 4—1. +4—1 =3+3=6. 


& 6 thin[g]s whereof 3 & 3 are eaquall as a. a. a. b. b. b. may be varyed 15 ways. 
2 


& ==? ee 8—1. 2—1=8=7+1. & 8 things whereof 7 are =@” may be 


varyed 15 ways asda. d.a.a.a.a.a.b. & an 1. 16—1=15. wherefore 15 alike 


things &c as a}®,02) 
2 Wt things vary 23 ways. 23+1=24 & 24 admitts a 7 fold divison®® 
therefore y* multitude of things sought may be 7 fold.” 
[3] but sinc 43 is a primary®) number (viz w cannot bee divided) 
43 


42+1=43. < 1. 483—1=42. therefore onely 42 like things can be varyed 


42 ways as a#?,(16) 
To know how many divers ways things, whereof some of y™ are equall, may 
bee ordered. as of a. b. b. c. c. c. d. d. doe thus 


ab $—¢-¢e—-¢e-d--d 


|’ 2xs 4225<*8 13s 


XY ee pee 
| * Toe“ tee cae 112@ the number of changes, in order. 


(10) Exercitationes: 380-3: Ratio inveniendi multitudinem rerum, earumque inter se habitudinem, 
que datis vicibus eligi possunt. 

(11) Read ‘equall’. 

(12) Read ‘a. a. a. a. a. a. a. a. a. a. a. a.a.a.a.’. In this note from Exercitationes: 380-1: 
|mum Exemplum Newton follows Schooten’s application of the general rule for combinations of 
objects not all different, using the factorizations 


(16+1 =) 16 = 2x2x2x2 =4x2x2 =4x4= 8x2 = 16xl 
to derive the sets of (2—1) + (2—1) + (2—1) + (2-), (4-1) + (2-1) + (2-1), 
(4—1)+(4—1), (8—1)+(2-1) and (16-1) 


objects whose elements may be combined in 15 ways. (The factorization is exhaustive in 
positive integers, and so no other combinations are possible.) 
(13) 24x1 = 2x12 =2x2x6 =2x2x2x3 =2x4x3 =4x6 =3x8. 
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To know how many elections may bee made doe thus 
a bb ccc dd eeee a. 2 ccc dd eee 


2x3 2x3x4 2x3. 2x3x4x5 
AAD EERO KD SES KX ae XO ahd 


therefore there are 359 =360—1 elections in abbc?dde*.0® 


Sec 349% 


Every quantity hath one divisor more [y"]@ it hath aliquote pts (y‘ is pts 
of whole numbers).@ Now to find a quantity haveing a given multitude of 
divisors or aliquote pts: suppose its aliq: pts must be 15. 15+1=16 & soe by 
y® former section®® abcd. abc. a°b?. a’b. a5. may be varyed 15 ways therefore 
they shall have 15 aliquote pts & 16 divisors.@ but since onely 42 like things 
(as a*?) can be varyed 42 ways therefore oenely) a hath 42 aliquote pts & 
43 divisors. &c. 

Sec 425) 


To find y® least numbers haveing a given multitude of divisors & aliquote pts 
instead of soe many letters in y® former sec:@ put soe many least primary 
numbers & take y® least result from y™. as from y* former example: abcd. a*bc. 
a®b?, ab. a5. that is 2. 3. 5. 7. or 2. 2.2.3.5. &c.@2 now 2X3 x5x7=210. & 
2x2x2x3x5=120. &c therefore 2x3x5x7=210.°% is y® least number 
having 16 divisors. 


Sec: 52 conteines a table of Primary numbers. 


(14) 24 Exemplum: 381-2. (15) Read ‘prime’. 

(16) 3%" Exemplum: 382-3. (17) Read ‘1680’. 

(18) These last two remarks are Newton’s own addition, clarifying Schooten’s numerical 
examples. He finds respectively that: 

(a) The number of distinct permutations of 8 things, made up of sets of 1+ 2+3 +2 identical 

: ; 8! 
objects, is jrargial: 

(6) The total number of combinations of 12 objects, made up of sets of 1+2+3+2+4 
identical objects, is (1+1) (2+1) (8+1) (2+1) (4+1)—1 = 359 (omitting the null-set). 

(19) Exercitationes: 383-7: Ratio inveniendt quantitates, datam habentes partium aliquotarum aut 
divisorum multitudinem. 

(20) Newton wrote ‘y*’. 

(21) Newton has cancelled his first version, ‘greater y” an unite’. 

(22) Section 2. (23) Adding the unit. 

(24) Read ‘onely’. 

(25) Exercitationes: 387-92: Ratio inveniendi minimos numeros, datum habentes partium aliquotarum 
aut divisorum multitudinem. 

(26) Read ‘sections’. (27) Taking a = 2,6 = 3,¢ = 5,d = 7. 

(28) Read ‘2x3 x5=120’! 

(29) Exercitationes: 393-403: Syllabus numerorum primorum, qui continentur in decem prioribus 
chiliadibus. 


4 WHN 
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Sec 68% 


To find progressions constituteing rectangular triangles w™ sides rationall y° 
examples following shew. 

take two numbers as 1. 2. y2 1x 2=2. since y® product is eaven double it 
viz: 2x2=4. & 4is y°numerator. y? 1+2=3 & since 3 is od multiply it by y® 


4 


difference of y* termes: 1 x 3=3 & 3 is y° denominator. & y° first terme -s 


since (1) y® difference of y® termes is od multiply it by 4. 4x1=4 & 4x per 2 
majoré terminum.®) 4x 2=8. 8+4 (the former numerator) = 12—=numerator 
2¢. y" 3 (y® former denom:) added to 2 (y* double square of y* diff: of y* termes 
because y® square (1) is odd) =5 y® 2¢ denominator.®?) 

I ad anoth’ example. take 1. 3. y2 1x 3=3=1*t numerator. y21+3=4 & 


since 4 is eaven -<* (diff: of y* termes) =4 & y° first denom: is 4. y° first terme ; 


y" becaus y° diff: of y* termes 2 is eaven®) 2x2=4& 4x3=12 & 12+3=15. 
y®2x2=4. 44+4=8. & = yt 2 terme.) 


& now termes may be had by Arithmeticall proportion. thus. - = [ &c] or 


Le A ee ee 10 3 15 3.47 
we = Sy Ee ee, Se ee ee a eae: he 
1, 25.35.45 - 577 - 875-75 Bie 979: 1957 - &c & 7. 3 [&c] or 4°15: 
git ,15 {19 23° 327 qo 325 


oe (36) . 
12° °16° 420° °aa° 99g: "39° 836° &c. thus may other progressions be 


(30) Exercitationes: 404-6: De Progresstonibus, rectangula triangula constituentibus, quorum latera 
sint rationalia. 
(31) ‘By the greater terme.’ Newton, a little carelessly, both symbolizes Schooten’s ‘per’ 


by ‘ x’ and keeps the preposition in his annotation. 
: 2mn 2(2m—n)m 

(82) Newton, following Schooten, constructs successively we (Sn—n)—m for the 
particular values m = 2,n = 1. 

(33) Newton wrote ‘is eaven 2’, but the transposition is made to make the phrase intelligible 
and avoid a clash with the following calculation. 

aa ae ; mn (2m—n)m 

(34) Newton constructs, for m = 3, n = 1, the fractions Tomi—ah) ; VOm—n)—mi Om—a)t—mi] 

(Since m+n is here supposed even, then m—n will be even and so $(m?—n?) and 


H{(2m—n)*—m*] = }(m—n) (3m—n) 
are both integral.) 
(35) Where m = r+1,n =r (or 2m—n = r+2), then 


Sapte az 2 r 2(2m—n)m _ 
i) * ae = Torr] i (2m—n)? —m? esi. 


Newton tabulates successively f(r), r = 1, 2, 3,.... 
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obteined. For y® Use take y* numerator for one leg & y* denom for another & 


y" ot will be rationall.®” as in 2” or = /1444+25=/169=13. & in 


5 
this 12 or. / 225+ 64= 


17 
13 
ogy a 


12 15 


If y® suposed numbers be 2. 5. y? 2X5=10. 10+10=20. & 2+5=7. 
3x7=21. so y' a y® 4x3=12. 12x5=60. 60+20=80. & 3x3=9. 


9 doubl[e]d=18. 18+21=39. & y® 2 first termes = or 2. .88) Againe, if 


-y®numbers be 3. 4. 3X 4=12. 12X2=24. & 3+4=7. 1x7=7. therefore =. 


y24x1l=4.4x4=16. 164+24=40. EI xXI=1. 2x1=2. 74+2=9. ag 
gr es 


~ ig ve 24(39) os es 
is y® 2489) & : progres may be continued, as = 51° 239° 359° 475°5 = .[&c] 
=. 4 ae (40) 


(36) Where m = 25+1, n = 2s—1 (or 2m—n = 2s+3), 
ea de AY (2m—n)m 
sao eG SM Tenet 


Newton tabulates g(s) for s = 1, 2, 3,.... 
(37) This follows immediately, since (m?+n?, 2mn, m?—n*) and ((2m—n)? +m?, 2(2m—n)m, 
(2m—n)?—m?) are Pythagorean triads. 
2mn 2(2m—n)m 
m?—n?? (2m—n)?—m? 


= g(st]), 


(38) Newton calculates 
respectively with m = 5,n = 2. 
2mn 2(2m—n)m 
(39) The particular values of mm (Om—n)—mi 


with m = 4,n = 3. 


(40) The second of these sequences, f(r) = tt+5-5 ae r= 3,4,5,..., has already been 
derived. The former, A(t) = agin’ t= 1, 2,3,..., follows by taking m = 3¢+2, 
n = 3t—1 (or 2m—n = 3t+5), so that 

2mn 2(2m—n)m _ 
7 Se h(t) and (2m—n)?—m = h(t+1). 


4-2 
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Sec 74) 


To find a [number] w“ divided by 7 leaves 2. by 11 leaves 1. by 13 leaves 9. 
the least common divisor of 7. 11. 13 is 7 x 11 x 13=1001. divide 1001 twice by 
each & consider y® remainder of y® seacond division thus. 


1 Since more y® 1 is 


left (viz 3) multiply 3 till | 1001 (143, 3 
it divided by 7 leave 1. | 7. 7 7 (20; 
Se gi therefore 

7 7 
5x 143=7165 y° = 
multiplier. 
2 Since more y" 1 is left | 1001 

oa ee! i oe. 
(viz: ) 440 Tl 
therefore 4 x 91=364 
iy lr Bes pe Rt Et ak he ae 
3 Ifbut 1 had beene left. “1001 (77,12 
77 had beene divisor but | 13 “73973 

12x12 _ 13 = ! 
11 5 & 


therfore 12 x 77=924 
is [y*] multiplyer. 

| now the number sough|t] 
is thus found. 


Divisor. Relig: Multip: 


7. 2 x 715=1430. 
er 1 Xx 364= 364. 
13. 9 x 924— 8316. 

The Sume 10110. 
Lastly divide 10110 100 


= 0—. fe 
by 7 least com: dic? SO 


100 y® number 
left is y° number 
sought. 


(41) Exercitationes: 407-10: De modo inveniendi numeros, qui per datos divist certos post divisionem 
relinquunt. 

(42) Read ‘reliquum’. 

(43) Read ‘common divisor’. 
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Sec: 8,45 


Touching y® Method of weights suppose a man have weig[ht]s of 1. 2. 4. 8. 
16. 32 pounds &c. by y™ all intermediate pounds may be thus weighed 


Se eX & #o Sg, AR ANS igh 
1 2. 142. 4. 144. 244. 14244. 8 841. 842. 
11. 12. 13. 14 


‘Ek oe ABS ay aw ey Bane Wer aR &c or if his w[e]ights be 1. 3. 9. 27. 81. 


[&c] all weights will be supplyed thus. 


1. 2. 3. 4. 5. 6. ‘2 8. 9. 
1 3g—l. 3 3+1. 9-1-3. 9-3. 9+1-—3. 9-1. 9. 


10. SF 12. 13. 14 ae 
it ee oe ft o7-ga.j tO Note y* weightis 


marked w‘® — signifie y® w[e]igh[ts] to be put in y® opposite ballance.@® 


Sec. 9.49 


To find numeri amicabiles that is 2 numbers whose aliquote pts are mutually 
equall to theire wholes. take this Des-Cartes his rule.@® 


(44) The details of the argument are clearer when transposed in modern notation. Thus, 
a 11x13 = 143 = 3 (mod 7) 5x 143 = 715 = 1 (mod 7) 
13x 7 91 = 3(mod11)}, 4x 91 = 364 = 1 (mod 11)}, 
7x11 = 77 = 12 (mod 13) 12x 77 = 924 = 1 (mod 13) 
2x 715 = 1,430 = 2 (mod 7) 


so that 1x364 = 364 = 1 (modl1l)}, 
9x 924 = 8,316 = 9 (mod 13) 
10,110 


with 10,110 = 100 (mod 7x11x13), or finally 100 = 2(mod7), =1(mod1l), = 
9 (mod 13). Newton has cancelled an earlier example (not completed) which clearly 
solves the allied problem of finding the least integer x which satisfies x = p (mod 2), 

= q (mod 3), = r (mod 5), = s (mod 7), though Newton did not specify particular values for 
the integers /, q, 7, 5. 

(45) Exercitationes: 410-19: Praxis ponderandt. 

(46) Newton has cancelled ‘scale’. The notes in this section relate to the famous problem 
of weights, first satisfactorily resolved by C. G. Bachet (Sieur de Méziriac) in his Problemes 
plaisans et delectables, qui se font par les nombres, Lyon, 1624: Appx, Probl. V: 215 ff. 

(47) Exercitationes: 419-26: Ratio inveniendi numeros amicabiles, hoc est, duos numeros, quorum 
partes aliquote, cum adduntur, eos ipsos vice versd componunt. 

(48) Schooten gave, on p. 423 of his Exercitationes, the reason for his attribution of the rule 
to Descartes: ‘Czterum, ut iis, qui Algebre ignari sunt, ratio quoque amicabiles numeros 
inveniendi constet, in medium adducturus sum Regulam, quam olim ab illustri Viro Renato 
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If (2) or any other number produced out of 2 as 2x2. 2x2x2. &c (viz[:] 
2. 4. 8. 16. 32 &c) bee such a number y* 1 taken out of it[s] triple there rests 
a primary number, & y* if 1 taken from it[s] sextuple there rests a primary 
number, & if 1 taken from its square octodecuple® a primary number rests: 
y® multiply this last prime number by y® assumed number doubled & y® 
product is one amicable number & y° aliquote pts of it make y* other.©” 

Example. if 2 be taken. 2 x 3—1=5 numero primario primo. 2x 6—1=11 
numero primario stdo. 2 x 2 x 18—1=71 numero primario tertio. 4 x 71 = 284, 
one amicable number, & y® 2 former prime numbers x one another & y° 
product x 4 y® double of y* assumed number viz 5 x 11=55. 55 x 4=220. Thus 
from 8. & 64 &c may be deduced amicable numbers.©» 


Sec 1062) 


To find triangles whose sides, segments of theire bases, & Perpendiculars are 
expressible by rationall numbers. 

1st if y® perpendic: is without y® tri:©% let ac=z. bd=x. 

d cd=y. ad=zt+y®) ad=y+b. xx+yy=yy+2by+)b. 


ype & cd=z+y+a. 
xx-+zz+2yz+ yy =2zz+ yy +aa+ 2zy + 2za+ 2ay. 
cl Seo epig e. 
Bay =xx—aa—22a= OY bxx — baa —2zab=axx—abb. 


bxx—baa—axx-+abb 


Sab =Z, puting any numbers for a, b, & x; y & z may be found. 


des-Cartes didici, qui Algebra peritia doctissimorum consensu non modd summas in hisce 
Disciplinis difficultates superare novit; sed etiam, quicquam demum circa illas ab humano 
ingenio cognosci potuit determinare.’ How and when Descartes communicated his rule for 
amicals to Schooten we do not know, but he had already sent it to Mersenne on 31 March 1638 
in reply to a challenge from Fermat, communicated by Mersenne, to formulate such a rule. 
(See Descartes’ Guvres (ed. Adam and Tannery), 2 (Paris, 1898): 93-4.) Later Schooten 
passed Descartes’ rule on to Huygens, who wrote to Claude Mylon on 15 March 1656 asking 
to be sent other similar rules (Huygens’ Guvres, 1 (La Haye, 1888): 391) and in reply was 
sent a rule equivalent to Descartes’ together with the information that it was Frénicle’s 
invention. (See Huygens’ letter to Schooten of 20 April 1656=Huygens’ Cuvres 1: 405.) 
Fermat, however, who has provoked Descartes to frame his rule, seems its first European 
inventor. The study of amical pairs themselves, however, has a much longer history, dating 
back at least to Iamblichus’ treatment of them in his commentary on Nicomachus’ Arithmetic. 
In particular, the amical pair (220, 284) was widely known among Arabic mathematicians, 
and since Descartes’ rule is a simple generalization of their structure we should not be surprised 
to find that F. Woepcke claims priority in its invention for Thabit ibn Qurra in the eleventh 
century (in his ‘Notice sur une théorie ajoutée par Thabit ben Corrah a l’arithmétique 
spéculative des Grecs’, Journal asiatique (October/November 1852): 420-9). 
(49) Read ‘eighteen times’. 
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= . cd=z+y+a= 
denominator 2a); & yt cast away cd=bxx+baa. ad=axx-+abb. de=2abx. 
ae=axx—abb. ce=bxx—baa. ac=bxx—axx-+abb—aab. 

In like manner if y® perpendicular fall w**in side. 
ab=bxx+baa. bd=2abx. ad=bxx—baa. dce=axx—abb. 
be=axx+abb. ac=bxx+axx—abb—baa. 

Also by y® conjunction & disju[n]ction of 2 triangles 
it may be found yt ab=bbx+axx. ad=bbx—aax. 


then ad®5) =z+y= . w reduced to y* common 


xx + aa 
2a 
b 


ac=bbx —aax—axx+abb. be=axx+abb. dbh=2abx. dc=axx—abb. 


xx—bb ,  xx+bb 


For if bd=x. loa) a boro that is bd=2bx. dc=xx—bb. be=xx+0. 


Likewise bd=2ab. ad=bb—aa. ab=bb+aa. 2abx y* least quantity divisible by 
2bx & 2ab, being divided by y™, leaves a & x w must multiply y* bases & hy- 
potenusas. If y* Perpendic: fall wout y® legs [it] may be thus exprest. 


cd=acc + ayy. da=yyc + aac. 
ca = ace — ayy + cyy —aac,©®) ae= yc = aac. 


ce = acc — ayy. ad®) = Qacy.©®) 


(50) Descartes’ rule yields the amical pair [27+1(3 x 27—1) (6 x 2"—1), 27+1(18 x 2" —1)], 
where 3 x 2"—1, 6x 2”—1 and 18 x 2*—1 are each prime integers. 

(51) The pair (220, 284) is the particular case when 7 = 1(2’ = 2). When r = 3, 
6(27 = 8, 64), the amical pairs which result are respectively (17,296, 18,416) and (9,363,584, 
9,437,056). 

(52) Exercitationes: 426-30: De modo inveniendi triangula, quorum singula latera, segmenta basis @ 
perpendicularis exprimuntur per numeros rationales absolutos. 

(53) Read ‘triangle’. In this first case Newton considers the situation where the perpendi- 
cular de is external to the triangle acd. 

(54) Read‘de=x. ae=y. ce=z+y’. (Newton confuses the points on his figure with those of 
that following.) 

(55) Read ‘ce’. 

(56) Read ‘ace — ayy —cyy + aac’. 

(57) Read ‘ed’. 

(58) From the parametrizations 


2abx = a(x*+b?) —a(x?—b?) = d(x? +a) —b(x?-—a?) = x(b?+ a?) —x(b?—a?) 
and Qacy = o(y?-+a2) —c(y@—a®) = a(e+y2) —a(o?@—y?) 
are derived Pythagorean triads with a common number: as for example 
(a(x?+ b?), 2abx, a(x?—b?)) and (b(x?+<a?), 2abx, b(x*—a?)). 
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Sec 116% 
To make y* two such tri: be of y®° same base & altitude. Suppose an equation 


twixt y® bases & perpendiculars of y® 2 last tri: as 2abx = 2acy. x=, x= 


[&] bbx—aax—axx + abb=acc—ayy + yyc—aac. 


bbcy—aacy aacyy 
b bb 


+b®cy +aabbe 
—aabe +ab* 


= —abbec = Pee Ee, 
& yy= bbec-ace—abh * SUPPose aabbe +-ab* = abbcc.©) or a=c % 


or + abb = acc — ayy + yyc —aac. 


let c=3 greater y" b=2. a=z. yaa. r=. & consequently 


(61) 


76356. 


Sec 14) differs not from Cap. 19: prob 18 Oughtred.®) 


Sec: 15 Of Polygons or multangular numbers. 


The sume of all y® tearmes in an arithmet: progres: increasing from an unite 
by 1 comp[o]seth triangles. by 2, composes (1s®). by 3, composes pentangles. 
by 4, hexang: &c. as 1. 2. 3. 4. 5. 6. compos y® triangles 


(59) Exercitationes: 430-2: Modus inventendi duo triangula ejusdem basis G altitudinis, quorum 

singula latera, basis segmenta © perpendiculares exprimuntur per numeros rationales integros. 
(b8c —aabc) y _ _ bc(b?—a?*) 
bbc +acc—abb? "4 ~ B+ ac®#— ab? 

(61) Newton does not annotate sections xu/xm = Exercitationes: 432-6. 

(62) Exercitationes: 436-42: De Progresstonibus Arithmeticts. 

(63) Taken literally, this refers to Clavis, 51652: 94-5: Ad datam rectam lineam. . .parallelo- 
grammum adplicare, deficiens figura parallelogramma, que similis altert parallelogrammo...dato. But 
presumably Newton intends ‘prob. IV Oughtred’, a reference to the preceding sixth problem 
(denoted in error there by IV instead of VI) of Clavis: 78-80: Problematum circa Progressionem 
Arithmeticam solutio in vigintt Propositionibus. 

(64) Exercitationes: 442-6: De numeris Multangults seu Polygonalzbus. 

(65) Read ‘squares’. 


(60) This reduces the value of yy to 


[1, 1, $3] Annotations from Oughtred and others 57 


SS ae 6. i 15, 
e e ® e e &c. 
likewise 1. 3. 5. 7. 9. compose 
1 4 9 16 25 
e = e e Ld &c. 


so 1. 4. 7. 10. 13 compose y® quintangles 1. 5. 12. 22. 35. 51. 70. &c. Ifa=1=y* 

first terme. y® excess of y® progression=x. y® sume of y*® termes=z=to y* 

polygon. y® multitude of y® termes =¢=to y® side of y® Polygon. Suppos ¢ given 

to find z. zoe or 2 in trigons. z=¢t in 48S, ge in 5eene, 

5tt— 3t. Tt— 5t. 
2 


in 78°38, z— 3tt—2t in 8995, z= in 98°"s, &c, 


z= 2tt—tin 68. z= 


& z given ¢ is found thus. j= ASS ire tri. —_—— in 48°, 


oe In §8008, ee in 685, &c. As y® side 12 of a 
tri given. y® tri[:] =2- Ex = 18 &c. & if z=21 be octangled. 
+4+4+/16+48z 44+/16+48x21 , 44/1024 2 a 
VS? edad oot ott. ae ——! ice dteedT = 


(66) In general, an m-gon has z = }((m—2) #?—(m-—4)t) and conversely 
(m—4) +4/{(m—4)?+8(m—2) z} 
2(m— 2) : 
Newton, here at least, has not annotated the remaining 15 sections of Schooten’s Liber v. 


As we shall see later (compare 2, 7: note (151) below), there is good reason to believe that 
Newton did, in fact, study them thoroughly. 


e 
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§4. LOOSE ANNOTATIONS ON HUYGENS’ 
DE RATIOCINIIS IN LUDO ALEZ 
[Summer 1665?] 


From the original in the University Library, Cambridge 


Reasonings concerning chance 


1. If pis y° number of chances by one of w“* I may gaine a, & q those by 
one of w I may gaine b, & r those by one of which I may gaine ¢; soe y* those 
chances are all equall & one of them must necessarily happen: My hopes or 

pa+qb+re 
chance is worth Leer 
of chances for a, }, c.©) 

2. IfI bargaine for more y" one chance (viz: y‘ after I have taken y* gaines 
by my first chance, from the stake a+ 5+ c; I will venter another chance at 


=A, The same is true if f, g, r signify any proportion 


y® remaining stake, &c) my second lott is worth A - =e: My third lot 
: —AA—AB —AA—AB—AC _ 
is worth A fable = =C, My Fourth lot is worth gil 5 ae = J), My 


—AA—AB—AC—AD 
a+b+c 
A+B+C+D+E 
a+b-+e 
As if 6 men (1. 2. 3. 4. 5. 6.) cast a die so yt he gaines a who throws a cise®) 


first: since there is but one chance” to gaine a & 5 to gaine nothing at each 
cast, I make b=0=c=r. p=1 & - 5. Siar oe by the see a first mans 


Fift lot is worth A =F, My sixt lot is worth 


A—Ax . &cO 


5a __ 25a 
ds ; itm aitions ean le 
lot is worth 5 . The 245 is worth © 4 = 6 4 6 « . The Thirds is ean 3 ; ~Sg aie 
25a 125a 125a 1250 _ 625a 
ths aes 2 
The 4¢5s is 91612967 1296 The fifts lot is worth ——— 12967776 7776" The 


(1) Add. 4000: 90'-92'. Newton nowhere mentions Huygens’ name explicitly, but it 
seems beyond reasonable doubt that the following notes were based on his reading of the De 
Ratiociniis in Ludo Alee as appended to Schooten’s Exercitationes. In particular, Newton’s title 
is a close translation of Huygens’. (See Appendix 2 above for bibliographical details.) 

(2) Newton has cancelled a first draft: ‘If the equall chances a, b, c, &c are such y* one of 
y™ must necessarily happen, & y' if one of y® chances a happen I gaine # thereby, or g by one 
pat+qb+re’ 

atb+c ~ 
(3) A slight generalization of Huygens’ Prop. III (= Exercitationes: 523-4), which gives the 


£ ae for two ‘gaines’ a and b, with respective ‘chances’ # and q. 


of y® chan[c]es 5, or r by one of y® chances c. My chance or expectation is worth 


expectation 
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sixts lot is ae ae ie aa ase &c. Soe y‘ their lots are as 7776: 6480: 5400: 
4500: 3750: 3125. 

Soe y* if I cast a die two or more times tis 1 to 5 y' I cast a cise at y® first cast 
& 11 to 25 y‘ I throw it at two casts, & 91 to 125 y' I cast it at thrice, & 671 to 
625 y* I cast it once in 4 trialls, & 4651 to 3125 yt I cast it once in 5 times, &c. 

3. If I bargaine to cast severall sorts of lots successively at y* same stake y° 
valor of each lot is thus found viz: The first prop: gives y® valor of y° first lot: 
w valor being detracted®@® from y* stake, y* remainder is y® stake of y® 29 lot 
w“} therefore may bee also found by y? first prop: &c. 

As if I gaine a by throwing 12 at y° first cast, or 11 at y® 24 or 10 at y® 3¢ &c 
wt‘) two dice. Since at y® first cast there is but one chance for a (viz 12) & 35 


for nothing Therefore its valor is = (by Prop 1). & y® stake for y® 2¢ cast is 


a. Boa 


ry Gere Now since there are two chances for it 


a 


2x35a 35a 


See ee eee en e d 
a eee & y® stake for y® 3 


& 34 for 0 at y® 24 cast therefore its valor is 


lot@) is as for w“) there are 3 chances 


<a 


& 33 for nothing. Therefore its valor is ae _ 


(4) Read ‘venture’. 

(5) Newton’s explicit formulation of what is given verbally by Huygens or assumed in his 
numerical examples. 

(6) A rendering of the French ‘six’. The more common variant is ‘sice’—compare ‘cinque’ 
for a five-spot. 

(7) Newton has cancelled ‘point’. 

(8) That is, 65:64 x 5:63 x 52: 6? x 53:6 x 54: 5°. 

(9) The chances are, respectively, 


4, +5, +e +3, t+eetFetits, t+ot+het ie tis. 


Newton here has adapted the results of Huygens’ Prop. X = Exercitationes: 530. 
(10) Read ‘subtracted’. 
(11) Newton has cancelled ‘chance’. 
(12) Newton uses Huygens’ ideas but the details are his own. 
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4. If I bargaine w one or two more to cast lots in order untill one of us by 
an assigned lott shall win y® stake a: Since y* chances may succede infinitely I 
onely consider y® first revolution of them. The valor of each mans whole 
expectation being in such proportion one to another as y® valors of their lots in 
one revolution. & y® valor of each mans first lot to y® valor of his whole expecta- 
tion as y° summe of y° valors of their first lots to y® stake a. 

As if I contend w' another yt who first throws 12 w*® 2 dice shall have a, I 


haveing y° dice.2%) My first lot is worth a3 (by prop 1), The 2¢ his first lot is 
35a a 35a 


36 x 36° 36° "36X36" 
first lots make one revolution because I have y® same lot If I throw a 24 time 


yt I had at y?® first. Therefore (36+35— 71:4::36: a) le 


5 jade 2 % 
y° stake. 

If or@4) bargaine bee soe y‘ there is some lott at y° beginning of o* play w* 
returnes not in y® after“ revolutions, detract y® valor of those irregular lotts 
from y® stake & y® rest shall bee y® stake of y@® lots w™ follow & revolve 
successively. As if I contend w'® another yt who first casts 11 must have a, 


worth 


:36:35:: my expectation : to his. for y® two 


is my interest in 


onely I have y° first cast for 12. My first lot is worth = & y® stake for of after 


throws is cn his first lot being ¢ a4 . & my next lot a soe yt his share in 


be 11664" 
35a, ae. 
y° stake “ is to mine as ——— 648°11664..19: 17: Soe yt my share in it is a To 
1 ‘ : 
wh oe y® valor of my first lot viz: 3° ¥ summe is —— ie , My interest in 


36 = 

y® stake a at y® begining.” 
5. Ify* Proportion of the chances for any stake bee irrationall the interest in 
the stake may bee found after y° same manner. As if y® Radij 
ab, ac, divide y® horizontal circle bcd into two pts abec & abdc 


: — d 
in such proportion as 2 to /5. And if a ball falling perpen- \ 
dicularly upon y® center a doth tumble into y° portion abec@® 
I winn (a): but if into y® other portion, I win 5. my hopes / 
2a+ b/5 
is worth 
2+V/5 
(13) And so first throw. (14) Read ‘our’. 
(15) Newton has cancelled ‘next’. (16) Newton has cancelled ‘regular’. 


(17) This section has its base firmly in ideas derived from Huygens’ tract, but the details 
are wholly original with Newton. 
(18) Newton seems to have in mind a primitive form of roulette. 
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Soe if a die bee not a Regular body but a Parallelipipedon or otherwise 
unequall sided, it may bee found how much one cast is more easily gotten then 
another. 
tF 6. Soeyt y® facility of y* chances & y® stake belonging to each chance being 
knowne y® worth of the lott may bee ever found by y® precedent precepts. And 
if they bee not both immediatly known®® they must bee sought before y* valor 
of y® lott can bee found. 

As if@) I want two games at Irish®?) & my adversary three to win a, & I 
would know®®) my interest in y® stake (a.) my first lot can gaine me nothing but 
y® advantage of another lot, & therefore to know its vallue I must first find y® 
value of yt other lot &c. First therefore if wee each wanted one lot to win a 


ae , a 
o'@4) interest in it would bee equall viz my lot worth 5° 2dly Tf T want one game 


& my adversary two, & I gaine y° next game y" I gaine a but if I loose it I onely 

gaine an equall lot for a at y* next game w% is worth $a, Therefore my interest 
a+3a_3a 

2 : 2 

gaine y* next game I get a; but if I loose it, then I want one game & my Adver- 


in y® stake is . 8uly If I want one game & my adversary three & I 


sary but two, y‘is I get #. Therefore (there being one chance for a & one for = 


my interest in y® stake is 5 = =2. 4thly Tf T want 2 games & my adversary 3; 


& I win I get 2. but if I loose I get 4a for of chances will then bee equall; 


Therefore my interest in y* stake is a. Soe if@ I want 1 game & my adversary 


4 my interest in a is If@6) T want two & hee 4, it ise If I want 3 & hee 
4 itis 2. If 1 & hee 5 it is 4. If 2 & hee Bit is. IfI 3 & hee 5 it is 


(19) The whole of this section seems original with Newton. In the last paragraph he clearly 
opts for a frequency theory of probability—that is, the absolute probabilities are not given 
a priori but are to be determined as the asymptotic limit of the numerical probabilities observed 
over a succession of occurrences of a state. 

(20) ‘found’ is cancelled. 

(21) Huygens’ Prop. VI = Exercitationes: 526, slightly adapted. 

(22) A game of dice, popular at the time and much like backgammon. Charles Cotton in 
his The Compleat Gamester (London, 1674: ch. xxvu, ‘Of Irish’) relates that ‘Irish is an 
ingenious game, and requires a great deal of skill to play it well, especially the After-game’. 

(23) Newton has cancelled ‘y* value of’. (24) Read ‘our’. 

(25) The second part of Huygens’ Prop. V = Exercitationes: 526. 

(26) Huygens’ Prop. VII = Exercitationes: 526. 
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a IfI 4 & hee 5, it is sega” (The like may bee done if 3 or more play 
together. as if?) one wants one game, another 3 [&] a third 4: Their lots are as 
616:82:31. &c. As also if their lots bee of divers sorts.) ® 

By this meanes also some of y® precedent questions may bee resolved. as if 
I have two throws for a cise to win a, w' one die; If I have missed my first lot 


alredy I have at my second cast five chances for nothing & one for a. therefore 
y' cast is worth 7 Soe yt in my first cast I had five chances for : 


6 
w“ therefore (w‘* my 2¢ cast) 1s worth at That is tis 11 to 25 yt I cast a cise 


a & one for a, 


once in two throws. as before. 

By this meanes also my lot may bee known if I am to draw 4 cards of severall 
sorts out of 40 cards, 10 of each sort. 

Or if out of two white & 3 black stones I am blindfold to chose a white & [a] 
black one.@» 


(27) These are Newton’s results, in amplification of Huygens’. 

(28) Huygens’ Prop. IX = Exercitationes: 527-9. 

(29) The tenth entry in the table of Prop. IX. 

(30) For historical details on this famous probléme des partis consult Huygens’ Cuwores 
complétes, 14 (1920): 21-5. 

(31) These last three paragraphs are original with Newton. 

It is, perhaps, not unfair to point out that Newton, for all his excellent theoretical knowledge 
and practical interest, was not markedly successful in games of chance: an entry in the 
Fitzwilliam notebook in 1667 records ‘ Lost at cards twice—0. 15. 0’. He seems eventually to 
have learnt his lesson, for Conduitt, shortly after Newton’s death in March 1727, wrote in one 
of his little green notebooks (Keynes MS 130.6 (2): [5¥]) that he ‘had not played at cards in 
40 years’. At games of skill Newton fared much better, or so Conduitt reassures us. In an 
immediately preceding entry he reports, on the word of his wife and Newton’s niece, Catherine, 
that ‘When he was young and first at university he played at drafts & if any gave him first 
move [he was] sure to beat them’. (Instead of ‘drafts’ Conduitt first wrote ‘chess’ but then 
cancelled it.) 
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ANNOTATIONS FROM VIETE 
& OUGHTRED 


[Late 1664?] 


§1. NOTES ON VIETE’S DE NUMEROSA 
POTESTATUM AD EXEGESIN RESOLUTIONE® 


From the original‘? in the University Library, Cambridge 


[1] Of y* Extraction of Pure Square. Cubick. Squaresquare & 
squarecubick rootes &c. 


Let y® number whose roote is to bee extracted bee pointed makeing y* first 
point under y* unite & comprizeing soe many numbers under each point as y° 
number hath dimensions. as if ye number be square-cube tis thus pointed 


57086352410802. 


Then out of y* figures of y° first point next y* left hand extract y° greatest roote 
proper to y® power of y* number & set yt downe in y® Quotient w* is y® fir[s]t 
side & is called A. (as y® roote quintuplicate of 5708 is (5), & (5) quintuplicate 
is 3125.) y® takeing yt roote duely multiplied out of y* number (as 3125 out 
of 5708) wth y® rest of y° numbers to y* next point. seeke y* seacond side w® 
is found by divideing yt number by another number made out of y° first side 
(w+ is called y® Divisor) & this second side I name E. (thus by divideing 
258363524 by 54gq+10Ac+10Aq+5A after such a maner y‘ 


5AqqE + 10AcEq+ 10AgEc+4AEqq + Eqe 


(1) Viéte first published the tract as De numerosa Potestatum ad Exegesim Resolutione: Ex 
Opere restitute Mathematice Analyseos, seu Algebra nova (Paris, 1600). In Schooten’s collected 
edition (Francisci Viete Opera Mathematica, in unum Volumen congesta, ac recognita (Leyden, 1646): 
163-228) it is retitled De numerosa Potestatum purarum, atque adfectarum ad Exegesin Resolutione 
Tractatus. Oughtred, in editions of his Clavis Mathematice from 1647 (and in particular in the 
third Latin edition of 1652 which Newton read) included a revised summary of the work, the 
first part being introduced into the body of the Clavis itself (= Clavis: 42-5: Cap. xiv, Sequitur 
ANALYSIS: que est eductio radicis ex numerosa potestate data.) with the second added as an appendix 
(Clavis: 110-43/144-51: De iquationum Affectarum Resolutione in Numeris. with added Note). 
Apparently, Newton has annotated both Viéte and Oughtred together, taking the structure 
of his argument from the former, but making wide use of Oughtred’s simplified notations. 

(2) Add. 4000: 2'-3", 4*-6'. 

(3) Vieta: 163-72: De numerosa Potestatum Purarum Resolutione. 


64. Annotations from Viéte and Oughtred 


may be conteined in y® number y° product of yt division shall be 


E- pj 


The extraction of y* sqare roote. 


The square to be resolved 29 | 16 (54 The Product. 
The square of y® first side to ABE 0. be taken away. 
The rest of y® sqare to be 4/16 resolved. 
The divisor for finding y* seacond 1/0 side.© w* is y* first side 
=) 25 doubled. 
The rectangle by 2A & E 4/0 
The squereolal sit ie} to be substracted. 
The sume of y® rectangles 4| 16 to be subducted. 


0 | 00 The remainder. 


The extraction of y® cube roote. 


The cube to be resolved 157|464 (54 
The cube to be subducted 125 whose roote is A=5 
The remainder for y® finding 32/464 of E 
The divisors for y® finding ‘ 5 3Aqg 

of (E) y® seacond side 15 3A 
The sume of y® divisors 7 | 65 
30 | 0 3AqE 
Sollids to be substracted 2 | 40 3AEq 
64 Ee 
The sume of those 32 | 464 — sollids 
The remainder 00 | 000. 


[1, 2, §1] 


(4) Adapted from Viéte’s introduction = Vieta: 163-4. Viéte finds the real root of 


N = x? = (A+E)": where A = [NF], N—A? = (A+£)?—A? and this he takes approxi- 
mately as Ex ((A+1)?—A?—1), naming (A+1)?—A?—1 the ‘Divisor’. The first approxi- 
P 


mation E x (A+1?—AP—1 
gives narrowing bounds to the root. 


i follows immediately and successive repetition of the operation 


The idea of ‘pointing’ the figures on their underside is taken over from Oughtred, along 
with the modified cossic notation (A, E for algebraic variables with their second, third, fourth, 


fifth, ... powers represented by adjoining /, g, c, gq, qc, ...). 
(5) Vieta: 166: Paradigma analyseos quadrati puri. 
(6) Newton wrote ‘sidie’ here in error. 
(7) Vieta: 167-8: Paradigma analyseos cubi puri. 
(8) Vieta: 169: Paradigma analyseos quadrato-quadrati puri. 
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The extraction of y® square square roote.® 
The square-square 33/1776 (24 


The square-squ: to be subduc: 16 =Aqg 
Remainder 17 | 1776 
Divisors for finding y° 3 | 2 4Ac 
seacond side E 24 6Aq 
8 4A 
Theire sume 3 | 448. 
12/8 4 AcE 
Squ-squares to be 3 | 84 6AqEq 
subducted 512 4AEc 
256 qq 


Theire Sume 17 | 1776 


The Extraction of y* Square-Cube roote. 


The squ: cube to be resolved 79 | 62624 (24 
Substract 32. Age 
Remaind* 47 | 62624 
8/0 5 Aqq 
a 80 10Ac 
Divisors 40 10Aq 
10 5A 
The Sume of y® divisors 8 | 8410 
32 | 0 5AqqE 


12 | 80 10AcKq 
2/560 10AgEc 
2560 5AEqq 
1024 Ege. — 
Theire Sume 47 | 62624 
Remainder 00 | 00000 


Plano-sollids to be 
substracted 


Note y* y® 3¢ 4% 5% & other figures are found by y® same manner y* y°® 
seacond figure is found. Onely makeing all y® figures found to stand for A y® 
first side & y® figure sought for £ or y® 2° side. 

And if [y®] roote®® is found inexpressible in whole numbers y® [proceed] 
adding ciphers & pointing them from y* Unite towards y® right=hand as was 
before explained & soe holde on y® worke in decimalls. 


(9) Vieta: 170-1: Paradigma analyseos quadrato-cubi puri. 
(10) Newton has cancelled ‘y® number propounded’. 


5 WHN 
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As for y® Divisors they are easily found by y* 24 Table of Powers from a 
Binomiall roote.2» 

If y° number bee of 6. 7. 8. 9. 10 &c dimensions The roote may be extracted 
after y° same manner. 


[2] Of y* Extraction of Rootes in Affected powers.0® 


The manner of y® extraction of rootes in pure & affected powers is verry much 
alike especially when y* affected powers are decently prepared, yt is, when 
theire affections are not over large®®) & those altogether either affirmative or 
negative, & y® power affirmative, affirmations & negations so mixt y‘ there be 
noe ambiguity & all fractions & Asymmetry taken away. 

All y® figures in y® coeff [iciJents & affected power[s] are to be pointed (after 
y® manner before e[x]plained in y* Analisis of pure powers) according to y® 
degree of theire dimensions & the work onely differs from y‘ in pure powers in 
y' y® coefficients enter into y® divisors. 

Let y* first side be called A. y® 2¢ be called E. y* Roote of y* equation L. y° 
coefficients B. Cq. Dc. Fqq. Gqc. Hec &c. y* Power P. Pq. Pc. Pqq &c & y® 
Operation follows.» 

The analysis of Cubick Equations. 
The equation supposed Le *+ 30L = 14356197. Le+CqL=Pc.0 


The square coéfficient 3 0 
The cube affected to be 14 356 197 (243 
Sollids to be substracted a 610 wae 
Theire sume ~8{006/0 =a” 
Rests ~6|350/197 for finding y* 2¢ side. 
The extraction of y® seacon Oe I ose ee eee 
Coéfficient 30 or superior divisor. 
The rest of y® cube to be 6 350 197 resolved 
The inferior divisors ‘s . P = 
Their sume 1/260 30 (18) 
Ait =3AgE 
Sollids to be subtracted adits =3AEg 
64 = Ke 
1 | 20——-= ECq 
Their sume 6 | 82512009 


(11) Compare Oughtred’s Clavis: 45: ‘Si numerus propositus non sit verus sui generis 
figuratus, sed peracta Analysi aliquid restet: punctationes...pro suo genere, quot opus erit 
statuende sunt: & continuanda Analysis post lineam separatricem.’ The ‘24 Table of Powers’ 
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[The extraction of y* 3%|\side] 


The superior part of y® divisor 30 or y® square coefficient 
The remainder for finding 524|997 = y® third side™® 
The inferior part of y® 2 172|8 3Aq that is 3 x 24 x 24 
divisor 72 3A or 3 x 24 
The sume of y* divisors 173 | 550@ 
518 | 4 3AqE 
Sollids to be taken 6 | 48 3AEQq 
away 27 Ec 
90 Ecq 
Theire sume 524 | 997°) 


: (23) 
Remaines 


is Oughtred’s ‘tabula potestatum ascendentium in scala a radice binomia: que POSTERIOR 
vocetur’ (= Clavis: 37). 

(12) Vieta: 173-228: De numerosa Potestatum Adfectarum Resolutione. 

(13) That is, when the number of terms in the equation is reduced to a minimum. 

(14) Almost exactly a translation of Vieta: 173: ‘Numerosam resolutionem potestatum 
purarum imitatur proxime resolutio adfectarum potestatum, presertim cum potestates 
adfecte decenter preparate fuerint. Tunc autem decenter preparari intelliguntur, cum 
parcissime fuerint adfectionibus obrute, iisque omnino adfirmatis aut negatis omnino, ita 
tamen ut potestas adfirmata sit, non etiam ab homogenea vel homogeneis gradu insignitis 
avellatur, ac denique mixtim ita negatis & adfirmatis, ut non insit ambiguitas.’ 

(15) As Newton (following Viéte) says, everything carries over smoothly. The extended 
problem is now to resolve N = x? ‘affected’ with ‘homogeneous powers’, that is, 


N = x?+a,xP-l4agxP2+...44,.%, or N = f(x) = f(A+E£), 
where A is a near approximation to a ‘true’ root x = A+E£, Viéte takes as his divisor 
(A) = f(A+1)—f(4)-1 
(where the unit is omitted probably because it is too small to take into account). He then 
takes approximately Ex g(A) x N [or f(A+£)]—/(A), so that E = I) is a narrower 


g(A) 
bound to E£. 
Note further that the successively nearer approximations to N, f(A;), where A; = A+%(£;) 


and E = lim \(E,), are not calculated outright each time, but that f(A;) —f(A;-1) is first 
imo 7 


expanded as a polynomial in A;_, and E, with f(A;) = f(A;14+4,) calculated as 


F(Aj-1) + Lf(Ai) —f(Ai-a)] 

(Correspondingly, at each stage E; is taken approximately as [N—f(A;_)]/g(Aj-1)-) 

(16) Vieta: 177-8: Paradigma (for x®+C®x = N). 

(17) f(200), where f(x) = x?+30x. 

(18) 10x g(200), where the ‘divisor’ (200) = (201) —f(200) —1. 

(19) The first approximation E, (to £) is taken E, » [N—f(200)]/g(200), or Z, = 40, with 
(240) —f(200) = 5825200. 

(20) [N—f(200)] —[f(240) —f(200)] = N—f(240). 

(21) g(240). It follows that E, x [N—f(240)]/g(240), or FE, = 3. 

(22) (243) —f(240). (23) 0 = [N—f(240)] —[f(243) —f(240)], or N = (243). 

5-2 
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But y® Coéfficient may be greater y" y* Power soe y* it cannot be substracted 
from it w argues yt ye Cube more propperly affects y" is affected. In this case 
y® coéfficient must descend towards y® unite soe many points untill it may be 
substracted, & soe many points as y® coéfficient is devolved soe many pricks 
must be blotted out towards y® left hand in y* power affected. As y® example 
shews. 


Lc + 95400L = 1819459.24 
9 | 540/0 Coefficiens 


1| 819 459 The Power 


Since 9 is greater y2 1 I make a deviolutilon thus. 
954 | 00 The Coefficient 


The Quote (19 i 819| 459 The affected power 
Sollids to be substracted | OO a: Atte 
i Ac 
Suma 955 | 00 substrahenda 
Divisoru superior pars 95/400 Coefficiens Planum 


~ 1 864/459 —Potestas reliqua 


Divisori pars inferior - Bas 


3 3A 
Divisorti suma 95 | 730 
858/600 ECg 
Sollida ablativa 2)7 34gk 
2/43 3AEq 
729 Ec 
Eorta summa 864 | 459 
Restat 000 | 000 


To place y* unite of y® coefficient in its right placein respect of y° power make 
so many pricks above as there are under y* power beginning at y* unit. & if y° 
coefficient be one dimension lesse y" y® power make a prick on every figure. if 
2 dimensions les®® y" on every other figure. if 3 dimensions lesse make it one 
each third figure &c. 

If there be many coefficients in y® equation each must be placed according 
to this rule. 


(24) f(x) = x8+C®x = N with C? = 95,400, N = 1,819,459 (= Vieta: 179: Paradigma). 
(25) A = 10, Z, = 9 with 1,819,459 = f(A+£,). (Note that Newton begins to relapse 
into Viéte’s original Latin phrasings.) 
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Some times y® coeff [ic]ient is under a negative sine®” as Lc —10L= 13584. @® 
& y® Analysis is as follows. 


Coéfficiens planum —|10 — sublaterale® 
Cubus resolvendus +13/| 584 (24 
: : + 8 Ac 
Solida ablativa { _ | 20 ACq 


Suma + 7| 80 
Restat + 5 784  resolvendum 


Divisori ps superior —10  coéfficiens planum 
eee + 1] 2 +3AA 
Divisori ps inferior { os. 434 
Suma divisori + 1| 25 
+ 4/8 3AAE 
Solida ablativa | 26... SARE 
+| 64 EEE 
—40 EEC 
Eoru suma + 5| 784 


But sometimes y* square coéfficient hath more paires of figures y" y® cube to 
be analysed hath threes, & y" prefixing so many ciphers to y® cube as figures are 
wanting, y° first side will not much differ from y® square roote of y® coefficient. 
as Lc—116620L = 352947.8) 


—11 | 662 |0 Coefficiens plant 
Cubus resolvendus 00 | 352 | 947 (343 
: : +27 Ac 
Sollida Ablativa { _ 341 986 ACg 
Restat auferendt — 7| 986 


Reliquum resolvendi + 8| 338 | 947 Cubi'®) 


(26) Read ‘less’. 

(27) Read ‘signe’. 

(28) f(x) = x84+C?x = N with C? =—10, N = 13,584 (= Vieta: 198-9: Paradigma). 

(29) ‘The square sublateral coefficient’, that is C?, the coefficient of x. 

(30) A = 20, EF, = 4 with 13,584 = f(A+£,). 

(31) f(x) = x8 —116,620x = 352,947 (= Vieta: 199-200: Paradigma). 

(32) Newton here reached the bottom of a page in his notebook and repeats this entry two 
lines further on (on his own next page). 


[1, 2, §1] 


70 Annotations from Viéte and Oughtred 
Divisorii ps superior — 1) 166| 20 Coeff: planum 
Reliqut resolvendi cubi “+ 8 338 947 negative affecti 
Divisori ps inferior { = es e oa 
Suma Divisorum + 1/623 /8. 34A+34A+Cq 
r+10/8 3AAE 
Sollida ablativa + 1) 44 3AEE 
+} 64 EEE 
— 4| 664|8 CCE 
Eorum summa + 7/| 639|2 
Restat Resolvend[i] + | 699 747 pro 3° latere 
Divisorii ps superior — ea 620 CC 
Divisorii ps inferior { i nA - oe 
Eorum summa 931 | 200 =3AA+3A+CC 
+ 1 040/4 3AAE 
Sollida Ablativa | + 9/18 3AEE 
+ 27 EEE 
— 349 | 860 ECC 
Eorum summa +699 | 747 (83) 


Sometimes though there be as many 2 figures in y° coefficient as 3 figures in 
y° Cube affected yet y® coéfficient may be so greate as to deceive an u[n]wary 
Analist. As in this Zc— 6400ZL= 153000." where y* roote of 64 is 8 w cubed 
is 512 w* added to 153 makes 665[,] thé®) whose [cube] roote y* number 
immediately greater is 9 w° is y® first sid =A. 

But if y® coefficient had beene affirmative, y" not y® aggregate of y° facts but 
y® difference must be taken as in this. [c+ 64L=1024.°® Since y® roote of 64 
is 8. w cubed is 512. & 1024—512=512. y* roote of w“ is 8=A. The like 1s 
observable in equations of higher powers.®” 

If y° Cube be Affected w'® a negative sine as 13,1042—Lc=155,520.°® 
Then y* equation is expressible of 2 rootes: whereof y® square of one is lesse & 


(33) A = 300, E, = 40(A, = 340), E, = 3 with 352,947 = (343). 

(34) x®—6400x = 153,000. 

(35) Read ‘then’ (Newton’s form of the modern ‘than’). 

(36) x?+64% = 1024. 

(37) A rough translation of Vieta: 200-1 = De numerosa Potestatum adfectarum Resolutione: 
Prob. XI (conclusion). 

(38) 18,104*—x5 = 155,520 (Vieta: 214-15: Paradigma). 
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y® square of y® other is greater then . & therefore one roote is lesse y® 


155520 
13104 ° 


two rootes whereof one is greater y° other lesse then 


13104 
3 


other greater then & in this equation 27755L—Lqq=217944 are 


217944 
27795 ° 


«© Suppose in y* former cubick equation y® lesse roote be 12. y” i 


ios 12960. 


or else 13104—12x12=12960. & Lg+12L=12960. where L=108 is y* 
greater roote.@° 


217944 
27 


And in y® latter equation if y® greater roote be 27. & = 8072, C@», 


or —27 x 27 x 27+ 27755 =8072. 27 x 27= 729.2) 

If there be 4 cubes continu[a]lly proportionall whose greate extreame is 

27c(43)— 19683. & y® aggregate of y® 3 rest is 8072 & Lc y® lesse extreame, 
therefore Lc+27Lq+729L=8072. y* roote of w™ is 8 y® other roote of y° 
equation.“ 
«* Or haveing one roote of an equation y® equation may be lessoned“) by 
division thus. 13104/—Jc= 155520. or 2—13104/+155520=0. & one roote is 
12. therefore divide this equation by /-12 & y® Quote is an equation conte|[in]- 
ing y® other roote viz: /qg+12/= 12960. 


(39) 27,755«%—x4 = 217,944 (Vieta: 219-20: Paradigma). 
(40) 0 = x8—13,104%+4 155,520 = (x—12) (x?+12x—12,960), where 


O = x8412x—12,960 = (x—108) (x+120). 


(41) In the reduced cubic Le+27Lqg+729L = C. 
(42) Newton calculates the coefficients of the cubic which results when the factor L—27 = 0 
is taken out: specifically 


O = x*—27,755x+217,944 = (x—27) (x8 + 27x72 + 729x — 8072). 


(43) Read ‘27 cubed’. 

(44) 0 = x8427x2+4729x—8072 = (x—8) (x7+35x+1009), where x?+35x+1009 = 0 
has the complex (‘imaginary’) roots x = $(—35+.,/—2811). 

(45) Read ‘lessened’. 

(46) 0 = x®—13,104%+ 155,520 = (x—12) (x?+12x—12,960), as before. Note Newton’s 
sudden jump from Oughtred’s capital L (inspired from Viéte’s cossic notation) to a Cartesian 
lower-case /, and, similarly, his preference for the Cartesian power-notation /® over the older 
le (Lc). 
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§2, NOTES ON VIETE’S GEOMETRICAL 


PROPOSITIONS® 
Propositiones Geometrice Franc: Viete® 
[1]® | prop 1 
R ab:ac::ce: bd. 
b 
prop 2 
a 7 e 


& if ab:ac::ac:bd. then ac:ab::ab:cceO 


prop 3 
If ab x ac=bdx ce. then bd:ac::ac:ab::ab:ce-—© 
prop 3"), 
To find two me[a]ne proportionalls twixt BC & IK. 


On y® center a w® y* Rad ai 
describe y® circle zbck. inscribe 
bc=cd. draw da through y° 
center & bg parallel to it. draw 
hk through A soe y* 


gh=ab(=at). 
& [y®] tk: hb: :hb:hi::hi:be. —O 
To find two meane proportionalls twixt BC & IK. 


(9) 


(1) Add. 4000: 8'X—11’. This second part is a set of notes on miscellaneous geometrical and 
trigonometrical theorems in Schooten’s Vieta. 3 

(2) ‘Geometrical propositions of Frangois Viete.’ 

(3) Annotations on Vieta: 240-57 =Supplementum Geomeirie (reprinted by Schooten from 
Viéte’s Supplementum Geometria. Ex Opere restitute Mathematica Analyseos, seu Algebra nova 
(Tours, 1593)). 

(4) Read ‘ae:ad’, mistranscribed from Vieta: 240-1: Prop. I (where the points are 
lettered differently). 
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Prop: 4 
If ad=db=cb. y® y* Angle cbe is tripple to y° Angle abd. 


| eg 
aes - ‘ee 


Prop 5 
If ab =bd=Rad.@ [y"] 3 Ang: bad=cde.0) 


(5) Vieta: 241: Prop. II. (Since ab x ad = ac x ae, ab xbd = ac? demands that ad: bd = ae:ac, 
or ab:bd = ce:ac, and so ab*:ab x bd = ac x ce:.ac*.) 

(6) Vieta: 242: Prop. III/IV, the converse of Prop. 2 (with the implicit condition that 
b, c, e, d are concyclic). The proof is immediate, since ab x ad-= ac x ae, or 


ab x adx bd = ac(acxbd+bdxce) = ac*(bd+ab), 


so that ab x bd = ac?. (The symbol ‘++’ for continued proportion is taken from Oughtred.) 
(7) Read ‘bc & ik’. (Newton relapses temporarily into Viete’s capitals.) 
(8) Vieta: 242-3: Prop. V. In proof, 


hi (or ga) +hb = hg (or ta) x bd (or 2bc) = (2ia or) tk x bc, 


so that the conditions of Prop. 3 are satisfied. 

(9) This Newton added on the facing page (in a slightly later hand) and then cancelled. 
Viéte’s construction is simplified to the finding of H in BC such that GH = BC, where G, H 
are collinear with A, D is in BC with BC = CD, and GB is parallel to AD with AH = IK. It 
follows that HB is the first of the two means between IK and BC. = ean 

(10) Vieta: 245: Prop. VIII. (abd = bad, cdb = abd+bad = dcb with che = dcb+dab,) 

(11) Read ‘Radius’ (that is bd = cd). 

(12) Vieta: 245-6: Prop. IX (identical in structure with the preceding Prop. 4). 
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Prop 6 
If 3rpq=spq: recto. that is If 2gr—pr. then 


3or X or=Sp X sp-+op X op + px x px.A® 


Prop 7 
If ad=dce=ce=ef. then ecf=efc = 3dac= 3dca. 
& [ac]®=3[ac] x ad*+ cf x ad?. 


| 23 — aaz+ 53.05 


prop 8 
If op =pr=qr=qs. y", prt=3qsr &c and 


sr? = 3sr x gr®—or x qr*. 


| 23 = aaz — 5308) 


Prop 9 
If ah=hb=bf=fd. & ch=2eh or ceh=3hee. 
then ac? = 3ac x ah? — db x ah?. 
& ch? =3¢b x ah* —db x ah? 


E= aaz — 63,4 


(13) Read ‘a right angle’. 
(14) Vieta: 248: Prop. XV. In proof note that 


sp? (or og? —pq*) + op? (or (0g —pq)*) +px? (or (0g-+p9)?) = 309°+ pq? (or 3gr*) = Sor’. 
(15) Vieta: 248-9: Prop. XVI. In proof, 
jac Hadtae) actif _ op _ bactdef 
ad 


ae eee 


ac ad+ae ’ 
or ac? = ad(ad+ae) = wx ad(Bac+¢f). 
In the concluding squared off line Newton, following Viéte, adds the analytical representation: 


where ad = a, ac = z and b* = a* xef (with, say, dac = 40 and CS(6) = 2cos40, the comple- 
mentary subtense), then ac/ad = CS(8), ¢f/ad = CS(30) and so Vieéte’s result is 


LCSO)Y = 3C0S() + CS(36), 
where the magnitude of 30 = eof i is supposed given and the trisection eaf is to be found. 
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prop 10 
If de=ea & db:da::ab x ab: de x dc. y® be is a side 
ofa 7 equall sided & angled figure. or 7eab = 4 right 
angles.() 


ce ee —t4op  sr—fhor $sr— tor 
gs 


cont ete en SE ce S 
: sr gs—gp — 2qs—9p 
or sr? = gs(2qs—qp) = £ (3sr—or). 
In the analytical equivalent, sr = z, gs = gr = pr = a, and so (where gsr = 40) 
gsr gor 
a CS(6), “wor #) = CS(36) 


and [CS(0@)]® = 3CS(@) +CS(3@), as before (where opr = 30, taken obtuse, is to be trisected). 
(17) Vieta: 251: Prop. XVIII. For 


3ah? = ab®—acxcbh (by Prop. 6) 


and ab? = (3ab+bd) ah? (by Prop. 7), 
so that ab? +-ac? = (ab+ac)3ah? = 3ac x ah* + ab’ — bd x ah’, 
and ab? +cb® = (ab+cb) 3ah? = 3cb x ah? + ab® — bd x ah’. 
(18) Vieta: 255-6: Prop. XXIV. Viéte’s proof shows that fa bisects eab. (The condition is 
ae dax ba db df gf ay 
de® ~ ab (orae= de) de’ ab (orde) ~ de 
so that o we ) 


fe ac(or ae)’ 


It follows that fea = ofa = eda (or ead = 2fad) + fad = 8fad = Seaf = 37, or ead = 97, so 
that eb is the side of the inscribed heptagon. 
Analytically (and perhaps more revealingly), taking db = y, ba = 1, be = x, the subtense 
S($7), we have immediately z 
— = y+] = 2cos($m) = 2-2; 


further, Tx —14x3 + 7x5 —x? = S(7 x92) = 0; 
so that, eliminating x = 0 and substituting x? = 1—y, y(y+2)? = y+1. 
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[2] 


prop 10"! 

If ac=ef. & aef a right angle & ab pas 
through y* center then cd: de:: de: df::df:db. And 
if cd: de:: de: df::df:db.?» then ae is perpendicular 
to ef. 2hd is y® difference of y* extreames & 2do 
is y* difference of y° meanes. w given y® pro- 
portionall lines may be found &c.@?) 


prop 11 


Pseudomesolabium wherby To find 2 meane proportionalls. If, 


ae:ec::ec:ed::ed:eb. 


[ &] they be inscribed in y° circle acbd y* diam: being ae+-eb. [&] If twixt gt &th 


two meane proportionalls are sought. on y® same center fw" y® Rad: es 


describe gkhi & inscribe a line k/ parallell to cd cutting ad in y* point 7 & 


giikis:kisi::alith.e® 


Examine it.@® 


(19) Annotations from Viéte’s Pseudo-Mesolabum (=Vieta: 258-74) together with the 


Adjuncta Capitula (275-85). 
(20) Read ‘pass’. 


(21) The condition that ‘ab pas through y® center’ is 


still understood. 


(22) Vieta: 263/265-6: Prop. IX/XII. In proof Viete 


takes g to be the second meet of ae with the circle. Then, 
since aef is right, gf is a diameter, and so, drawing the 
second diameter ekh, fegh will be a rectangle. Finally, 
ad (or ac+cd):al (or ac+db) = ed:gl (or df), so that 


(ef+cd):(ef+db) = ed:df = (cd+df):(ed+db), 


with cd:ed = df:db = (cd+df):(ed+db), or cd:ed = ed:df = df:db. 


(23) Vieta: 274: pevdompoBAnua. 
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prop 12. 
If do—dh & ac bisected in b & bd bee drawne 
rd is y® side of a pentagon w may be inscribed 
in defcro.@®) 


prop 13. 


& pd y° side of an = 


octogon 


octogon 


decagon 
divided in 0, [y"] od will be the side of an es 
enneagon' 


circle ord & y® arch RP is rightly®” divided by Bisecting y* Line ac.**) 
Examine it. 


If rd be y® side of a [&] y® arch rp 


to be inscribed in y* 


prop 12. 13 & I think 11 are trew onely mechanically.@ 


(24) Apparently Newton never did, nor would he have found anything amiss if he had 
(since this proposition is merely a corollary of the preceding, where a crucial point in the 
argument has been passed over in silence). It is not in fact possible, with implicit restriction 
toa straight-edge and compasses construction, to inscribe ef = ac (prop: 10) in the circle so 


that aef is a right angle. 

(25) Vieta: 283: Adj. Capitula: Caput um. 

(26) A regular polygon of nine sides (Viéte’s word). 

(27) ‘Correctly.’ (28) Vieta: 283-4: Caput 1. 

(29) Newton added this last sentence, possibly at a later date, in a small gap on the left of 
his figures. His choice of the word ‘mechanically’ is curious. All three propositions are, 
indeed, ‘trew onely mechanically’ in the Euclidean sense that their construction is impossible 
by straight-edge and compasses. However, though all the propositions are constructible by 
cubic curves (or, equivalently, by insertions of two means or angle trisections), only Viete’s 
construction in prop: 11 is exact while those of prop: 12 and prop: 13 (which use only a 
graduated ruler and a fixed circle) are only approximate. 
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[3] Of Angular sections®® 
Prop 14 
If ead=cab. Then 
ab:ab*::cb:eb x ad—ae x db::ac:ae x ad+eb x db. 
Or, 
ap:aq x ab::op:eb x an—ae Xng::.a0:ae 


x an+eb x nq. 
but y® angles ang, aop are right ones & can=oap =eab — dab.®0 


prop 15 
If y* angle cab+dab=eab.® or naq+oaq=eab. & ang, aop are right angles 
then Ab:ab?::Eb:ad x be+ac x db::ea:ad x ac—dbxcb. Or the triang: un- 
equall.®) ab: ap x aq::eb:an x op +ao0 X nq::ea:an X ao—nq Xx op. 


prop 16. 
In 2 rectang: triang: ach & ae[b], if y° first have an acute angle cab submultiple 
to y® acute angle eab of y® 24 triang[:] aeb [y"] y® sides of y° seacond have this 
proportion. suppose y® Hypoten[:] of y° first tri: be Z. y® base 5. y® Cathetus c. 


Hypoten: Base. Perpendicular 
Duple, Zz, B*—C?, 2BC. 
Triple, Z3, | B’—3DDC.*5) | 3BBC—C8. 


OO) ORO EET EERE HEHE ETRE HERERO E EEE EEE EERE ERS ETT EHH 


4B°C' —4BC*, 


Om a nw ee ee een ere 


5B4C — 10B2C% + C5. 


OO oe on 6 0 ee ee te ne ES ee Re 


Quintuple, Z°. | B’—10B%C?+5BC%. 


be to y® acute angle 
of y® first triangle 


If y* acute angle of 
y* seacond Triangle 
in a proportion 

| 

|: 


(30) Annotations from Vieta: 287-304: Ad Angulares Sectiones Theoremata KAQOAIKQTEPA, 
demonstrata per Alexandrum Andersonum (reprinted by Schooten from Anderson’s commentary, 
Ad Angularium Sectionum Analyticen Theoremata xaBodinwdrepa. A Francisco Vieta...primum 
excogitata, et absque ulla Demonstratione ad nos transmissa, 1am tandem Demonstrationibus confirmata 
(Paris, 1615)). 

(31) Vieta: 287-8: Theorema 1. Where eab = Oy eac = dab = 8; then 


a fe bes sin(a—f)] = ox xs — ~ eX = [= sinacosf—cosasin f], 
ae ad eb_ db 
and et ~ [= cos(a—f)] = —< er m [= cosacos#+sin asin A]. 


(82) That is, ead = cab, as before. 
(33) A mysterious addition to Viéte’s text, probably the product of Newton’ s incomplete 


comprehension. (The truth of the theorem continues to demand ead = cab. ) 
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f 


Prop 17. 
If ab=be=ce=eg &c: & ac=cd. & 
ae=ef. &c then ab:ac::ac:ad::ae:af 
&e. & ed=ab. & ac=gf. &c.&” 
Nam Acde & cha, efg & eac & 
c:= &sim.@® 


(34) Vieta: 288: Theorema u. Where dab = a, ead = cab = f, then 


eb ad_ be ac_ db 

- [= sin(a+f)] = pe ae | x7 [= cosasinf+cosfsin a], 

ea ad ac db_ cb ES 
and = [= cos(a+/)] = Pals pee ea [= cosacosf—sinasin f]. 


(35) Read ‘3BBC’. = 2 
(36) Vieta: 289-90: Theorema mm. Where cab = 6 and eab = nO, n = 2, 3, 4, ..., with 


y io eae B=. = ly cos? : sind, 
Z?; B*—C? 2 2ZBC = 1: cos26: sin20. 
pac Z : Be —3BC : 38B2C-—C3 = 1: cos3@: sin3é. 
Z*: B*—6B2C?2+C* : 4B°C—4BC% = 1: cos40é: sin4é. 
| 


(Z5: B’—10B8C2+5BC4: 5B*C—10B?2C?+C5 = cos56é: sin5é. 


Viéte probably derived this scheme by successive applications of the preceding Prop: 14 and 
Prop: 15 (the addition theorems for sine/cosine). Quickly, 
as Newton noted below, he gave a more direct approach. e 

Newton’s text has no diagram, but its restoration is 
not troublesome. 

(37) Vieta: 291: Theorema tv. 

(38) ‘For the triangles cde & cab, efg & eac, &c are Boe 
equall & similar’ (that is, congruent). 


This important theorem is the foundation for Viéte’s 6g BA i. Be eet d 
tables of S(n0) = 2sin(4n) and CS(n0) = 2cos(4n6) hese tonite a tai 
below. In proof, ac = S((n—1)6) 
where ae = S(n@) , then cae = eag = 40 


ag = S((n+1) 8) 
and af/ae = 2cos$0, so that actag = S((n—1)6)+S((n+1)6) = 2cos$0xS(n0) = af; or 
Z Since S(n0) = CS(m—nO) = CS(m@), say, a second analytical model is deducible from this 
theorem: namely, ac = CS((m+1)6) 
where ae = CS(m@) , sothat cae = eag = 40 
ag = CS((m—1) 6) 
and af/ae = 2cos4$0, then again actag = CS((m+1)6)+CS((m—1) 6) = 2cos$0x CS(m@). 
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Prop. 18. 
If bd=dg=gh=hk=pq=pw® &c Then 
al: ak::pe:pe::ed:do::pd:pe+do:: 
rgigsi:7g:go::qg:gqot+gs::&c. 
& if (Z = If) from ¢ to y® center [c] be drawne 
c€ then 
al: ak::di:dv::1q:qx::dgq:du+qx:: 


gzigx::wz:un &c. 
& Ergo 


ac:ak::ab[:] ad+-ad[::]ad:ab+ag:[:] ag: 
ad+-ah:|:|ah:ag+ak &c.@ 


Prop 19 
If fa=ab=be=eh &c. & af+ab+be+eh are 
greater y" y°semiperiphery.“» & dh is y* greatest, 
db y® least line drawn from d to these points 
a, b,e,h. y® rad: dh@):: db: da— de.) 


(39) Read ‘qw’. 

(40) Vieta: 293: Theorema v (first part). The last sentence restates the preceding 
proposition. 

(41) Newton has cancelled 


‘then, Rad: ge(= ec) (= ad)::bd(= bce):cd( =ad—de)::de:(dh—bd)’. 


(42) Read ‘ah’, which Newton first wrote and then cancelled! 

(43) Vieta: 293-4: Theorema v (second part). Newton’s notes and his incorrect emendation 
seem not to reveal the full significance of Viéte’s theorem, which is the complement of 
Prop: 17 above (where the subtenses/complementary subtenses da, db, de, dh/eb, ed, eh straddle 


the diameter fd and that through the point e). Analytically, where adb = bde = edh = 0 and 
db = S(n@), then de = S(27—(n+1) 0) = —S((n+1) 9), so that 


da—de = S((n—1) 8) +S((n+1) 0) = 2cos}0xS(n0), 


as before, or (da—de):db::fd x cos$0: radius 4/fd. 
In Alexander Anderson’s proof, ¢c is taken in ed with bc = be. Then it follows that 


bed = bde = bge (subtended by be) = adb (subtended by ab = be) = 40; 
so that Aabd = Aebc, or ce = da and da—de = dc (with dc/db = 2cos}0, Viéte’s ‘least chord’). 


[1, 2, §2] Annotations from Viéte and Oughtred 81 


prop 20 
Out of y® 18t? & 198 Prop: 
To divide An angle into any number of pts in y° 
figure of y® 18% prop:@9 al=diam=2z. ak is y° 
greatest of y® inscribed lines= B: now 


Z:B::B:ah+2z.) 


iestetith Mk in 24-228. ae? = 72 _ ah. And 
2 O-2 = = 
eee = :b+ag. therfore ee i or os Se . Likewise 
Zz § ZZ g ZZ g 
‘ 4 — 3 4 
Bt—4zzbb+2z = gP §zzB3 + §z on" 
z zt 
BS — 62zBi + 92'BB— 22° _ 3 
zzzzz\46) eee 
a 5 A}3__ 756 
an sa tea» Ba a seaventh line. 
: 6 4}4_ 156 8 
B8— 8zzb _— 16z°bb +- 2z Eat le Une. 
9 7 4,5 9;>6,3 8 
B® —9zzb = 302853 4+ 97 a baal lide: 
B'0_ 10zzb8 + 35248 — 502854 + 2528bb — 2210 


=[a] tenth &[c].4” 


29 


(44) The accompanying figure does not occur in Newton’s text, but has been adapted from 
that of Prop: 18 and is here inserted for convenience. 

(45) That is, al. 

(46) Read ‘z5’, 

(47) Vieta: 294-5: Theorema vi. Prop: 17 and Prop: 19 together yield the recursive rule, 
CS(n+1(8)) = xCS(n@) —CS((n—1)6), where ak = x = B/Z = 2cos40, and CS(n@) is the 
complementary subtense of n@ (or CS(n@) = 2cos(4$n0)). This rule Viéte used to tabulate 
successively, where z is taken as unity for simplicity, 


ah = CS(20) = xCS(@)—CS(0) = x*-2, 
ag = CS(30) = xCOS(20) —CS(6) = x8 —3x, 


eeee3sone eee#eeetoeeete#ee*eeeeeeeerteeeeeteeteeeesee 


6 WHN 


82 


a 


B® — 4zzb? + 3z4b 
ZA 


B" — 6zzb® + 10z4b3 — 428d, 


76 


BS —7zzb6 + 15z4b4 — 10z%bd + z8 
Zz? 

B® — 8zzb? + 212z4b5 — 202°)? +- 5z8b 

B’° — 97258 + 2824b8 — 35z8b4 + 152z8bb — z10 


Prop 22 


If agq=ab=bd=de=ch=hk=kl=ff. 
Then Gk rad:hl::kl:el (=al—ah):: 
hl :hm (= gh—qd = ak—ac)::dl:do (= 
gd — qa = ac—ab) ::lc:cn( = qc—qb = ah 
—ad &c). Soe that y® Periph: [being] 
divided into any number of pts 
gl:lk::lk:al—ah::lh:ak— 
ac::lc:ah—ad::dl:ac—ab &c. 
& glilk::ah:le—lk::ac:ld— 
lh::ad:lb—Ic::ab:al—ah &c.© hence 


(48) And 19t, 
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Prop 21 


out of y® 17 Theor:@® in y® figure whereof if ab 
y® least inscribed line=z. & ac y® next line bee B. 


a ee het 
then z:B::B:z+ae. ge OF ae, g Fa8e ag 
4__ 952 4 
& RE Te ot a fift line. 
io 41 gr4hp 76 
asixt. & ee aaa =a seaventh. 


=to an eight line. 
=to a nineth line. 


=to a tenth line. 


= eleventh.@® 


29 


(49) Vieta: 296-7: Theorema vu. Here S(@) = z, 5(2@) = b (or B) and the recursive rule 


yields S(n+1(0)) = yS(n@)—S((n—1)6@), where y = b/z = CS(@). The tabulation then 


proceeds: ae = z(y?—1), ag = z(y®—2y),.... | ‘s - = 
(50) Vieta: 297-8: Theorema vi. Where bad = dac =...= hak = kal = 406, then 


or 


2sin}0 = 


S((n+1) 6) —S((n—1) 8) 
CS(n6) ; 


S((n+1)6) = 2sin}@x CS(n6) + S((n—1) 6), 
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Prop 23. 
In y® former scheame 
— bb + 2xx 
If al=2x=hypotenusa. kl=b. x:b::b:2x—ah. & 2s Seen 
ies aps mt 
xib:— et ae Dh —P" (gb) [&] therefore ee ale 
= 4 
& a =ad y® base of y® 4" triang: 
4__ pps 5 
& sk perpendicular (b/) of y® 5¢ tri: 
mf 4__ 76 
& Rta = base of y® 6¢ triang. 
oe 81 7 y2h5__ f7 
ee = perpendic| : | of y° 7th tri 
8__ 1x6 444 Quxh61 p8 
2x8 — 16x ae b4— 8xxb§ +b _base of y* 8 ti: 
x 
8h 3(¢x78h3 BS: 71 49 
9x8b — 30x% — 9xxb7 +b — perp: of y° 9% triseD 
‘ —1)6)- 6 
and 2sin30 = Sy, 
or CS((n +1) 0) = —2sin $05(n0) +CS((n—1) 6). 


(51) Vieta: 298-300: Theorema rx. Viéte uses the preceding Theorema to tabulate 
S((2n—1)6) and CS(2n6) 
alternately, thus: [CS(0) = 2] 
S(O) = b/x = 5s, say, 
CS(20) = —s(s)+2 = 2—S*, 
S(30) = s(2—s?) +5 = 85—88, 


eoeeeteoeevestespeseeeeeeeeeeeeeeste @ 


S((2n+1) 6) = sCS(2n0) +.S((2n—1) 6). 


The recursive scheme is 
CS((2n+2)0) = —sS((2n+1) 6) + CS(2n8). 
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Prop 24 

If bd=dh=hk=kl=bg &c: then bh=gd & 
bk=gh & bl=hm &c: & then xt:bx[::ba:da]:: 
aciag::ce:eh:: et:em::10:0k ::0p:ow:: pq:gl::qr: 
qy ::15:5%715t:5f::ba:ad. therefore xt: bx::bt:dg+_ 
hm + kw + ly +xf.©® againe xt: bt::ab:bd::ac:cg:: 
ce:ch::ei:im &c. Therefore xt:bt::bt:bd+gh+ 
mk + wl+yx + ft. & since, as xt: bt::bx:dg+hm+ 
kw+ly+xf. Therefore xt:b¢::bx+bt:bd+dg+ 
ght+hm+mk+kw+ul+lyt+yx+af+ft. And xt: 
bt::bx + bt+xt: to all y* perpendicular & trans- 
verse line[s]+¢. that is (bd) xt: bt::xt+bt+ bx: 
2bd + 2bh-+ 2bk + 261+ 2bx + 2bt.%) 


(a 
Prop 24" 


Ifin y* circle cfgh be inscribed y® 
helix®®) bedc & ac touch it in y* point 
c then ab=to y® circumference. 


2 


(52) This is, in fact, Prop. 20 of the first book of Archimedes’ On the Sphere and Cylinder. It 
does not seem likely that Newton was aware of the connection at this time, for there is no 
record of his having read any of Archimedes’ work in the original as an undergraduate. 

(53) Vieta: 300: Theorema x. Where dbh = hbk =...= lbx = xbt = 40, bt = 2andné = 7, 
Viéte’s result is that 

S(@)x DY [2xS(2é)] =2 S  [cos(z—1) $0—cos(i+1) $6] 
1<i<n 1<i<n 


= 2[cos (0) + cos (40) —cos ($77) —cos (47 + 49) ] 
= 2+CS(0) +S(6). 

(54) Annotations on Vieta: 347-435: Variorum de Rebus mathematicis Responsorum Liber VIII 
(reprinted by Schooten from Viéte’s work of the same title which was published at Tours in 
1593). 

(55) In modern terminology, an Archimedean spiral. 

(56) Vieta: 355-6: Caput vi, Prop. I, Usus volutarum in dimensione circult. For proof Viéte 
refers back to Prop. 18 of Archimedes’ On Spirals. Newton has foreshortened ab. 

(57) Vieta: 357: Caput v1, Prop. VI. Where rq = 2, rp = 0, then rp = S(@) and 

po = 20—S(20), 
so that (rapc) = 4(0—S(@)CS(@)) = 4(po x 4rq). 
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Prop 25 
If apcr be les y® halfe y® circle. & vi=ip. & vo=to 


rq X po ; : 
vrap: then dee = 4 times y° section rape.© 


Prop 26 
e If ab=bd=ad & bh perpendicular to ad frd y° 
P angle®®) b. ce=ed. y" aed=ade=3dae. & ed is y* side 


of a heptagon.©®) 


Prop 27. 


If a line be cut by extreame & meane proportion y® lesse segment almost is 
to y® whole line as y* diameter is to 5 times y® Periphery divided by 6.” 


Prop 28 


Si secetur linea per extremam & mediam proportionem erit proximé, ut 
tota linea plus minori segmento ad bis totam lineam, ita que potest quadrato 
sesquialterum semidiametri ad latus quadrati circulo equalis. 

linea secta sit 100,000. minus segmentii® 38,197. Semidiamet™ 100,000, 
que potest quadrato sesquialterum semidiametri®? paulo major est quam 
122,474. Radix Peripheriz,®) 177,245.64) 


(58) Read ‘corner’ (Latin angulus). 

(59) Vieta: 360: Caput vi, Ad descriptionem heptagom propositam a F.F.C., Scholium, Prob- 
lema u. The proof is immediate since ade = ade (or dae) 4-cde (or dee = 2dae). (Note that the 
construction of the equilateral triangle abd is largely irrelevant, since Viéte uses it merely to 
construct bh, the perpendicular bisector of ad.) 

(60) Vieta: 392: Caput xv, Geometrica nixdov pétpnats, bene proxima vere, Prop. I. The 


2 
3— 5 


approximation is §7 ~ (correct to 4D). 


(61) 108x359", (62) 105x 3. (63) 10° x ,/m. 

(64) Vieta: 392: Caput xv, Prop. II. ‘If a line be cut in extreme and mean proportion, 
then approximately as the whole line together with the lesser segment to twice the whole line, 
so will be the number whose square is half as much again as the radius to the side of the 
square equal (in area) to the circle. 

‘Let the sectioned line be 100,000. the lesser segment 38,197. the radius 100,000. the 
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Prop 28") 

If er=rh=or. & ao=fc=to y® side of a deca- 
gon ;) & fn parallell to cd[,] y® en shall be almost 
equall to y® fourth pte of a circle. for af®® is 
divided in extreame & meane propor[:] in 


y? point c. & eczeftief: > Perift hbkfa: hr: 


Perim:: ef( =de)[:] ; Perim: by y® 27 prop: 
5 
4 


& ec:ef::ed:en (=— Perim[:]).@? 


Prop: 29. 

If os=2cp. & co is divided by extreame & 
meane proportion in r. & od parallell to rp. then 
db is y® side of a square [bdeg]=to the area of y*® 
circle. for by y® 28 prop: As br (=to line+ 
less segin): bo (=twice y® line) :: bp 


(- Ai : of y® square of y* semidiameter] ; 


bd (=to y* roote of a square equall to y® area of 
a‘®®) circle[) |. 


Prop 30 
If y* line de touch y® helix» in y® line ag. 
& y® line hf toucheth y® beginning of it in 
y® center a & 4ac=af. then 2ad shall bee 
equall to perim: asr. & ac being y® Diam: 
y® area of y® triang[:] acd=to y® area of y® 
circle asr.(78) 


number whose square is half as much again as the radius is a little greater than 122,474, the 
(square) root of the circumference than 177,246.’ 
Viéte’s approximation is 


1(5—/5) _ ff 138,197+ _ 12,4744 
2 ~ fe 200,000 ~ 177,245+° 
(65) That is, VO)—! x ae, (66) Read ‘ef’. 


2 
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Prop 31 


If bed be a square of one revolution of an 
helix & y® angle dhe=dba. & through y°® points 
a, d, in y* helix be drawne y° line adk. & through 
y® points e[,] din y° Helix be drawne edg. & y° 
angle kdg bisected by dh; then dh shall almost 
touch y® helix in d. & it shall be soe much y* 
nigher a touch line by how much y* angles 
ebd|,| dba are lesser.‘"*) 


Prop 32 


If many Polygons be inscribed in a circle[,] 
y* number of theire sides increaseing in a double 
proportion. & theire apotomies,“ or y*® base of 
a tri: whose cathetus is a leg of y® Polygon & 
hypotenusa is y° Diam (as y* apotome of y* Polygé 
cgp is ce. of pacegi is ae &c) if ye Apotome of y° sides 
of y® first Polygé be called 6. of y* 24=c. of y® 
34=d. of y° 42=/f. of y* 5t=g. of y°sixt=h. & y° 
diameter be z. And y® first Polygon be=p. y° 


(67) Vieta: 392-3: Caput xv, Propositio ITI. 
(68) Prop. 28’. (69) Read ‘the’. 
(70) Vieta: 393: Caput xv, Propositio IV. In the accompanying figure 


ag gx and. im Jl ew. 

(71) Archimedean spiral. 

(72) Much as in Prop: 24’. 

(73) Vieta: 393: Caput xvi, De altera methodo quadrandi circulum per angulum angulo, qui fit a 
tangente helicem, & diametro circuli, propemodum equalem, Propositio I. In the diagram, circle 
(asr) = 37x ac* = 4mac (or ad) x ac = A(acd). 

(74) Vieta: 395-6: Caput xv1, Propositio II. As J. E. Hofmann stresses in his ‘Francois 
Viéte und die Archimedische Spirale’ (Archiv der Mathematik 5 (1954): 138-45), the important 
thing in this theorem is that it constructs the tangent hd to the ‘helix’ as the limiting position 
of ged/kda as both the points ¢ and a pass into d. (The convexity of the spiral shows that the 
tangent must lie in gdk, whose vanishing is equivalent to finding the tangent fd as the limit- 
chord ed (or ad) as the points e (or a) and d coincide.) For ‘square’, read ‘quadrant’. 

(75) Read ‘apotomes’, 
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24— 9, y* 384!=r=abedefghiopq. y* fourth=s. y* 5'=¢. y° sixt=v. y° T2#=—w &c. 
then p:g::b:z. & pir::be:zz. & pis::bed:zzz. & p:t::bedf:z4. & p:v:ibedfg:z°. 
& p:w::bedfgh:z® &c.®) 


(76) Vieta: 398-400: Caput xvu, Polygonorum circulo ordinate inscriptorum ad circulum ratio, 
Propositio I/Propositio II (which summarize Archimedes’ Measure of the Circle). Where the 
regular inscribed polygon has 2n sides and the diameter z = 2, : 
then its ‘leg’ or ‘cathetus’ is 2sin (7/2n) = S(m/n) and its ‘base’ 
or ‘apotome’ is 2cos(m/2n) = CS(m/n). Therefore, since each 
succeeding polygon doubles its number of sides but halves its 
subtended angle 7/2n, the successive ‘apotomies’ are 


b = 2cos(m/2n), ¢ = 2?cos(m/22n), d = 2%cos(m/2%n), ..., 

and the areas of the corresponding polygons are p = nsin(7/n), 

g = 2nsin(m/2n), r = 22nsin (7/2n), .... It follows therefore that 
plq = cos(m/2n) = b/z, g/r = cos(m/2*n) = c/z, r/s = cos(m/2°n) = d/z, ..., 


and so £:¢ = 6:z, pir = be:z*, p:s = bed:2', .... 

For some reason Newton has not noted Viéte’s well-known Corollarium (= Vieta: 400) 
which expands 2/7 as an infinite product. Specifically, since the circle itself (=7) is the area 
of the regular inscribed polygon of an infinite number of sides, 


p 2ousingaia) ©: | (Fz) | 
circle — 1 eS se hes 8S\9in) |? 
and when n = 2 (or p is a square) 


2 ; 1 
= = lim | IL, [s(3r) |. 


which (correcting Viéte’s own formulation) we may write 


2/m = VEX A(b+38) x VE +a (8 +3/9)] x. 
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3 
ANNOTATIONS FROM WALLIS 


§1. AN EARLY NOTE ON INDIVISIBLES 


[16642] 


From the original in the University Library, Cambridge‘ 


Of Quanizty. 

As finite lines added in an infinite number to finite lines, make an infinite line: 
so points added twixt points infinitely, are equivalent to a finite line. 

All superficies beare the same proportion to a line yet one superficies may bee 
greater y" another (y® same may be said of bodys in respect of surfaces) w™ 
happens by reason y* a surface is infinit® in respect of a line, so though all 
infinite extensions beare y® same proportion to a finite one yet one infinite 
extension may be greater y" another soe one angle of contact may exceed 


another, yet they are all equal when compared to a rectilinear angle viz w“ is 


infinitely greater. Thus - is double to - & : is double to 4 for multiply y* 2 
oP 

= * 
¥ 7 & ought therefore to bee 


first & divide y* 2°° by 0, & there results 37 & yet if - & - have respect 


‘ . Se 
to 1 they beare y* same relation to it[,] y*is 1 ait 
considered equall in respect of a unite. 


(1) Extracted from Newton’s Qu[alestiones quedam Philosoph|i|ce, a miscellany of scientific 
jottings entered about 1664 (or so we may judge from the writing) in a small pocket-book 
partially described by A. R. Hall in ‘Sir Isaac Newton’s Note-book, 1661-65’, Cambridge 
Historical Journal, 9, 2 (1948): 239-50. As Hall remarks on p. 242, the earlier parts of the 
Questiones seem ‘to be transcripts, more or less direct, from his reading’. In this note Newton 
names no source for the thoughts he has written up, but the statements on indivisibles and 
reference to the angle of contact argue strongly that Newton was already familiar with 
Wallis’ Operum Mathematicorum Pars Altera (Oxford, 1656), which contains in particular the 
tracts De Angulo Contactus & Semicirculi Disquisitio Geometrica and Arithmetica Infimiorum. It is, 
however, just possible that Newton had first read Thomas Hobbes’ belligerent and myopic 
commentary, Examinatio et Emendatio Mathematice Hodierne, Qualis explicatur in libris Johannis 
Wallisii Geometria Professoris Saviliani in Academia Oxoniensi. Distributa in sex Dialogos (London, 
1660). In attacking Wallis’ ideas, often on wholly inadequate grounds, Hobbes’ Dialogus 
Quintus [De Angulo Contactus, de Sectionibus Coni, & Arithmetica Infinttorum] succeeds in conveying 
a surface-impression of Wallis’ thought and it would have been natural for Newton, once his 
interest was aroused, to pass immediately on to the original. 

(2) Add. 3996: 89" (=Newton’s p. 5). (3) Newton first wrote ‘infinitly’. 

(4) Newton raises one of the fundamental paradoxes of indivisibles. Where ‘0’ is an 
indefinitely small ‘unit’ indivisible, the proportion §:¢::2:1 holds, though in the limit as 0 
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The angle of contact is to another angle, as a point to a line, for y* crookednes 
in one circle amounts to 4 right angles & y* crookednesse may bee conceived 
to consist of an infinite number of angles of contact, asa 
line doth of infinite points. As y® point a to y® line ab so. 
y® line ac to y® pgr® abcd:: pgr® dbef: y*® paralelipipedon 
bg.) 

Tis indefinite (yt is undetermined) how greate a «< 
sphere may be made[,] how greate a number may be 
recconed, how far matter is divisible, how much time or 


a 


' ae ee 
extension wee can fansy[,] but all y* Extension y* is, Eternity, 9 are infinite. 


a , 
7 exceeds all number & is soe greate y* there can bee noe greater, but (finite) 


number is called indefinite in respect of a greater. 


passes into absolute zero both $ and % are simple (denumerable) infinities and so ‘ought... 
to bee considered equall...’. On the style of Wallis’ De Angulo Contactus and Arithmetica 
Infinitorum Newton considers two mathematical models of the paradox: the angle of contact 
(or horn angle) as the indivisible of a finite angle, and the surface-element as the indivisible 
of a surface. 

(5) Read ‘parallelogram’. 

(6) Newton adds the familiar model of the geometrical point as the indivisible of a line- 
segment, and contrasts it with that of the contact angle. The notion of the ‘crookednes’ of a 
circle being ‘4 right angles’ is here not wholly clear, but Newton seems to have taken it from 
Wallis’ De Angulo Contactus: Cap. xu, Argumentum quartum: 40-5, whose argument demands the 
limit-equation of a circle with a regular n-sided polygon whose sides increase indefinitely in 
number but decrease correspondingly in magnitude. 

Since the total change in direction in traversing the whole 

perimeter of the polygon (or the sum of its exterior angles) 

is 4 right angles, the change in direction from one side 

to the next (or the magnitude of the exterior angle at 

each corner) is 4/n right angles. In the limit as n becomes 

indefinitely large and the polygon becomes a circle the 

total curvature remains constant at 4 right angles but 

each exterior angle becomes an angle of contact (between 

the circle and the tangent at that point) of unit-indivisible magnitude 4 x (1/n) = 4x0 right 
angles. Since, finally, there is an (equal) angle of contact at each point of the circle perimeter, 
there are as many angles of contact in the total ‘crookednes’ of the circle as points in the line- 
segment equal in length to that perimeter. 

(7) Newton first began a word ‘sur[ ]’, presumably ‘surface’, but then cancelled it. 

(8) This last paragraph, squashed in at the foot of the page and in a different ink, is clearly 
a later addition and probably Newton’s own thought. Scholastic (Aristotelian) influence, 
encountered by Newton in his early undergraduate years during formal instruction and 
his required reading, is here very marked both in the concepts introduced and their 
expression. 

Elsewhere in the Questiones Newton’s mathematical notes are even more strongly scholastic 
in tone. Compare, for example, the following: 
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§2. EARLY NOTES AND RESEARCHES 


ON INDIVISIBLES 
[Early(?) 1664] 


From the original in a pocket-book in the University Library, Cambridge‘?? 
3 
1 667 January 


All y® parallell lines w** can be understoode to bee drawne 
uppon any superficies are equivalent to it, as all y° lines drawne from 
(ao) to (co) may be used in stead of y* superficies (aco.) 

If all y* parallell lines drawne uppon any superficies be multiplied 


[Newton’s p. 8] 
Of Place 
Extension is related to places, as time to days. yeares &c. Place is y* principium individuationis of 
streight lines @ of equall & like figures.... 


[Newton’s p. 10] ; 
Of Motion 
... There are so many parts in a line as there can stand Mathematicall points in a row w out touching 
(i.e. falling into) one another in it @ soe many degrees of motion along y' li[n]e as there can be stops & 
StAYS. . «. 


[Newton’s p. 87] 
Of Quantity 

If Extension is indefinite onely in greatness & not infinite y" a point is but indefinitely litile@ yet we 
cannot comprehend any thing lesse. To say y' extension is but indefinite. . . because we cannot perceive rts 
limits, is as much as to say God is but indefinitely perfect because wee cannot apprehend his whole perfection. 

(1) Newton’s notes on what, by the mid-seventeenth century, had already come to be 
known as the ‘method of indivisibles’ (that is, the mathematical method of reasoning about the 
quadratures of areas and volumes through examination of their ‘indivisible’ elements, the line 
and surface respectively). A first general if not wholly systematic account of the method had 
been printed thirty years before by Cavalieri as his Geometria Indivisibilibus Continuorum nova 
quddam Ratione promota (Bologna, ,1635) but had been quickly developed both by Cavalieri 
himself and by his pupil Torricelli. (See D. T. Whiteside, ‘Patterns of Mathematical Thought 
in the later Seventeenth Century’, Archive for History of Exact Sciences, 1 (1961): 179-388, 
especially vim, Calculus. 1. Indivisibles and the arithmetick of infinites.) Wallis, in his tracts De 
Sectionibus Conicis and Arithmetica Infinitorum, began to popularize the method in England from 
1656 and it seems beyond doubt that he is Newton’s inspiration here. Ironically, Newton 
himself was to be a leader in the movement towards algorithmic calculus procedures which 
made indivisible theories obsolete by the end of the century. Till, however, his own ideas 
developed (under the overriding influence of Descartes’ Geometria, as we shall see) he made use 
of indivisibles on several occasions, but not always wisely as his attempt to square the hyperbola 
reveals. | 

Note that the date (January 1663/4) here set at the head of the text is, in fact, separated 
from it by a considerable blank and may not refer strictly to these notes. However, Newton’s 
writing in this date differs little from that of the text, which we may therefore assume to have 
been composed in the spring or early summer of 1664. 

(2) Add. 4000: 82", 837-84". 
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by another line they produce a Sollid like yt w® re[s]ults® from y® superficies 
drawne into y* [s|ame® line. as if either all y® lines in y° 
A _ eat ee if y° a pote ppg A 
(b) they both produce y* same [s]olli , ence All y® 
Wy parallell superficies w“" can bee understoode to bee in any 
sollid are equivalent to y' Sollid. And If all y* lines in any 
b triangle, w“' are parallell to one of y* sides, be squared there 
results a Pyramid.” if those in a square, there results a cube. 
If those in a crookelined figure there resu[l]ts a sollid w™ 4 sides terminated & 
bended according to y° fasshion of y* crookelined figure. 
If each line in one superficies bee drawne into each correspondent line in 
another superfies as in aebk,® & 


or——\m omne if ae x dh. bk x cn. qu x wx &c. 
d h they produce a sollid whos oppo- 
- site sides are fashioned by one of 
: y° superfic[ies] as y® Sollide fpsrg. 


where all y* lines drawne from /r 
to ps are equall to all the correspondent lines drawne from ow to mx. & those 
drawne from fg to fr are equall to y correspondent lines drawne from gz to vz.2 


(3) Newton wrote ‘relults’. (4) The text has ‘lame’. 

(5) Newton wrote ‘lollid’. 

(6) Compare Wallis’ De Sectionibus Conicis: 26-7: | 
Prop. XI, De Cuneo Parabolico. 

(7) De Sectionibus Conicis: 14-15: Prop. VI, De 
Pyramide. 

(8) Newton generalizes, to an arbitrary ‘crooke- 
lined figure’, Wallis’ definition of a conical Pyra- 
midordes in his De Sectiontbus Conicis (of which Prop. 
IX: 23-4, Prop. XV: 36 and Prop. XIX: 42, 
define respectively the Pyramidoides Parabolicum, 
Ellipticum and Hyperbolicum). In a conical Pyramid 
all sections through the axis are similar symmetric 
conics while all sections parallel to the base are 
squares, and Newton’s generalization merely re- 
places conics by arbitrary symmetric curves. 

(9) Newton’s diagram requires ‘zbk’. 

(10) This generalization of the wedge formed 
by ‘multiplying’ a given curve into a constant 
line-length (or, more strictly, rectangle of constant width) was first formulated by Grégoire 
de Saint-Vincent in his Opus Geometricum Quadrature Circuli et Sectionum Coni (Antwerp, 1647), 
whose Liber vu, De Ductu Plani in Planum: 703-864, details the method with numerous 
examples. Wallis, having read Grégoire’s work, was very much impressed with its power, 
introducing it in Prop. LX XV: 60, of his Arithmetica Infinitorum and returning to it in many of 
the following propositions. Since there is no evidence that Newton himself read the Opus 
Geometricum, we may assume that this ductus plani in planum method is yet one more annotation 
from Wallis. 
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To square y® Parabola. 

In y® Parabola cae suppose y® Parameter 
ab=r. ad=y. dc=x. & ry=xx or = y 0 
Now suppose y° lines called x doe increase 
in arithmeticall proportion [y"] all y* x’s 
taken together make y® superficies dch w™ 


is halfe a square. let every line drawne 
from cd to hd be square & they produce a 


3 
Pyramid equall to every xno 08 w if 


divided by r there remains = == equall 


to every se [yt is] equall to every (y) or all 


y° lines drawne from ag to accc equall to y* superficies age [y* is] equall to a 3° 
pte of y® superficies adeg & y® superficies acd =e 


Otherwise. suppose ce=b. co=x. co=y. & ry=bx—xx.0 y® lines x in- 
creaseing in arithmeticall proportion every x is equall to 4 times y* superficies 


3 
edh="y w“ drawne into 4 produceth y* sollid - but if every x be squarered 


3 3 
they produce a pyramid equall to = wherefore every bx— xx [is] equall to 
3 


every ry“ equall to y* superficies adcc drawne into r & = to cade as before.%° 


(11) The defining equation for the parabola. 
(12) Arithmetica Infinitorum: Prop. XXII: 17. Wallis himself gives an arithmetical proof 


x 
strictly equivalent to | x2.dx = 4x3, but Newton here seems to wish to assume the truth of 
0 


this result from the allied theorem in pure geometry (traditionally ascribed to Democritus but 
first satisfactorily proved in Euclid’s Elements) that the volume of a pyramid is one-third that 
of a prism with equal height and base-area. 

(13) Newton finds, where cd = 6, a new equation for his parabola by now taking x > b—x. 


b b b b 
(14) Since | ry.dx = if (bx — x?) .dx = of x dx — { a”. das 
0 0 0 


(15) Two neat proofs by indivisible methods of a classical Greek result (first proved by 
Archimedes), yielding the immediate corollary that the general parabolic segment contained 
between an arbitrary chord and its conjugate diameter is exactly quadrable. Wallis, from whom 
it seems (note (12)) Newton took the result, himself very probably learnt the result from his 
reading of Torricelli’s Opera Geometrica (Florence, 1644). The latter, among a score of proofs 
of the theorem composed in exemplification of various types of quadrature methods and 
printed as his De Dimensione Parabole, gave this present method of comparison with the volume 
of a pyramid as his Lemma XX: 57-8. 
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B To Square y* Hyperbola. 
: In y* Hyperbola egaw. suppose ef=a. 
fa=b. ap=rq=y. aA=d. pq=ar=x. 
ad=q=*oa=*ac =*d.®) 
& da-+ar:ar::ar:rqg.0 xx=dy+yx. In 
w* equation every x taken together is 


aa 
3 & 
every xx taken together is a pyramid = 


equall to y* triangle afb equall to 


3 
@ as) 
3 


Every y taken together is equall to y® 

supe[r]ficies eha=mkt.0 If y? gh=lm=ns=ad=d. every dy is equall to y° 
solid nglmhs. If y® angle mhk is a 

g fin right one & if mh=gl=ba=ef=a 
x y that is if y® triangle mhk=abf. 

every yx will be equall to ye sollid 

mhstk. Joyne these two sollids 


; a 
n—t é : together as in liming =~ 


pi=pd= 44, & WW — xy. 


& & h = 
geen pn Againe suppose every x taken 
; together to be equall to y® super- 
i ficies aef®@), y® line gy) squared 
ieee s is 4xx. every 4xx composeth a 


sollid like (II & §)) an eighth pte 
whereof (w“ is equall to every 


my 
Dea ieatingy oe =) being like II % Ko=xyzv; xv 
will be equall to 

Il & =¢ef/=a=st=*2=-0} =i. 
& vz=IIlo=af=km. whence y* 


h 


(16) Newton first wrote ‘ad=gq=o0a=ac=d’ and then added the numerical coefficients as 
shown. What he intended is not clear. (The second hyperbola below, defined by 5x? = y(q+y), 
has transverse axis ad = g = 2./5d.) The entry ‘aA=d’ in the preceding line (with A clearly 
different from d in Newton’s accompanying figure) is likewise mysterious, though perhaps 
intended for the 4-parameter (4d) of the second hyperbola. 

(17) A rare defining ‘symptom’ for the hyperbola age touched by ca in a and having do for 
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co[n]vexe superficies xyv of y® figure xyvz will 
fitly joyne w® y® concave superficies mst of y° 
figure shmtk. If every x is equall to y® super- 
ficies aef, every y®) shall be equall to y® triangle 
St 
q 


[I a afn =". every ya. every y=. & 


B® | ghb 268+ 3qbb 


therefor y® Sollid yxzv@ = 307 90 Joyne y® Sollid shmkt to yxvz 


20 60 
3 
& there resulte[t]h shmzth= 200 8) from w“ againe substract suzy = 22+ 340 
— 2h3 — 
& there remains y® sollid mish 2000b— 2098 . w® substract from y® 
8 31 Ops 22 
sollid ntlmg =" & there remaines nghmhs = 708 + P+ Sh See" w being 
a [eer . 40a + 4b? + 69bb—60aab _ 
divided by d= J = there remaines ao = to y® superficies 


abe.®) 


one of its asymptotes. The branch ayw in Newton’s figure is not, of course, its continuation 
beyond a. (See note (29).) 


(18) Analytically, | cdi ta? and [isa = $a°, 
0 


(19) Read ‘mhs’, which is : y.dx since the bounds are : a ; and f a 
0 = = 


(20) Since y(d-+x) = 2%, it follows that * gldex).de ee | aS 
0 0 


(21) Newton added this at a later stage on the previous page, and it is inserted in its present 
position following his instruction. Using the ‘symptom’ fd: ar::ar:aq, he now defines a new 
hyperbola age by 5x? = y(q+y). The point d is no longer its centre but on the opposite branch 
of the curve. The branch ayw, however, now becomes the true continuation of ega. 


b b b 
(22) That is, | dy. (88) Equal to 2p. (24) [ay (25) [oo 


b b b 
(26) | y2ay (27) ast.dy = | Aol? + ay) dy 
(28) That is, the wedge hs xAmhk = $a. 
(29) This is a marvellous tangle, but it is clear that, where f(x, y) = 0 is the defining 
equation of some simple (Apollonian) hyperbola, Newton 


seeks on the lines of his previous investigation of the para- : 


b 
bola to evaluate one of i: y.dx or | x.dy rationally in 
0 


terms of a and bd. 

His first choice of equation is the deceivingly simple 
x2 = y(d+x), with gp = x, ap = y, ad = d and af = b (so 
that a? = b(d+a)). (This hyperbola, of latus rectum 2d/,/5 
and transverse axis 2,/5d, has its centre at « and asymptotes 
ao and ac, where a = (—d, —2d) and ¢c = (—d,0). We 
may easily show that oa is tangent at a. In Newton’s figure 
the branch ega alone is drawn but its smooth continuity 
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§3. ANNOTATIONS ON WALLIS 


[1664/5] 
From the original in a pocket-book in the University Library, Cambridge? 


[1] Annotations out of Dr. Wallts his Arithmetica infinitorum 


1 A primanary series of quant[it]ys is arithmetically proportionall, as 0, 1, 
2, 3, 4. & its index® is 1. 

Secundanary series are® those whose rootes are arithmetically proportional ; 
as, 0, 1, 4, 9, 16. & its index is 2. 

Tertianary, quartanary, quintanary® series of quantitys are those whose 
cube, squaresquare, squarecube rootes are Arithmetically Proportionall as 0, 
1, 8, 27, 64./ 0, 1, 16, 81, 156.©/ 0, 1, 32, 243, 624. &c. Their indices being 
3, 4,5 &c. 


with ayw, its mirror-image in daf, misleadingly suggests that the whole arc egayw belongs toa 
single hyperbola with asymptotes do and dc.) The area (abe), or | ye in the analytical 


equivalent, Newton now attempts to 
evaluate by a solid construction. 
Using his first diagram as basis he 
builds a set of interlocking volumes 
whose essential details are shown 
compactly in our figure. (The crudity 
of Newton’s own illustrations is pre- 
served in the textual diagrams.) 

Following Newton’s argument, the 
area (abe) sought is to be derived 
from the volume (nsmigh) = d x (abe), 
where 


(nimigk) —(nsmlgh) = (stmhk) = 


(stzmhk) —(stzm). 
Here both 


(ntmlgk) = | y(a-+4) ax ise 


a 
| x? dx = 4a 
0 


and the wedge 
b 
(stemhk) = | _ ha dy = ot 
ae = s a tees } 
PERS Ss ie Mo EE Le SEL 
is not resolvable. Newton is clearly disappointed but in the hope of successfully revising his 
argument assumes a second equation for his hyperbola, 5x? = y(q¢+y). As before, 


(nimlgk) —(nsmlgh) = (stzmhk) — (stzm), 


are easily calculable, but | 
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2 Primary[,] secundanary, tertianary series &c are said to bee reciprocally 
proportionall (y* is to y®° same series increasing) which continually decrease as. 
bea Oi 2 eae bs 4S SE ea al 
ois" 34.6 1’ 4’ 9° 16" 6° 1" 8’ 37° 64° 
—1, —2, —3.© 

3 Subsecundanary, subtertianary, series &c: are those whose squares, 
cubes, &c are arithmetically proportionall, as J0, V1, /2, 78: ede Je k 


Ve:2, /ce:3 &c. Theire indices being 5 2 & c.29) 


Their indices being negative as 


4 The indices of compound or mixt of rationall & irrationall series, by 
multiplying or dividing y* indices of y® simple series may bee found. as ina 


where (nsmigh) = dx ie y.dx, the wedge (stzmhk) = 4a%b and (or at least Newton continues 
i) 
b 
to take it so!) (ntmigk) = 3a5, but now (sizm) = | : 4x2. dy is equal to 


b 
|, tou(a-+y) dy = do(88%¢ +20"), 


which is rational. Since this revised argument is not cancelled Newton would appear to have 
persuaded himself that he has succeeded in squaring a general hyperbolic segment. Un- 
fortunately, he has overlooked the crucial point that, since now 5x? = y(q+y), 


(ntmlgk) (or 13 y(d+x). ds) 


is no longer $a° and indeed cannot be rationally evaluated. (In fact, the rational quadrature 
of any segment of a central conic is in general impossible and no revision of Newton’s argument 
can achieve his aim.) | 

(1) The date is fixed by the autobiographical entry made by Newton on the facing page 
(14”) which has already been quoted in full in the introduction: ‘...I find that in y* year 1664 
a little before Christmas I... borrowed Wallis’ works & by consequence made these Annota- 
tions. . .in winter between the years 1664 & 1665. At w“ time I found the method of Infinite 
series. And in summer 1665...I computed y® area of y® Hyperbola...to two & fifty figures 
by the same method.’ There is in existence (in private possession) an incomplete contemporary 
copy of these annotations in the handwriting of John Collins. Neither the copy nor the 
original seems to have had a wide circulation, though the former passed into William Jones’ 
hands at the turn of the century, when it was checked against the original and a copia vera of 
the autobiographical passage appended in Jones’ hand. 

(2) Add. 4000: 15'—17’. It is partially (ff. 20-21") entered over some early notes on 
analytical geometry headed Epitome Geometrie (2, 1, §2). Newton himself has added a pagina- 
tion 1-19 on the top right corners of ff. 15™-24'. 

(3) That is, the exponent 7 of the general term x‘, x = 0, 1, 2, .... 

(4) Newton first wrote ‘A Secundanary series is...’. 

(5) Wallis’ Latin is perhaps better rendered ‘quaternary’ and ‘quintenary’ respectively. 

(6) Read ‘256’. (7) Read ‘1024’. 

(8) Newton restates Prop. XLIV: 35 of Wallis’ Arithmetica Infinitorum. 

(9) A summary of Prop. LXXXVII: 67-8. In the manuscript this paragraph is written 
below the next, but is here transposed to agree with Newton’s numbering. 

(10) Prop. LIV: 53. Compare also Prop. LVIII: 46-7. 


7 WHN 
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subsecundanary progression cubed V0, V1, V8, /27, /64 y® index is 5X = 


So in y® cube rootes of a secundanary progression, J/¢:0, V¢:1, /¢:4, /c:9 &c. 


bo] Go 


y® index is 7x Q=2. so in irrational reciprocall progressions - 9:53 | qq a, 


(19:3 (on &c y® index is —1 xg= a 
Now suppose y® line ac be divided into an infinite number of equall pts ad, 
de, ef, fg &c, from each of w are drawne parallells nd[, | 
2 pel,| gf &c: w increase continually in some of y° 
foregoing progressions or in some progresion com- 
pounded of y™, all those lines may be taken for y° 
surface bqnac, & to know w' proportion that superficies?) 
hath to y® superficies ambc[,] y‘ is wt proportion all those 
lines have to soe ma[n]y equall to y® greatest of y™, I 
say as y° index of y® progression increased by an unite 
is to an unite soe is y® square®® abcm to y® area of y° 
crooked line [dgnac].°® As if abe is a parabola y°® lines 


i 


nd, pe, qf, &c: are a subsecundanary series (for y=/rx) whos index is ; w added 


to an unite is 1 +5 =5. Therefore 5 1::3:2 so is y® square ambc to y* area of y* 


Parab. (y* names of y® lines are (ad), ae, af &c=x. dn, pe, gf &c:=y. ac=p. 
bc=q.)*°) The case is y* same if abc bee supposed a sollid, as suppose a Para- 
bolicall conoides. y" since y® nature of it is ~x=yy. yy designes y® squares nd, pe, 
qf &c: all w taken together are equivalent to y® sollid. & those []§@® increase 
in y® same proportion w® rx, or x doth. yt‘ is they are a primanary series whose 
index is 1. to w (according to y* rule) I ad an unite & tis 2. Therefor 1:2:: 
soe are all y* [1] of y° Primary series to soe many [Js equall to y® greatest of y* 
series, & soe is y® conoides to a cilinder of y® same altitude.@”? 


(11) Prop. CV: 79-81. 
(12) Newton has cancelled ‘all those lines’. 
(13) Read ‘parallelogram’, 


(14) That is, [Pardes [x de = (n+1):1, where ad = x, nd = x", say, and ac = p. 
0 


Wallis gave many treatments of this basic theorem of the method of indivisibles, but dealt 
with it most generally in Prop. CLXXXII, Lemma: 146-61 of his Arithmetica Infinitorum. 

(15) The gist of Prop. LXIV: 52-3 and Prop. LXV: 53. Note that the accompanying 
diagram is Newton’s, though based on Wallis’ in a general way. 

(16) Read ‘squares’, 

(17) A summary of Prop. LXVII-LXXII: 54-8. 
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Also if a superficies be compounded of 2 or more of these series, Their area is 
as easily found; as if y® nature of y* line bee y=aa—xx, or 


y=a'—Qaaxx+x* or y=a—3atxx+3aaxt—x8. &c. 


Their areas will bee to y® parallelograms about them as 2 to 3, as 8 to 15, as 
48 to 105 &c.® but if I put in y* intermediate termes in these last named lines 


their order will bee y=J/aa—xx, y=aa—xx, Y= aa—XxXxN aa—Xx, 
y=at—Qaaxx+x4, y=at—Qaaxx+x4Jaa—xx. y=a>—3atxx+ 3aax4—x®; 
&c: & since these lines observe a geometricall progression their areas must 
observe some kind of progression. of w*" every other terme is given viz 
8 «$8 4 384g 3840 
15 105 945 10395° 
Twixt w°" termes if y® intermediate termes (].* can bee found y* 24] will 
give y® area of y* line y=/aa—xx, y° circle.@ Soe likewise in this progression 
of lines y=1. y= ax—xx. y=ax—xx. y = ax—xx/ax—xx. pentane 2Qax3 + x4. 


ae paulo “0 0: : &c. y® 2¢ terme 


8 : [&c]a® 


ee Ps 

30 =: 140 Pr 
if it can bee found givs y° area of y® ©@ for as its denominator to its numerator 
so is y° (2) of y* diameter to y® area of a semicircle.@ If this last progresion 


&c: y® progression of their areas is 1:7 - 


(18) Prop. CXI-CXVI: 85-8. Here 
fe (a? = x8) dx: |" a? de = 2:3, [° (at — x8). de: {ad = 8:15 
0 0 


and am (at — 38). ds: {ab ds = 48:105. 


(19) Newton uses Wallis’ reasoning ex lege continuitatis, or from a structural pattern. 
(Compare Prop. CX VIII-CXXI: 88-92; Prop. CX XXII: 104-6; and Prop. CLXIX: 136- 
7.) In Newton’s adaptation a function, say f(r), is defined, for integral values of r, as 


(a®—x®)" dx 
Meee [heer] 


and the problem is posed of interpolating the sequence at }-intervals. Arranging f(r) in a row, 
r= 0,1, 2,..., Newton (following Wallis in Prop. CLXXXIV: 161-3) sets f($) = 0, the 
‘square’ to be found, and leaves the other }-intervals blank. (Note that here = f(4) = ia 
is not strictly Wallis’ symbol but its reciprocal.) 

(20) That is, as Ca’. (21) Read ‘circle’. (22) Read ‘square’. 

(23) Prop. CLXV: 128. This function, say g(s), 


ve [ = fade | 
0 
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bee multiplyed by y* respective termes in y*® progress 1. 2. 3. 4 &c it may bee 
diminished, y® ers being 1. 2(—0. ss 4x3 gx, 1 


] : 
ae t 
F 30° 70L: &c]. soe y'in 


this progression 1, he 52% 5° d, 59 & 75: f, &c: if 6 can be found y® y* 0 of y* 
diameter to y® area of y® circle is as y° denominator of d to its numerator.@°) 
Likewise y* 15 series of areas may be diminished by multiplying each terme by 
its bie ih terme in this progression 1, 2, 3, 4, 5, 6, &c: & it will become 
48 ,384 3840 
15 a 2, by 30 159 195? gas 945 
of a to its num:@® so y* []@” of y® Radius to a semicircle, y‘ [is] making y° 
radius=g. 2aqg=©.®) The same kinds of changes may bee performed by any 
other progressions, as by division by y® eres progression . 2, 4, 8, 16, 
: ] 1 
&[c] y® first series of areas becomes, 1, g, 7 h, = 30° k, —— 140” a, a &c viz y° 
same w'® y@ 24 series. Also these changes may be done by addition or substrac- 
tion of mutuall termes in 2 proportions. Soe yt y® most convenient way may be 
chosen, wherby to reduce any series of proportions to y® most conv[eni]ent 
forme.@®*) 


. &c. In wif acan bee found y" as y* denom[:] 


is set out by Newton at }-intervals, with integral values of the argument, s = 0, 1, 2,..., 
entered numerically, g(4) = $7 entered as 1) and the remaining 


spaces left blank. (N ote that for integral values of s, g(s) may be 


] 2 3 
evaluated as the continued product 1 x =—~ 2x3 *OxB*ax7% 4) 
In a theorem (Prop. CXCII: 193) added when the Arithmetica 
Infinitorum was in the press Wallis set the progression in geome- 
trical form: where VT’ = s and 


1C wif tl a (i (e—a8).ds) 


define the curve VC, we can ‘square’ the circle y? = x—x? if we 
can find the ordinate 8 


g() == =<. 
(Compare Wallis’ letter to Oughtred set in appendix to the 
Dedicatio and dated é@ Typographeo Oxoniensi postridie Paschatis 
[1656].) 

(24) Newton wrote ‘reslut’. 

(25) Newton’s gloss on Prop. CXXXI: 103-4, where the pro- 


gression, 1 
h(s) = | (2e4-1) (x—28) .ds, 
0 


appears (tabulated only for integral values, h(s) = 1x4x}%xizoexi%x...) as the main 
diagonal of the accompanying table. 
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Now if it be propounded to find these middle termes, It will be convenient to 
find how the given proportion may bee deduced from an Arithmeticall, 
Geometricall, or some other familiar proportion, viz whose meane termes may 


be found; as this progression 1. : az on deduceth its originall from this 
Ox2x4x6x8 oe ge nis 1 
bs Shiboias WR Sua ee (30) +5 

AX axexixg Remw A is an infinine®® number 0° 


It will also be convenient to find what relatié all y° other meanes have to y° 
first soe y' if y® first bee had all y* other[s] may be deduced thence. As in this 
3, 4a 15. 8a. 
* 2° rs 2 _— 
0Ox2x4x6X8X 105. & 
1x3xbx7x9xIl 


case suppose y* 15tmeane to bee a. The progression will be sa: lia 


105, 64a, 945, 6400 
48° 35° 384 315’ 

: l 2a x 4a x 6a x 8a x 10a 
from this 4(=5) ca ala 


deducing its originall from A x 


5 . &c.®3) (note y* y® proportions of 


these meane termes to one another, or to (a), are found by finding y* proportion 
of y® circle y= /aa—xx to y® line y=aa—xxJ/aa—xx &c).@ 


(26) Read ‘numerator’. (27) Read ‘square’. 

(28) Read ‘[area of the] circle’. 

(29) Newton, stimulated by his reading of Wallis, lets his mind roam free. 

(30) Read ‘infinite’. 

(31) Based on Prop. CLXXXVII: 167-9, where Wallis analyses the table accompanying 
his Prop. CLXXXIV. 


See S8xBx7xd. , 

(32) Read A(= 1) x 5x4x6x8 &c’. 
a ee 2x4x6x8xl0d, , 
0 I ET axe 


(34) Newton reduces his former function 


fir) = — (or more simply f(r) = e (1—8)". dx) 
0 


to strict Wallisian form by tabulating its reciprocal 


Fir) = 75: r=—}3, 0, > 4, 13, 


In particular, a = F($) = 4/7 is the number which Wallis tabulated by O in Prop. 
LXXXVIII and succeeding propositions of Arithmetica Infinitorum. (Note that 


I'(r+3) 
PG) xTCt’ 
and compare D. T. Whiteside, ‘Patterns of Mathematical Thought in the Later Seventeenth 


Century’, Archive for History of Exact Sciences, 1 (1961): 179-388, especially IV, ‘Concept of 
function. 2. Interpolation’: 237-40.) 


F(r) = 
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In this case to find y® quantity a;®) Naming y® termes in y* progress: 


, od oo 
gt Lie ap giocgh sphere gg 
S$ dsecced -¢ -- gi meg 
ee ee ee eee , 
st t_— a  —— _ 
1st observe y j 2. Ame ot we Ores — =| 5 &c y® proportions still decreasing 
A cdefghk 
& therefore®® yt in PRP eR &c: y® latter terme is lesse y® y® former: & 
therefore 
less “pried. oe 
oT 
— is 
cc 9 7 3 
greater y” ‘ x aie. a 
less y2 1x/2=,/1+4, 
or a=d® js ce 
greater y 1x /3—/1+s. 
lesse y™ IL ie Sk. 
. - edd 3 8a 2x4a 
Also = is = Q:— — 
44 a oe oe 9 3x3 
greater y pp ee 


(35) Newton has cancelled ‘it may be considered y* _< = 2. rr ket ie Poe oo 
(36) Appealing to Wallis’ continuity principle. 
(37) That is, d/e since c = 1. (38) Read (3) = ( 


Go 
x 
w 


(39) Newton has cancelled ‘3 x3 
(40) A lucid summary of the first part (pp. 178-9) of Wallis’ lengthy Prop. CLXXXXI: 
1 1 
178-93. The function F(r) = ( | . — #8). ds) is tabulated at }-intervals, with 


b = F(-3) =2/n, c= F(0) =1, d= FQ) == 4/n, ¢ = Fl) =3, 


—  ‘T(r+8) ; = 22+1 
Since F (r ) a I xTirtl) , it follows that F (r ) = oe ( 2; and 
21+2 
x ss . ’ =, I, ’ ’ 
+9) idk, GF sc i) ase aes 


From the (Schwarz) inequalities 


F(r) _ F(r+1) F(r+1) _ F(r+2) 
Fe-1)” Fr) “" “Fey Ret)’ 
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3x3 /4 
lesse y® ax AN 9° 
Therefore®® a is And so by y® same reasoning, 


8x3 /6 
2x 4° 


9x 25x 49x 81 x 121x169 14 


a a a ee atid 
_ ples y" Sex 36x 64x 100x144 x14 13° 
a is & (40) 


cater v2 SXBXSBXSBXTXTX9X 9XILXILX13X13 /15 
Bt Y Ox4x4xX6XOX8X8X10X10X12X12x14N 14° 


Thus Wallis doth it, but it may bee done thus. 


greater y™ 


greater y" 1. a greater then a 
a is = is Therefore 


3 
less then > lesse then “ ‘ 


3X3 15 
n _ Se 
: greater y" 57: ee, greater y" —. | 
a is ican ae 1S s y‘ is 
lesse then 2" *? lesse y? —. 
2x4x4 16 


3X3x5xX5 3X5XxX5 
2x4x4x6 2x4x4x2' 


8x3X5X5X7_ 5X5X7 
2x4x4x6x6 2x4x4x4° 


greater then 


lesse then 


By y® same. reasoning 


ee 
S y o%4%4*%6%6 8810 2x16x4x 64X2° 


oe 2 oF ee, eee 49x81 xI1l 
lesse y" 5X 7X7 XGXGX X= xX 


ais 


7 
4%4*%6*%6*%8*8* 1010 2x16x4x64x4' 


checked to hold in the tabulated scheme for low values of r, Wallis ‘induced’ without further 
analysis the tighter inequalities 
Fir), Fir+4) 
=a: wae. Kalai 
and correspondingly F(r+4) > J[F(r) x F(r+1)], r = 1, 2, 3, ..... Substituting and com- 
bining, Wallis derived the inequality 
(oe) 2r+3 - a (or =) ¥ (ssanem) 2r +2 
1<i<r \22(22+2) 2r+2 1<i<r 21(27 + 2) 2r+1’ 


7 
here given by Newton for r = 0, 1 and 6. 


or Fi(r) > V[F(r—}4) x F(r+})] 


104. Annotations from Wallis [z, 3, $3] 


eaten 11 x 169 x 225 x 289 x 3694» x 441 . 
2x16x4~x64x4x144x4x256x4x400x2 

eae 9 169 x 225 x 289 x 369 x 441 x 23 
2x16x4x64x4x144x4~x256x4x 400 x4 


Or ais 
(42) 


‘ ] 
Note y' a is greater y™ 5 these two summes.“) 


[2] | Zhe binomial theorem invented in Wallisian style. | 


a 


a 


Having y° signe“ of any angle to find y® angle or to find y® content of any 
segm" of a circle. | 
Suppose y° circle to be aec. its semi=diameter ap=fpc=1. y® given sine pg=x, 
viz: y® signe of y® angle epa. y® segment sought eapg. abcp the (1) of its Radius. 
& yt, qu: gh: qg: qf: ge: qd: qk: ql: qr &c are continually proportionall. Then is 
eq=J1—xx. fg=1—xx. gq=1—xx in J1—xx. hg=1—2xx+-4. 
= <=> =. 1 
Pp gen = Fee FH. uct = a 
1g=1—2x*+-x4*J/1—xx. dq=1. kg Joe 
] 1 
lqg=——_.. =—_—_—__—__——.. &c. 
l—xx j--wein (le 


& since all the ordinately applyed lines in these figures abcq, aecq, afcg, agcg &c 


(41) Read ‘361’. 
(42) Newton weakens Wallis’ inequality but gains in simplicity of argument. Noting that 
Fir) < F(r+1) < F(r+2) in the tabulated scheme, Newton ‘induces’ by an appeal to 
Wallis’ law of continuity the tighter inequality F(r) < F(r+4) < F(r+1). Substituting for 
21+2 
(5 4-4 


these their continued-product expansions (note (40)) and dividing by [] 
ee 


<icr 
(2i+1)2 


( hats y) 2r+3 
1<i<r \21(22+2) 27(21+2)) 2r+2’ 


), we have 


<ae< 
1<icr 
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are geometrically proportionall their areas adgp, aegp, afgp, aggp, ahpq’® &c 
will observe some proportion amongst one another.@” To find w“ proportion, 


3 
1st adgp=1 x x=x. 24ly afc is a parab:@® therefore afyp=x—=. also since 


tis gh=1—2xx-+x4, therefore ahgp®) = x— x3 + = Also vg=1—3xx+3x4—x®, 


Newton’s result and ‘Wallis’’ theorem. This Newton proceeds to simplify, using the 


reductions: 
42)8 
= ae 2 ited ard) for r even (given by Newton 
cir \2i +3) is “4.1)2 
—— — ee eee for r odd (given by Newton 
= ((87)?)x4(r+1)  forr = 1); and 


1<i<i(r—1) 


= ee ee for r even (Newton: 
(24+) 2r+3_ 2x er) r = 2, 4, 10), 
es era = a sk for r odd (Newton: 
| % cede (BD) xQG¢+y)! 7 — 1) 


The primary theorem was discovered, independently and earlier (about 1659), by Pietro 
Mengoli, but his researches appeared in print only a decade later as his Circolo (Bologna, 1672). 
In particular, Newton’s present argument may be found on Mengoli’s pp. 26-8. (Mengoli 
does not appear to have known Wallis’ work, but wrote (p. 1): ‘Cerceni, sino da giovinetto, il 
Problema della quadratura del circolo, il pit desiderato di tutti nella geometria, come dissi 
nella prefatione del mio libro delle Quadrature Arithmetiche ?anno 1650. Lo trovai, dopo haver 
serrato il libro de gli Elementi della geometria speciosa, che stampai l’anno 1659, cioé l’anno 
sequente 1660: differendo di conferirlo al mondo, con gli altri Elementi di Speciosa, che ho 
manuscritti dopo, e sino al numero di quattro.’) 

(43) This last remark of Newton’s, not to be found in Wallis, was probably an induction 
from the numerical cases listed, and suggests that Newton had calculated out several of the 
continued products as a check on their convergence to a = 4/7. It may well be that he used 
this theorem, not too difficult to prove, as a means of shortening his calculations. When, as 
Wallis did in his Prop. CXCIII: 194, we construct the geometrical curve 


pene Sate ch (L—#)*.dt) 


with respect to Cartesian co-ordinates VI = x, TC = y, we see at once visually that it is 
everywhere convex, so that F(x) > $(F(*x+k)+F(x*—k)). This, when k = 3 and x is integral, 
may have been the source of Newton’s insight. 

(44) Read ‘[trigonometrical] sine’. (45) Read ‘square’. 

(46) Read more correctly ‘ahgp’. (47) By Wallis’ continuity principle. 

(48) Since its Cartesian equation is y = 1—x?, (Note that in the diagram its representing 
curve afc should be drawn wholly convex upwards.) 


(49) - (1-2) .dt. (50) id (1-2)? dt. 
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therefore avgpeD = x— 28+ 952A, & by the same proceeding y°® proportion 


may bee still continued after this manner 


rH x30 x— Sat + oat x— S98 x8 — 2a 

x 5H + x8 —Sa7 4: xpath Ott a8 pal 
x— 50 4 aes — oe? a =H aa aa - ae 

eps 2938p Men, Tar Las, ge 


And if y® meane termes be inserted it will bee 
1 3 2 1 5 2 
. 4 0 pe. OSE © yx Sy tid yg Sy5_ (64) 
es a rat x ae + eee et mak x ae + 5 


The first letters x run in this progression 1. 1. 1. 1. 1. &c. y® 2% x° in this 
—1 0 Lt: 3 a8 oe SS zm a 2 
—— 3° 3° 3° 3° 3° 3 &c. y° 3 x* in this 6.3. 1.0.0+1=1. 1+2=8. 3+3=6. 
6+4=10.10+5=15. y° 4 x? [in] this®) 


(51) | ” (1 —#)8. dt. 
0 
(52) Newton tabulates, for r = 0, 1, 2, 3, ..., the 2-valued function 


BV Ry f= (1— 2)". dt 


(where no restriction is placed on x). It is important to notice that the upper bound x of the 
integral is freely variable (in contrast to Wallis’ numerically bounded function 


fir) = [aaa 


in note (19) above) and this is the crux of Newton’s breakthrough. The various powers of x 
order the numerical coefficients and reveal for the first time the binomial character of the 
sequence where hitherto, at Wallis’ hands, it had lain shrouded in numerical complexity. 
(53) In a cancelled addition Newton filled this out as ‘x:x—4}x3:%—4x3:’, 
(54) Newton attempts to insert the 4-intervals in his tabulated sequence, ¢(r, x), r = 0, 4, 
1, 14, 2, .... The last entry, ¢(24, x), is incorrect in its last term and should read 


--teo[i()=]oe 


The inference is that Newton, in analogy with the terms in x’, first tried to interpolate the terms 
in x° as though they were in simple arithmetical proportion. Newton, however, corrects 
himself immediately. 


= 
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It ty x] i 1, k ‘ Se eB 8 ee ees 
3 
a, —F x0. O+1=1 14469.5R4 lS, Shl ads df1 m5, * 6. ee Gee 
5 
34. +5 “0; O4Om0, 04 lel, 13828, 843=6, 6+4610) 16.5212 28; 36. “ 45. 
q 
4th -5 x0. O+F0=0. 040=0. O+1=1. 143=4. 44+6=10. 20. 35. 56. 84. 120. 
9 
5. +5 x0. Oi0u0, OFDed Obuie Oil ol, 44=5, 21d, 35. 70. 126.. 210. 
11 
6 ~F; x0. 0+0=0. 040=0. 04+0=0. 04+0=0. O+1=1. 6. 21. 56. 126, 252. 
ie se fo on oe oe oe a ee l. 7. 28. 84. 210. 
7th, 8. 36. 120. 
* 
a ae ee 
Now if the meane termes in these progressions can : 
bee calculated y* first of y™ gives y* area aegp.®”) a i ae 
Which is thus done *. 
10%, = 1 
*. 

1] th, 66) 
ee eee ae a ee o ae . -* 4 es 
x3 1 3 5 7 9 11 
=> x 0. 3° 2. 3° 2. 3° 3. 3° 4, 3° 5 3° 6 
1 1 3 15 35 63 99 

d a aie = meso wor Pittcos ah 

3. toa8 xO. © 5. i. =. 8. ee 6, os 10. =. 6. 
1] 1 1 5 35 105 231 
Ej = ba Se eae a Paes BPE 

Anal xO Fag ge tO. 74 l 7 aq: 10. ° aa. 20. 
i. 3 3 —5 35 315 1155 

5, t 5 x 0. ~ j98 0. 728° 0 128" 0. 128° 1. 128° 5. "28° 15. 
a 7 —3 3 = 63 693 

6 —— x0 356° 0. 956" 0. 356° 0 256° 0. 256" 1. 256° 6. 
—21 7 il 7 —21 231 
coe LO ee Ss ee, ee se Lat ae Ss eS Se eS Bie 

7. 7g** x0. = ao5a- «= «=pea: «= gaas SS Ta” ® ia "i? = * 


(55) Newton shows the binomial character of the coefficients ( of the terms 


(— 


yeitt 


1) Di4+1? .= 0, 1, 


re 


aoa 9 


in the expansion of ¢(r, x). Straightaway, leaving his first scheme uncompleted, he re- 


constructs the tabulation in a more visually immediate form. 


(56) This is the familiar ‘Pascal’ triangle of binomial coefficients appropriately filled out 


with zeros. The entry on row x/column y is is i) , and the composition rule follows by 


(57) $(4, a) = f° (L-eyhde 


mer 


= (5) 


x—1 


)+( 


a 
gm BF* 
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{24 ; ee ] 1 5 ] 
t ae ae ak ee ee oe ees Mee ma, ) oq e 
poe y* 1 Xe a%3X* 3 XB” 16% 9 I28 9% &c: is y® area apge. 
ae | | See See ae ie eS Se 1. 1x3~x 5x? 
~ Sf a x a Ee IE en cosy reremstanerasiricne 
G= 2253 = -2 -¢€ § Q 2-6-7 2x4x6x8x9 
The progression may be deduced from hence 


&c: 


Oxlx—-1x3xK-—5x 7x-9xll 


sens teapinos ag ace es onieploneigcinenignn aeeiiceeaenas ane 
Ox2 x “2x6 x” Ox lex Ex 


Soe y‘ if y® given sine bee pg=be=x. & if y* Radius pc=1. Then is y* 
superficies 


—— 1 1 x? 5x® = T xl d 
a A oe 
heey lt Fe ts aa ee 
&c:6) And y* area e 
x x? 5x®  7xH QI x18 


40° 112 1152 2816 ' 13312 


lilx 429,17 715x19 2431x212 
10240 557056 1245184 5505024 


3 
add) —— + 


&c. q c 


By w meanes y® angle ape is easily found for aecpa: Z apc = 908": : ape: Lape.) 


The same may bee thus done. 


adp = 5 4) or 2adp=x. 2afp® =x+ m 


3 5 
2ahpfO— x= And 2arpt) x4 x8 98 4 Byp &c. as in this order(®®) 
i. 2,13 9 9, 5x 4x8 18x° 20x7 74 
Xe Kb ae. Bt ae 5 bi Se oe ee Be 


$00, te Sor ve 6x3 45x° 100, 105x® 54x42 11x18 
igo) a 8 “db Ss gee ©, 2 oe oe 


7x3 63x5 175x"? 245x° 189 4, 77x18 13x15 


—— 


; £° + + Sa le 


(58) That is Ef. i = 0, 1, 2, ..., where With a typically Wallisian flourish (3) dts 


tabulated as . ; 
(59) 4sin-1x. (60) Read ‘4xV1—xx’. 


(61) ‘That is, (apge)—Apeq-= pe (1—2)t.dt—4x,/(1—2%). 


(62) (apad) — (apge) = x— |" (1th dt 
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Which progresions w*® their intermediate termes may bee thus exhibited. 


bo 
Xx bo 
is x ho bo i) bo bo 
QQ. & & Q& 
_ 4 = § .- = 4 
I I | I I | I 
+x in - a a 1. Os i 
OS ee 
sacl —l 3 15 
—x in 0. —-, 0. =. i, a 3. 
5 8 8 8 
ea" ee! a 0 = 0. 7 1. 
“I? i 0 ce... 0. =~ of oe 
9 7 —3 3 
ed $24 2 a (69) 
+7* in 0. 256° 0. 556" 0. 556" 0. &c. 


(63) Though Newton does not calculate here the coefficients of the power series for sin-1 x, 
it follows immediately, expanding 4x,/(1—x?) by the binomial theorem, that 


sin-2~ = x+4x8+ 7529+... 


It is interesting to speculate why Newton deferred introducing this expansion for a few 
paragraphs. Perhaps Newton was still not completely clear about the validity of the general 
binomial expansion, which, we note, he had hitherto treated only when it was bounded 


under an integral sign as @(7, x) = a (1—#?)". dt. 
(64) Since Aadp = 3(apx pq). (Note that Newton now refers back to his first diagram.) 


(65) 2[(afap) — fab) = 2 [° 1-H) .dt— gx |. 
(66) al (1=#8)8.dt—a(1— a8] 
(67) al (1—#)9.dt— Jx(1— a)? |. 


(68) Newton tabulates 
by 
iG, x) a al | (1 A)" dt—4x(1 29)" eo 6; 12,9) 
0 
in powers of x2'+1,i = 0, 1, 2, ..., and then interpolates ¢’(r, x), r = 4, 3, %, -.., on the lines of 


his previous array. 
(69) The binomial form of the array is correct. In proof, 


é'(r,4) = 2 | ; (1—#).dt—2(1—29)" = te (1 —2)r-+2r°(1—12)'-2] dt 


fe 20 [(-9! etna] en] a 


oe (=n (;) {- (2i—1) de], since a3) = i(;). 
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By w it may appeare y' if pe=1. pg=x. y® 


5x? = 35x? 


(7) —.. — 
gs 3 = te 80 ot gat a50d sets 


And y? area aep given gives y® angle ape for apce: Zapc=90%:: ape: Lape. Like- 
wise y® angle ape given its signe“) may bee found hereby.‘”) 


x 2x3 5x5 Tx? 45x9 77x11 
Note y* | 3 x |v Sei =5>"—- aa gaa anna? Bane &c. that is 


x x x 65 x? 5x® Tx 21x18 
| 3x |Vi—= = 5-4 —-F5—a5— 58nd Bode xs. 


According to this progression 


Tilt 8x6x 7X 9X11 x13xK15x17 &c.(79) 
2°2°4°6x8x10x12x14x16x18x20 ~~ 


x> 3x5 5x? 35x? 
(74) _ t 
Note also yt y® segment ae os +a5+saatasoa & c. [& y*] 


ae?) =~ x x 4 Ba, Sat 35x9(78) 63x11 931x18 143x15 6435x17 
2'12' 80 ' 224 ' 3304 5632 26624 20480 1114112 


19 21 
12155x 46189x [ &c] @ 
2490368 11010048 


(70) $’(4, x) = 4sin-1x. Newton does not mention (and perhaps does not yet realize) 


that - 
$8) = [° a-e)4.at = 6(-49). 
(71) Read ‘sine’. 
x 
(72) There seems no easy way of deriving sinx = : cost.di as an interpolation on 
0 
Wallisian lines in an array of tabulated instances, r = 0, 1, 2, ..., of some function f(r, x). 


Perhaps Newton refers vaguely to a derivation by iterating, say, sinx = 9 J[1—(sint)?] . dé 
0 
t 
or even sinx = | . E - | sins. ds .dt, but more probably he intends the derivation of 
0 0 


x = siny =D (ay) 
by simple reversion of the series : 
12x 3?x... x (2i—1)? ,. ] 
=— -ly — aeniiieainemnterntimersinatiinheredes Gaeph 
yo sinte = Be 
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If pq=a. qd=x. pc=1=pb. db =/1—aa—2ax—xx. y" y® areas of y® lines(?®) 
[are] in this progression. (supposeing also 1—aa=5.) viz: 


1. Jb—2ax—xx. b—Qax—xx. b—2ax—xx}i. 
bb—4abx —2bxx+ 4ax8+ x4. *. 
+ 4aa 


b3—6abbx —3bbxx+8abx® + 3bx4*—6ax®—x®, &c.(7%) 
+ 12aabx? — 8a®x? — 12aax* 
+ 4abx3 


(73) That is, the expansion as a continued product (correct but for omitted signs) of 


WE ee 


Using this binomial coefficient for each i, Newton expands }%,/(1—x*) in all generality as 
bs (3) (28) ] “e. 
0<i<o L\? 2 
(74) That is, (aep) —Aaep. 


(15) $2) = [° -#)t.di—gey(—24), 
0 
© 4+ 35x°” 
(76) Read “9304. . 
(77) In calculating the term coefficients in this power-series for }sin~*x, Newton seems a 
little intoxicated with his new-found numerical facility. 
(78) Newton still has in mind his first diagram, where the ‘lines’ have ordinates 


(1—a*—2ax—x*),, r=0, 4, 1, 14, ...; 


and wishes to evaluate the 2-valued function | : (6 —2at—t*)".dt, where 6 = 1—a’. 
0 


(79) Here, having strained to its limit Wallis’ technique of interpolation by seeking structural 
patterns in tabulated instances, Newton wisely abandons his investigation. In any case, there 
is no gain in generality since by the linear transform t > t—a 


x z+a 
I. (b—2Qat—19)" dt = rc (1-2)".dt = $(r, x+.a)—$(r, a). 
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[3] [ The logarithmic sertes] 
To Square the Hyperbola 
So if nadm is an Hyperbola. & ch=1=pa. pq=x. qd, ge, gf, ag &c=y. & 


l 
Ton =U L=y=eg. 1t+e=y=9Gf 


1+2x-+xx=y=qg. 1+3x+3xx+23. 
1+4x-+ 6x?+ 4x3+ x4, &c. There®) squares are 


* ee a 
Ota aT te: eo ee 


4xx 6x3 xs Sax "400" ie te 
es: Sey eo 


&c. As in y® following table.©) 


4x4 
x+ ++ 


S Q Q S 

- 4 2 = 

T 9 T 
PS ees Ss SS 1 e 1 1 
2 
5x W1. ie ee Se 6 7 
x3 
qx kG & oe eee a 4. 
x4 
axat, fg 
x 
ox L ® FR aa G oe 
x8 
gx-L- G& GD Be 6 21 


(80) Read ‘their’. 
(81) Newton tabulates r ” a aee sgt fee 
0 


in powers of x and then interpolates | (1+¢)-1. dt, 


zx 
0 
the area under the hyperbola y(1+x) = 1 (or nam in Newton’s figure). Clearly the array is 
one of (positive) binomial coefficients and Newton has but to go one column further to the 


left: ™ ; = 
i let alt ole  (;) | dt. 
0 0<ixw L\t 0 
8? 


(82) Newton wrote ~ : 
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By whose first terme is represented y® square of y* Hyperbola, viz: y* it is 


2 3 4 5 6 7 8 9 10 
x x x x x x x 82) x Le & c, (83) 


8k? GS 16867 ofe} 0) 10 
As if x=. or q==l, 1. y™ is 
y' is 

apqd=[x=] 0, 10000. 00000. 00000. 00000. 00000. 000 [...] 
: $= +0, 00033. 33333. 33333. 33333. 33333. 388 [...] 
== +0, 00000. 20000. 00000. 00000. 00000. 000 [...] 
ax = +0, 00000. 00142, 85714. 28571. 42857. 142 [...] 
“a= > Gee Oe 100), 1. «1021. «11: sCE......} 
ae =+0, 00000. 00000. 00909. 09090. 90909. 090 [...] 
a= +0, 00000. 00000. 00007. 69230. 76923. 076 [...] 
wits +0, 00000. 00000. 00000. 06666. 66666, 666 [...] 
we | 0058. 82352, 941 [...] 
l= | 0000. 526831. 578 [...] 
Era -| 0000. 00476. 190 [...] 
laa"? | 0000. 00004. 347 [...] 
| sg | 0000. 00000. 040 [...] 

Summa 0, 10038. 53477. 31075. 58063. 57265. 520 [...]® 

(84) Newton calculates the partial sum («+ $x?+$a°+...), « = 0.1, giving the terms up 
to ee to 68D, but two mistakes vitiate all his hard work. First, the term 
cis = 10-0, 52631 57894 73684... 


is miscalculated. (Newton’s decimal development is wrong from 28D onwards, though 
Newton recognizes his error, crossing out the first wrong figure ‘9’ at the 28th place and 
8 WHN 
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—0, 00500. 00000. 00000. 00000. 00000. 00000. 00000. 00000. 00000. 00000. 0 
2. 50000. 00000. 00000. 00000. 00000. 00000. 00000. 00000. 00000. 0 
1666. 66666. 66666. 66666. 66666. 66666. 66666. 66666. 66666. 6 

12. 50000. 00000. 00000. 00000. 00000. 00000. 00000. 00000. 0 
10000. 00000. 00000. 00000. 00000. 00000. 00000. 00000. 0 

83. 33333. 33333. 33333. 33333. 33333. 33333. 33333. 3 

71428. 57142. 85714. 28571. 42857. 14285. 71428. 5 

630. 55555. 55555. 55555. 55555. 55555. 55555. 5 

5045. 45454. 54545. 45454. 54545. 45454. 5 

41666. 66666. 66666. 66666. 66666. 6 

384. 61538. 46153. 84615. 38461. 5 

3. 57142. 85714. 28571. 42857. 1 

3364. 58333. 33333. 33333. 3 

29411. 76470. 58823. 5 


—0, 00502. 51679. 26750. 72059. 17744. 28779, 27385. 30147. 14044. 12586 


(85) 


wT, T11W. Fad. FI 

cui addendum 2. 63157. 89421. 0 
02523. 80952. 44 

22727. 3 

217. 4 

a 


that is —280. 43459. 71098.” 
And so y® summes will bee 


+0, 10033, 53477. 31075. 58063. 57265. 520 [...] 
—0. 00502. 51679. 26750. 72059. 17144. 287 [...] 


0. 09530. 01798. 04324. 86004. 40121. 232 [...] w is y* quantity of 
y® area adpq, If cbab=1. & ch=ab=10 pg. & qde\lap||be= ap. 


substituting a correct ‘8’. He makes no attempt here, however, to calculate the true develop- 


ment.) Secondly, the term — is calculated correctly only to 44D, having its period 


256410 incorrectly extended to 2564010. (Newton recognizes this mistake also, but here 
merely goes along the line crossing out superfluous zeros.) Since Newton revised this calcula- 
tion immediately on a loose sheet (see §5 below) only the correct figures are printed in the 
text. (The appearance of the original manuscript page may be seen in Plate I. The rather 
strange arrangement of the figures suggests that Newton first intended to take his calculation 
only to the edge of the page (that is, to 16D), but then continued it by adding on new rows 
below.) Note finally Newton’s use of the comma as a decimal point (later to become his 
standard usage), while the point groups the figures by fives. 

(85) Note that the 8‘, 9'® and 13 rows are respectively 


(esto aad Anat (socio + peer and (sss y08 Aiifbine 
16x10" 18x 10"7" \20x 10" ZZ x 10™ 30 x 10% © 32 x 10%)" 
1 1 
; rd jassanhiniaep agi sini ia 
(86) Note that this 3" row doubles ( 40x 10% + 48 x iam) ; 


(87) Newton’s second partial sum, — (4x2+4x4+...+a9x%), x = 0-1, taken in the first 
place to ‘two & fifty figures’, that is 51D, but then rounded off (correctly) to 50D. 
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. ee 
100 — 
[ «+54 = |o, 01000. 03333. 33333. 33333. 33333. 33333. 33333. 33333. 33333. 3 


aataa? = , 20001. 42857. 14285. 71428. 57142. 85714. 28571. 


In like manner if I make x= pq. The opperacon followeth. 


i) She 


bob xl = ll. 11202. 02020. 20202. 02020. 20202. 


769. 23076. 92307. 69230. 7 


6666. 66666. 66666. 6 


"| —— 58823. 52941. 1 


+0, 01000. 03333. 53334. 76201. 58821. 07551. 40422. 38870. 97309. 


| -5"- xg - aa! = ] —0, 00005, 00025, 00166, 66666. 66666. 66666. 66666. 66666. 66666. 6 


2 4 
— 58H et= — 1250. 10000. 83333. 33333. 33333. 33333. 3 
t= RR oe. SE, Fier, OT Lae. G 
l 1 
ee a 

i ‘a i3* [=] 62. 50555. 55555. 5 

| 

fags! Rae ee) Se RS 

a0" 5000. 4 


—0, 00005. 00025. 00166. 67916. 76667. 50007. 14348. 21984. 17699. 


+0, 00995. 03308. 53168. 08284. 82153. 57544. 26074. 16886. 79610. 
Which is y® quantity of y° area apgd if 100p[g] =cp. and abcp = 1.” 


(88) Read ‘17744’. (89) Read ‘09531’. (90) Read ‘39521’. 
11 

(91) (adpq) = | (1+2)-1.dt, that is log (1:1), though Newton does not introduce the 
1 


notion explicitly here. Newton in his original takes the calculation to 46D, but the first partial 

sum (correct only to 28D) imposes a limit to his accuracy. In fact, as we have noted, Newton’s 

result is also vitiated by two small numerical slips, one of addition and one of subtraction. 
(92) The similar calculation of 


1-01 
| (1+1)-1.dt = log (1-01), 
1 
using the partial sums 


(+ 3x34... +ghpx2l) — (gx2+ dott... tale), x = 0-01. 


After widespread revision (not shown in our text) Newton finally reaches a result completely 
correct to 46D. 
8-2 
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[4] [ Annotations on Wallis’ Commercium Epistolicum. ] 


D* Wallis in a letter to St Kenelme Digby®® promiseth y* squareing of y°® 
Hyperbola by finding a meane pro- 


portion twixt 1, & in the progression 


5 31 209 1471 10625 

yy oy ee eee sc. 
> 6’ 30’ 140’ 630’ 2772 

D* Wallis in a letter to S' Kenelme 
Digby®») teacheth how to find y° 
center of gravity in divers lines [&] 
first when their position is as in this figure.®® 

Suppose ad y® Axis, a their vertex Then saying, as 1 to y® index of y® line 

increased by an unite (vide pag 29%) so cd to ca[,] Then c is their center of 
gravity.@% 


1 


(93) Commercium Epistolicum: Epistola xv1 [21 November 1657]: 33-51, especially 51: ‘Sed 
alteram [seriem] volo huic consimilem...’. 

(94) That Newton adds no explanatory comment seems to indicate that the progression 
remained a puzzle to him: indeed, a whole page immediately following this insertion has been 
left blank, presumably for future clarification. The progression is, in fact, 


1 
g'(s) = I (x-+-x*)*.dx, (s = 0, 1, 2, ...), 


where g’(4), the ‘meane proportion twixt [g’(0) =] 1 & [g’(1)=] #’, is the area (taken 
between the bounds x = 0 and x = 1) under the hyperbola y? = x+x?, The linear transform 
2x+1 = ¢ evaluates this area, 


- (x-+x2)t.dx, as if, (#2—1)4.dt = }[log(3—2,/2) +6,/2], 
0 1 


but there seems no way of deriving this by a Wallisian interpolation scheme or indeed by any 
process which does not calculate the logarithm directly. Wallis himself in Prop. CLXV: 128 
of his Arithmetica Infinitorum, annotated by Newton above (see note (23)), had produced the 


1 
allied sequence g(s) = (x —x)5.dx with the assertion that the evaluation of g($) = §7 
0 


squares the semicircle of diameter 1, but could proceed no further. 

Thirty years later Leibniz read this passage in the Commercium Epistolicum, and in the late 
autumn of 1696 wrote to Wallis requesting an explanation of the progression. In his letter 
of reply dated 21 November 1696 [ = Leibnizens mathematische Schriften (ed. C. I. Gerhardt) 1, 4 
(Halle, 1859): 5-10] Wallis wrote (pp. 5-6): ‘Promissum illud meum quod memoras in 
Commercio Epistolico a me factum (illud, credo, vis quod sub finem Epistolz XVI habetur) 
nimirum: exposita serie numerorum | at Bp re &c. si terminum inter 1] et? 

: > 6’ 30’ 140’ 630° 2772 ~~ 6 
intermedium, seriei congruum, exhiberit Fermatius, exhibiturum me Hyperbole Quadra- 
turam. Id ego jam tum prestitueram. Est enim hec series eadem ipsa que habetur Prop. 161 
Arithmetice Infinitorum; unde colligitur quadratura Prop. 165. Ad quam nihil deest aliud 
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The Demonstracon®® 


Let p bee y® index of y® series according to w y® ordinately aplyed lines 
(parallel to db) increase, y® 1:)+1::area of y® line [gab] to nmbg.0 y* distances 
of those ordinate lines@) from y* vertex a are equall to y* intercepted diameters 
& therefore a primanary series (whos index is 1), & since supposing a y° 


quam exhibitio numeri intermedii inter 1 et = in illa serie, qui ita respiciat Ordinatas in 


6 
Hyperbola ut ; respicit earum Quadraturam. Sicut enim ope seriei Prop. 133, nempe 
1 Les pe ee &c colligitur Circuli Quadratura Prop. 135 ex intermedio numero 


inter 1 et gin illa serie (suntque iidem denominatoris numeri utriusque seriei). Potestque 


numerus ille approximando pluribus modis exhiberi (quod et a pluribus factum est) sed 
accurate, credo, (quod querebatur) numero finito non posse juxta receptam adhuc aliquam 


notationis formam. Pariter ut ope seriei 1, 4 a a &c Prop. 118 colligitur Quadratura 
<a ; ae oS .., 4 28 288 
Circuli Prop. 121, ex numero intermedio inter I et q> Sic ope seriei l, 3° 15’ 105 &c Prop. 158 


, : os 4 
colligenda est Quadratura Hyperbole, ex interposito numero medio inter | et 3 (quze Hyper- 


bolam exteriorem spectat)....’ (Wallis’ second hyperbola progression is 
1 
Hiv) = | aan rb Por. 
0 


with H(4) the area under the hyperbola y? = 1+<*, that is, $[,/2+log(1+./2)].) 

Two centuries later, finally, Paul Tannery, engaged in editing the Commercium for his 
Fermat edition, published Wallis’ progression in 1896 as a challenge to the mathematical 
world, but drew no reply till G. Vacca in 1903 published the correct formation rule in the form 
1, +4, $4344, $+3+7+4, ..., successively. (See CEuvres de Fermat (ed. Paul Tannery et 
Charles Henry), 4 (Paris, 1912): Notes mathématiques, xxx: 211-12: Un probléme de Wallis.) 

(95) Epistola xv1 [21 November 1657], especially 44-50. 

(96) In his letter to Digby, Wallis gave only a general discussion of the proposition, but when 
he published the Commercium in the following year added the proof noted by Newton in a 
short appended tract on pp. 52-6. (The text of this note in Newton’s original is placed after 
his notes on Wallis’ Adversus M. Meibomii de Proportionibus Dialogum, but, since it so clearly goes 
with the previous note, it has been inserted here.) 

(97) Newton refers back to his own p. 2 (=f. 15”) where, at the beginning of his notes on 
Wallis’ Arithmetica Infinitorum, he enters the definition of the index i of the sequence x‘, x = 0, 
1, 2, ..... (Compare notes (3) and (14) above.) 

(98) Newton annotates the statement of the problem (‘Propositio hac est.’) which opens 
the appendix. 

(99) Commercium: 52-3: Sequitur Demonstratio. 

(100) That is, where the x-axis is ad with ordinates y drawn parallel to gdb with ad = a, 
y = x? is the defining equation of the ‘line’ gab, so that 


(gabq) :(nambq) = 2" xh dao |” a? dx = 1:(p+1). 
0 


(101) Ordinates y drawn parallel to gdb are distant from nam by x (measured along ad). 
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center@®2) of y® ballance y® whole weight of y* surface or figure is composed of 
its magnitude and distance from y* center & therefore y* index of all its moments 
or whole weight is p+ 1, viz: y° aggregate of y® other two. Therefore as all its 
moments (or y® weight of the figure in its site in respect of y® center a) are to soe 
many of y* greatest (or to y® weight of y* i) nmbq hung on y® point d) soe 
is 1, to p+2,9 and if ap:ad::1:p+2, then nmbq hung on y* point g@® shall 
counterballance y° figure [gab] in its site &c therefore if ac:cd::p+1:1, ¢ shall 
be y® center of gravity of these figures.4°”) 
Also as the figure is now put extending infinitely towards d if 


—26+1:—p+1::amiac. 


m being y® center of gnbd y® c shall bee y® center of gravity of y° whole figure 
qnobd. 


Demonstration. 


since y® lines parallell to ad increase 
in series reciprocally proportionall their 
index is —p@) & since y® halfes of those 
lines increas in y® same proportion their 
index is —f. whose extremitys or middle 
points of y® whole lines (suposing a y° 
center of y® ballance) are theire centers of 
gravity, their distances from a being pro- 
portionall to y* lines whose centers they are@ & consequently their index 
is —p. & since all y° moments®” (or whole weight of y® figure) increase in a 
proportion compounded of y* proportion[s] of y®° magnitudes & distances of 
y® lines from y® center a, they will be in a duplicate proportion!» of y® lines 


(102) That is, fulcrum. 
(103) The moment round the fulcrum a, xx x? = xt, 
(104) Read ‘rectangle’ (= Newton’s ‘ parallelogram’). 


(105) Since [i sees ae: [- abt dx = 1: [(p+1) +1). 
0 


(106) Read ‘p’. 

(107) For (gabq) ‘in its site’ is balanced round the fulcrum a by (nmbq) hung at p, where 
ap:ad = 1:(p+2), and so by (gabq) itself at c where ap: ac = (qabq):(nmbq) = 1:(p+1); that is, 
where ac:ad = (p+1):(p+2). 

(108) That is, where the x-axis is ag with ordinates y taken parallel to ad and ag = a, the 
defining equation of nd is now y = x~?, 

(109) In fact, their distance from a is $y (or 4«-*). 


(110) - sy x y.dx. (111) yxdy = dy. (112) $y? = 4x-22, 
(118) That is, [° x? dx: iP a- dx = 1:[(—p) +1]. 
(114) Read ‘parallelogam’. 
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magnitudes|,] that is a reciprocall series whose index is — 26.71%) Therefore y* 
figure [gndbd] is to y* inscribed parallelogram [gqnbd] as 1 to 1—p." & all its 
moments or whole weight in this its site to the weight of y* pgr@ as 1 to 1 — 2.41) 
Therefore if, am:ap::1—2p:1, the paralelogra hanging on y* point # shall 
counterballanc[e] y® whole figure in its site &c: whence y* point c may be found 
easily, viz am:ac::1—2p:1—p.0® 


[5] The resolution of cubick equations out of D’ Wallis in his dedication 
before Metbomius confuted.01” 


suppose x= Sate. y" x8= Ya? B Baaey 3acese®. or x8=+3aex¥ a? Ye’. 
that is making a?+e=q. +3ae=p. y> x8=+px8 q. 

Againe suppose x=a—e.@18 y® x3—a3—3aae+3ace—e%. yt is making 
a@—e= 8g. & 3ae—p, y® = —pxy 9.0 


3 
Then in the first of these — or Ema. or J =@=9-6. Therefore 


bage—E & = 18 |a—% _. & byy’ same reason a®=19.9 ,/1¢q—P* ak. 


where y° irrationall quantitys sie divers signes otherwise a° +e? =q would a 
false. Soe that 


= Maem side 298 Jigar cnps of cle) ea" 
ata wi Je 978 Ja gh 8 N 518 4 onP 
is a rule for resolving y® equation x?* —f[x] 2q=0, when it hath but one 


(118) That is {- dete de: [" han? dx = 1: [(—29) +1]. 
0 0 
(116) Since ap:ac = (gndbd):(qnbd) = 1:(1—p). The second part of this note is an English 
rendering, virtually word for word, of Commercium: 54-5. Wallis’ results may be found more 
easily by equating the total moment of the respective figures round their centres of gravity to 
zero (a method formulated in all generality by Torricelli and Pascal but not published in 


1657). Thus, where ad =a = 7x ac, 0 = (es (ka) 9? vide -and 2k = “pe and, where 


1 =f 
= g-f'm= = a —p — [g-?) 5-2 - 
ae = a? j Xa, 0 [- (40-2 —la-?) x-? .dx and 1 = xf = 
(117) Notes on Wallis’ Adversus Marci Meibomii de Proportionibus Dialogum Tractatus Elencticus: 
Dedicatio (to William Brouncker, separately paginated 1-50). 


(118) Newton has cancelled ‘...suppose y= SbRc...’. (There is no loss of generality in 
taking x = a—e instead of x = ae, since by definition a and ¢ must have opposite signs 
attached.) 


(119) Newton uses the signs 8/ for +/+ (taken over from Liber v of Schooten’s 
Exercitationes Mathematica) to shorten Wallis’ wordy account. Note that the constants a, ¢, p, ¢ 
must all be taken positive (a convention firmly established among algebraists since the later 
sixteenth century), and that the signs §/Q generalize their range to include negative con- 
stants. Here, where Wallis had to consider the cases of x = +px+q and x® = +px—g sepa- 
rately, Newton compresses them as the single x? = +x + q; and similarly for x? = —pxitgq. 
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roote y‘ is when it may be generated according to the supposition x= Base. &c. 
By y® same reason x®* + px Q g[=0] may be resolved by this rule 


ay 0 Jon Ay: hig of. re deity eb 
A= r= edge 419 + an? c 59 R 4997 nk": 


But here observe yt D™ Wallis would Argue y* since in the first of these two 
cases sometimes (viz when y® equation hath 3 reall rootes) y® rule faileth@?) 
as if it were impossible for y° equation to have rootes when yet it hath, therefore 
y® fault is in Algebra. & therefore when Analysis leads us to an impossibility 
wee ought not to conclude y* thing absolutely impossible, untill wee have tryed 
all y° ways yt may bee.@22) 

But let me answer y* y° fault is not in y® Analysis in this example, but in his 
opperation. for when y® equation x?* +x %q=0. hath 3 roots hee supposeth 
it to have but one roote viz[:] x= % ae. but since y* equation cannot be then 
generated according to yt supposition it is impossible it should be re[s]olved?*) 
by 1t.@24 

In like manner hee sayeth®5) yt Algebra representeth a thing possible when 

tis not so as in this example,®*® in y® Aabc, make 


ab=1. bec=2. ac=4. Then to find dc=x, worke 

thus, ad=4—x. bdx bd=1—164 8x—x?=4-— x”, 
c 

: therefore 8x=19. or => 427) Tn w° opperacon 


all things proceede as possible though they are not soe for ac is greater y" 
ab +- bc.428) 


(120) A lucid summary of Dedicatio: 17-26, especially 18-20, where Wallis (as he acknow- 
ledges explicitly on p. 22) develops ‘Cardan’s’ rule for resolving the reduced cubic 


+poxtq = 0. 


Note that, as well as the symbols &/ (note (119)), Newton introduces Cartesian notation 
for Wallis’ cossic exposition (derived, as the algebraic treatment itself, by way of Oughtred’s 
Clavis from Viéte’s De Aquationum Recognitione et Emendatione, Paris, 1615 [=Opera (ed. 
F. Schooten), Leyden, 1646: 82—-158}]). 

(121) The ‘impossible’ case when }q?—2zp° < 0. 

(122) Dedicatio: 24-6. (123) Newton wrote ‘relolved’. 

(124) Newton’s valid reply to Wallis’ criticism is essentially that it is the assumptions made 
which are false and not, as Wallis would have it, the algebraic structure by which the 
‘impossible’ solution is deduced from the assumptions. Specifically, Wallis has assumed the 
existence of a real root x of the form +(a+5) and deduced by algebraic operations that, even 
when }q? < s+p?, a and e must be 3/[4¢+./(4q?—ap*)] (‘impossible’ since the root of the 
negative quantity 4¢?—~z';p* is demanded). Newton later came to realize that, in fact, the 
assumption even in this ‘irreducible’ case of a root of form x = + (a+e) was not intolerable, 
and when in 1671 he wrote his notes on Kinckhuysen’s Algebra he included a chapter on the 
algebraic reduction of this ‘irreducible’ case. (See his In Algebram Gerardi Kinckhuysen 
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Yet I answer y* if y® opperation & conclusion be compared together y* 
absurdity will appeare. for in y° equation bd x bd =4—xx=4 = _ 25 —— 
—105 
8 


or bdxbd= 129) but it is impossible yt a (J4%% number should be 


negative.@3)) 

Thus x«=./—6 is impossible. square it & tis xx= —b. Againe, & tis x4=5b. 
Extract y° roote & tis xx=b, or x=J/b. w% is possible. The reason of this 
event‘) is yt x4 bb =0 hath two possible rootes viz[:] x=J/b. x= —J/b. & two 
impossible viz: x=/—b. x= —/—b. 

Thus y® valors of x* — a8 =0 are x =a, —a,/ —aa, —\ —aa, jth, —/4:- 44, 
Ra par em per 


Observationes [ = ULC. Add. 3959.1]: Caput quintum, De solutione AEquationum, where he con- 
siders the cubics x* = 21x+20 and x? = 15x—4. In the former, since 


—3\3 om _3\38 
140 f-Bie (<2 = 9) (Aa) - (=) ji 
the Cardan solution x = 9¥(10+9.,/—3) +4(10—9./—3) yields three real roots x = —4, 5 and 
—1l. Since (—2+,/—1)§ = —24+11,/—1, the resolution of the latter as 


x = §(—2411/=14+8(=t=1yf=) 


yields a real root x = —4 and the two other roots may easily be found to be real, that is, 
2+./3 and 2—./3. We will discuss this more fully when we reproduce the text of the Observa- 
tiones in our second volume.) 

(125) Dedicatio: 17-18. (126) Dedicatio: 18. 

(127) Newton has substituted his own algebraic proof for Wallis’ geometrical version 


which finds be®+ca*—ab? 44+16—1 
2ac =e 8 


immediately by the extended theorem of Pythagoras (the geometrical model of the cosine 
rule). Note too that Newton’s diagram transposes the points a and d, and 6 and ¢ in Wallis’ 
figure. 

(128) This is the crucial point. The algebraic structure is again not at fault, but rather it is 
the application of it which is erroneous. Since ab+bc = 3 < 4 = ac, the points a, b and ¢ 
cannot be measured by a Euclidean (or Riemannian) metric and so the triangle is not repre- 
sentable in Euclidean space. In particular, in the metric in which the triangle abc can be 
placed Pythagoras’ theorem cannot hold and so both Newton’s and Wallis’ proofs are invalid. 
(129) Read — . é (130) Read ‘square’. 

(181) Newton gives the argument that, since bd is $./—105, not all line-lengths associated 
with the triangle are constructible in a real Euclidean space. However, this proof depends 
on the assumption that Pythagoras’ theorem holds (which it here cannot). 

(132) Newton has cancelled ‘proceeding’. 

(133) Since x®—a® = (x—a) (x+a) (x*+a") (x4+<a%). 


cd = 
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§4. FURTHER DEVELOPMENT OF THE 
BINOMIAL EXPANSION® 


[Autumn 1665?] 


From the original in the University Library, Cambridge‘ 


[1] Iflab is an Hyperbola; cde, ck its Asymptotes, a its vertex, & cag its axis; 
if adck is a square & he||ad.© & cd=1, &, de=x. y® 
1 

be= = 
&c: (the progression continued is 1+3x+3xx+423. 
1+ 4x-+ 6x?-+ 4x34 x4, 14+5x%+10x?-+ 10x3+ 5x4 + 25, 
&c). 

Then, shall the areas of those lines proceede in 


. Ifalso, ef=1. eg=1+x%. eh=1+2x%+2[x]. 


: 1 * __ = ey 
a this progression. *=adeb. x=adef. x+ 9 adeg. 


Oxx x8 Sxx 3x? x4 
adeh = x +——- +>. ene ies er 


4xx 6x? 4x4 x5 ; : 
ea a oe &c. As in this table 


ee ts it tS 


4idsh Wrdledtteds solaatO-aut In w® y* first area is also in- 
serted. ‘The composition of w® 
x L& 0. lL Bere see. table may be deduced from 
hence, viz: The sume of any 
x —h OO 0. © 1. €. 40, we, &e figure & y° figure above it is 
eee ee oe ey 
it. By w“ table it may appeare 
. “Vc. ST ee y* y® area of y* Hyperbola adeb 
is | 
1 10s a abesMlscs Qtr Gy Oa Ge Dia ghs sats pu Be ee 
ee oe ee radbieaiapie ice 6» 
a & Aa 8 9 10 
= & & &c. x x 28 (5) 
s+ S wm > a) 9 16 &c. 


(1) Newton improves on his first researches into the binomial expansion in §3.2/3 above 
[=ULC. Add. 4000: 18* ff.] and sets them out finally as a set of four propositions. Since the 
logarithmic series appears as an integral part of the text the date of composition, by Newton’s 
own testimony, is not earlier than summer 1665 and it seems probable that Newton ordered 
his ideas in their present form when he had had some time to think them over. However, the 
early autumn of 1665 seems a firm post-date for composition, since parts of the present text 
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Plate I. Binomial researches: abortive calculation of log (1.1) (1, 3, $3.3). 
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Suppose yt adck is a Square[,] abc a circle[,] age a Parabola. &c. & yt de=x. 


ad || fe=1=bd. & y* y* progression in w® y® 
lines fe, be, ge, he, te, ne &c proceedes is 1. 
Jl—xx. l—xx. l—xxJ/1—xx. 1—Qxx-+x4. 
1— 3xx + 3x4 — x6, 


1 —2Qxx + x4,/1 — xx. 


Then will their areas fade, bade, gade, hade, 


tade, &c be in this progression. x. *. x———. 


*. xa tot, 2 


3x3 3x5 x? 
ae Be 
3 - 5 
&c: as in this table 


&c. 


XKX 
3 


7" 


following in w“ y® intermediate termes are inserted. 


Q 
ll lI 
1. } 
3 
3° 2 
3 
3° A; 
=i 
6° 0. 
3 
128° 0. 
bes. er 
256° 
i 
1024° 


: 

D 

eit th 5 eS ‘ 

5 7 9 ll 

6 © Sh | tS. Ct 

15 35 63 99 

sae g es Sepang, sick 299,165 .\°) 1B. 

5 35 105 231 

16° 1 16° 4 16, 10. 16° 20. 
—5 35 315 1155 

ee ee ee, cs aa 

3 —7 63 693 

256° 956° 0 256° 1, 256° 6. 
eg as 

ot. ‘eee 0 lo 


The property of w“ table is yt y° Sume of any figure & y® figure above it is 
equall to y® figure next after it save one. Also y* numerall progressions are of 


these formes. 


aM LA el 


a. 


a+b. 
b+e. 


c+d. 
d+e. 


a. a. 
2a+b 3a+b. 

at+2b+ce. 8a+3bd-+¢. &c. 
b+2c+d. a+3b4+3c+d. 
c+2d+e. 64+38c¢4+3d+e. 


are incorporated in Newton’s first thoughts on algorithmic integration in Add. 4000. (See 


2, 5, §1 below.) 


(2) Add. 3958.3: 72", 70°71. 
(3) Newton has cancelled ‘Zcka=2Zkca=Zked=Zcda=Lceb’. 

(4) The familiar composition rule in a triangular array of binomial coefficients. 
(5) Newton redrafts §3.3 above. 


(6) Newton redrafts §3.2 above. 


[&c] 
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Where[by] y® calculation of y® intermediate termes may bee easily performed. 
The area abed depends upon y® 4th Collume® 1. - —5. an &c: (w progression 


may bee continued at pleasure by y® helpe of this rule 
Ox1x—1x38x—5x 7X —9XxI1Xx —I13X15 
Ox2x 4x6x 8x10x 12x14x 16x18 
Whereby it may appeare yt, what ever y° sine@ de=~x is, y° area abed is 
BO | ae Ie aie. die 


ols: dle pa ip. ee, Odean: Se kee OE Ree (11) 
4 4 tie a 281613312 10240 = 


&c.) 


(& y® area afb j is ~ eS a oe ke ). Whereby also y® area & angle adb may 


6 40 112 
bee found. 
The same may bee done a ae areas afd, abd, agd, ahd &c“* are in this 
x x * 30 y % 3x*. 9x 5x” 


ee 
a us — mene isnot pace tale Sanat 
progression 5. * at —_ 10° ‘ot 6 107 14° 


x 4x8 ~ 40x? 7x® 
Ff ch nm 
, ee 10 14 18 
(7). For the first time Newton introduces a table of finite-differences. Where a = (0, 0), 
b = (1,0), c = (2,0), d = (3, 0), e = (4,0) and general point (s, k) is the binomial entry 
& , we may rewrite Newton’s array as a unit-lattice (s, k),s = 0, 1, 2, 3,4; 4 = 0, I, 2, 3. 


(Newton will extend the lattice both below and to right and left, but not above since (s, k) = 0 
for s < 0.) Since the binomial entries obey the composition rule 


= ‘) = Ee.) Be (4) 
s+] s } \s+l1)’ 
we can define the difference-scheme with unit-intervals, 


Al(s,k) = (s+1,k+1)—(s,k) = (s+1, 4), 
or more formally 


A%(s, k) = (s,k), and 
tae k) = Al(Ai(s, k)) = At(s—1,k) = (s—(t+1),k), 71 = 0, 1, 2, 3, ... successively, 
It follows that 
(s,k) = (1+A?) (s—1,k-—1) = (14+A?)* (s—k, 0) 


oe 
1+A1)* As-* ( ) Aits—k 0, 0 | 
= (1+A?) (0, 0) = Oe, ; (0, 0) 
k-—s<isk 


- 2,10) 2-09] -,3,L0) +9) 


which is Newton’s scheme. 
The ‘calculation of y* intermediate termes’ by a difference table will be discussed in detail 
below (note (35)). 
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As in this following Table. 


jb 4. Peg ster 
aed See ee Ce ae ee 
el = 8 Se ke kk lee 
Rap Mey 8 FG 1b 
— ha x [0] ef 0. — 0. = 0. (16) 


fsidod> t & t 
By w°} it may bee perceived y' 
ie 1 i eee 35x® = 63x11 
abd=5%+ 75% +95 + a04" +530at 560° &° 


And by this meanes haveing y* area abd, (w* y® angle adb gives) de y® sine of y* 
angle adb may bee found.@” 


(8) Read ‘column’. 

9) Read ‘Oxlx—1lx—-—3x—-5x—-— 7x— 9x-—l1lx—13x —-15 
ee Ox2x 4x 6x 8x 10x 12x 14x 16x 18 
i = 0, 1, 2, 3, ..., successively (where (5) = | is entered in Wallisian manner as 5) : 

(10) Read ‘signe’. 


(11) That is, [a-mta =f’ x | (3) (-#9*]-a 


00<i<m 


“Soll, oo"4} 


(12) (afed) —(abed) = x— [- a-#t-ae 


&c’, that is, ue 


(13) adb (or sin-!x) = 2(adb) = 2[(abed) — Abed] = 2" (1—#)?. dt —x,/(1—x?). 


(14) [. =m) -dt— axa), (s = 0, 4, 1, %, ...) successively. (15) Read .. 
(16) [- a-#+.d—ae-at) - 2.  (;) ([°(—#).dt—aa(—2994) | 


ae ee 
= = + i+1 ; . 2i+1 4 
athe K (() 2(2i+1) * | 
(17) 2(abd) = adb = y, say, = sin1(¥) = sin~!x, so that 
de = x = bdxsin[2(abd)| = siny. 
Newton’s power-series expansion of sin-!x allows him to express y as an infinite series in x, and 
probably x = siny is to be expressed as an infinite series in powers of y by reversing the 
previous series y = sin-!x (as he was to indicate to Leibniz in his letter of 24 October 1676: 
see Correspondence of Isaac Newton, 2 (1960): 128-9). 
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Corol: If de=x. & J1+xx=eb. y® abc is an Hyperbola. & its area dabe is 

> ££ Fae. 
RPM OSDE pt Reps er Me™ * eva (18) 
*+¢—40' 11a” 1162" 2816" © 


[2]a 

Prop 1. Suppose ab=x. bd=y tab. And y* y* nature of y® line addc is such y* y* 
valor of y is rationall & consists of no 
fractions in whose denominator x 1s, 
or else wholy of such fractions in whose 
denominators x is, but not of divers 
dimensions: If I then multiply y* valor 
of y by x, & divide each terme of y* 
valor by so many units as it hath di- 
mensions in yt terme; y® result shall 
signifie y* area abd of y® afforesaide line addc.@ 

As for example. If y=1, or y=x, or y=xx, or x°, or x4 &c y" y® area abd is 
— «=? a= OO — &c: so if y=+ ory=— or &e: 

}- 3. 3." 4 ° b’ Es + , 


ax axx ax® a 
y" y® area abd is —- b? Ob? 3b &c. In like manner if y=——. 2 Y= < OF Y= &c 


(18) The area (dabe) = - (142)? . dt = $ (log (x+./{1 +%?}) +%,/{1 +%7}) under the hyper- 
bola y2 = 1+? is the first interpolated value (s = 4) in the sequence 


| +eyde 1b we 2. 
0 


Its evaluation is hardly a simple corollary of the preceding but may be carried through in a 
like way. Thus 


fare = ZU) o-4] = 2. ll aea} 


4 a h\ x24 
so that (dabe) = toe a4 |; i 41 


(19) Newton revises his previous researches as a scheme in four propositions (with pro- 
vision, unimplemented, for a fifth). This section is described and partially published in 
DT. ‘Whiteside, ‘Newton’s Discovery of the General Binomial Theorem’, Mathematical 
Gazette, 45 (1961): 175-80. 


(20) Where bd = 5 (a,x"), (abd) = I cee » Fac “|. 

(21) Newton in fact; as we have seen above (3. §3), took this general theorem from Wallis. 

(22) True since (abd) = [ ai-1 dt = a[log(x)]} = oo. Four years later Newton added 
this corollary, unchanged, to the opening page of his tract De Analysi. It seems likely that 


This best 
appeares by 
multiplying 

both parts by 
b + x, (25) 
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ee. 
—I1x x 


~ so =r &c: is y® area abd (as by others) demon- 


0 
strated). | so if = ¥. 3 5 is y® area abd; viz: tis infinite.® |, Lastly if 


ee so 
= — ccm 1 
y=1+x+axx—dx FPO aie iy abd is 
1 ane 5 bx ox 
a 5 2 ee my 


For y® area abd is compounded of those areas w® are related to & generated by 
those quantitys of w“ y° valor of y is compounded. & w* these areas are appeare 
by y® former example. (Note yt Parabolicall & Hyperbolicall (i:e: (in respect 
of bd,) affirmative & Negative) areas (thus considered) cannot compound any 
34 area because they are not on y® same side of y® line bd.@*) 

aa __aa_aax  aaxx aax® aax* aax®  aax® 


See 5S Gas Se ee eee ee 


.aa.aab+-aax. aabb + 2aabx + aaxx. aab? + 3aabbx + 3aabxx + aax*, [are], 


Prop. 2. &c. For these termes 


aa 
b+x 
&c. which termes may bee thus ordered 


77 aa. aab. aabb.  aab?. aab*. 


b+x 


aax. 2aabx. S8aabbx. 4aab®x. 
aaxx.  S8aabxx. 6aabbxx. &c: 


aax*, 4aabx®, 
aax*, 
he worried much over this case i = —1, which does not apparently fit into the general Wallis 


theorem though, worked as a problem in hyperbola-area, 


iz at-1.dt— | at-1.dt = alog (=) 
0 0 Xe 


The subtle reconciliation of the two (compare 2, 7: note (12) below) afforded by defining 


a : v4 ; at® |% 
I at-1.dt as lim ( | at-3+* dt) = lim =| ; 
Ls e>0 \J ae e>0 L © _lay 


with ¢® = eles = 1+¢log(t)+O(e*), appears beyond Newton’s present understanding. 

(23) Newton has not yet reached the convention that positive and negative areas may, 
though on opposite sides of bd, be compounded as the third area which is their difference. 

(24) Read ‘continuously proportional’ (Oughtred’s symbol). 

(25) This remark, added here as an afterthought but referring to the proposition as a whole, 
was apparently inserted immediately after Newton made the division on a loose vellum sheet 
of calculations (ULC. Add. 3958.2: especially 29"), taking the quotient to two terms. In 


met al (-)] 009 - e0-reG 


. a2 af at . : - x\ n+l é 
so that pe pee | F (3) | ere x < and so ee (5) |- 2 
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Or by supplying y° vacant places 


aa 
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wa 1 Xx aa. l1xaab. I1xaabb. 1xaab*. 1xaab‘. 
+x 
0x . iar 2xaabx. 3xaabbx. 4x aab®x. 
2 
0x a ee = lxaaxx. 3xaabxx. 6xaabbxx. [&c] 
aax® aax? aax? 
Ox=e OxT —r 1 X aax’. 4x aabx', 
aax* aax* aax* aax* r 
scons — Sine (26) 
0 x ha 0x 53 0x; << 0x ae 1 x aax*. 


Now to reduce y° first terme ——— a 


= 


to y°same forme w" y* rest, I consider in what 


progressions y® numbers prefixed to these termes proceede. & find y™ to bee 
such yt any number added to y* number above it is equall to y* number 
following it. Whence any termes may bee found w are wanting, as in y° 
annexed Table.@”) | 


1 l. FP ‘a ee ee ee a 
—4 —~3° Ss. SE ES ee 
10 6. 3 & 0. s3ac3. 6 10,. 16. 21. 
—20. -—10. -4 -1l. 0. 0. 0 1. 4 10. 20. 35. &c 
35 15. 5 l, &, Oe ae 2. oe oe 
—56. -—21. -6 -1.000 0 0 1 6 £21. 
84 28. 7 LO oe ee ee ee 


Also any terme to w these numbers are prefixed, being multiplyed by 4 


produceth y® following litterall terme. Or y* higher terme multiplyed by : 


produceth y* lower terme. As in y® following table. 


(26) As before, Newton sets out the binomial coefficients (‘) = (s, k) as a square array, 


s,k = 0, 1, 2, 3, ..., successively; and then, finding the combination rule 
(s,k) = (s,k-—1)+(s—1, k—1) 


to hold for all (s, k), k positive, he extends the array backwards to the left (that is, for negative 
values of k) on the suppositions that this combination rule continues to hold and (implicitly) 
that (0, k) = 1 for all k. 

(27) With the restriction, necessary for convergence, that x (taken by Newton as ranging 
only over the positive interval [0, 00]) be less than d. 

(28) Where x > 0b. (29) Where x < b. 
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Whence it appeares y* 


big 
aa 


t 
y b-+x 


aa 


bb+2bx-+xx bb 


aa 
“A. =y= (prop 2) 


aa aax  aaxx aax?® 


= 


prop 1), =- 


aaxb+x, a®xb+x)*, a? xb+x)%. a®xb+x)4, 


ae te i =a tek edt oe. 
= — 2 — + aax +2aabx. +3aabbx. +4aab*x. 
2 2 
ad —— ° = ° a + aaxx. +3aabxx. + 6aabbx?. 
—4aax®  —aax® Oxaax® Oxaax® Ox aax® ‘ 
5s ia 8 bb ——) +aax', +4aabx*, &c. 
+5aax4 +aax* Oxaax* Oxaax* 0x aax* 0 x aax* 
5 re i 5 bb ——. 
&c. &c. &c. &c. &c. &c. &c. 
qa aa ax | aaxx — aax® __aQ , ax , aaxx aax® 
&c. Or —— &c,.@) 
a ee Yo atte t et pe Bee? Or 
aa aab aabb aab® 
ee ae eet SF) Or: yt 
Xx XK x x* y 
aa 2a*x 3aaxx 
=< Po ee 
Prop: 39. If ab=x. y=dbLabiae. fa= 
é 
d 
aa" &c. Th b 
Sp tags pe tae ec: en (by f 5 m 
aax  aaxx aax® _ aax*  aax° __aax® 
—— -+|- &c: is abde area of y® Hyper- 
—obb + 3B5 4b" * BR 668 >" ¥~4AYP 


bola.®® So if = y. &c: In like manner if 


aa 


bb-+-2bx-+xx 


Then (by prop 1) +e 


aa 2aax 3aaxx 4aax? 


= (prop 2) bb 


aax aaxx aax® aax* 
S  See 


fs 


&c 


h4 


b® 


&C. 


= (prop 2) 5 - “Fr, 8 y® area 


(30) 


x gr t —i 
I $ (145) dt 


So l(G zal) | 


= a®log (“F). where x < 0. 


(It is possible that Newton is aware of this last restriction and seeks to convey it in his accom- 
panying figure by setting ab < fa.) 


9 


WHN 
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(31) (xych ee es ee ae ye ee 

abde.°) (w* may also thus appeare viz: if fb =b+x=z. y Witigiu = 
_aa_ aa _aa - _ 44 A ww 
Therefore (prop 1) y°areadbm “gay Fes & cam 5° SOY eadb 8 Se iz 
And so of y* rest. As if 
# Sask x3 —bxt—x® + bbx> + 2bx8 + x? 
qacbe es f= (Prop oe at a 
— bbbx® — 3bbx" — 3bx8 — x® 


as 
The area abde is 
4x* — 5bx®— 6x® + 6bbx8 + 14bx7+ 8x8 — '7b3x? —24bbx8 — 27bx® — 10x19 


snceensk jiieniaaieieiatamabiamnnt &c.3) 
aa a* hi a8 


Prop 45.89 To find two or three intermediate termes in y® above mentioned 
table of numerall progressions, I observe y‘ those progressions are of this nature 
viz 


aS a. a. a. 

b. bte. 542. b+ 3c. b+ 4c. 

d. d+e. d+2e+f. d+3e+3f. d+ 4e-+ 6f. 

g. gth gt+2h+i. gt+3h+3i+k. g+4h+6i+4k. [&c.] 
lL dtm. l+2m+n. 14+38m+3n+p. 1+4m+6n+4p+4. 

r rts. rt2stt r4+3s+3t+0. 7r+4s+6¢+40+w.0) 


And yt y® summe of any terme & y® terme above it is equall to y°® terme 
following it at the distance of y® termes in y® s¢ numerall table.8® 


(31) [3 (1 +5) od os =. te ae (')"] 


Pee 5. ; a" x\' ' —2\ Se be 
= % I 1) j (5) |. since ( = (—1)i(7@+1) 
> pb ae erik 


32) (eadb db ape denaced 
(32). (eadb)=-(eam)—(dbm) = f- _ u—[ a 
2 2 
bu u tb 
(33) Through carelessness Newton uses the untenable integration theorem 


x 
a;t'.dt = (t+1)a,xi+1, 
0 
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Suppose I would find y* meane termes in y* 3¢ progression 
3. +. = * o--—*. 0. 
d—4e+10f. d—3e+6f. d—2e+38f. d—e+f. d. d+e. d+2e+f 
-,  & . 3. 
d+3e+3f d+4e+6f. d+5e+10f d+6e+15f. 
I compare y® termes of yt progression & of y® correspondent litterall progression 
& find d=0=2e+f. 4¢e+6f=1. subduct 4¢+2f=0, or 12e+6f=0 from 
4e+6f=1. & y° rest is 4f=1. Or —8e=1. w™ termes being found viz d=0. 


—1 ] - 
eae Ft =]: y° progression must be 


9 3 3 
— (37) a Be oi a Saves (38) 
3. 8 e 1, 8 ® 0. 8 e 0. “ ® l. e 3. &C. 


(34) Newton has cancelled a first draft which reads: 
Prop 4%, If os = y™, n & m being numbers y* signifie y® dimensions of x & y: Then is 


mx 
m+n 


Prop: 5. If y=ax™+bx". y 


; mex" a , The area abde if n is affirmative, or mbd if n is nega[ti]ve of y* line edm. 


nx ax™ r eOxe 
m+l n+l“ 
(35) Newton proceeds to subtabulate terms at 1/p intervals in each row (5, k), k free, in his 


bde. 


array (s,k) = (‘) . Newton had already, as we have seen (note (7)), introduced a difference- 
scheme where the interpolation was to be made at unit-intervals, and this he generalizes. 
Where now the binomial coefficients (s, A+k) = es 
a = (0,A), 6b = (1, A), d = (2, A), g = (3,4), / = (4,A), r = (5, A), Newton seeks, on the 
analogy of his previous results, to generate (for each row s) terms (s, A+4) interpolated at 


1/p-intervals by (s,A+k) = %& (’? Cs, | . When pf = 1, clearly, 
o<i<xsL\? 


) are entered as a square array and 


(rth) = ES | (Dea]s oF ee = @-a) 
O0<i<sL\? 
in this case. For other values of », however, though always c, 9 = (s, A), there will be no 
simple way of determining the c,; and they will have to be calculated anew for each s. 
(Newton’s assumption of the form of his interpolated terms (s, k) is strictly equivalent to 
positing its identity with a polynomial of degree s whose coefficients may readily be deter- 
mined. Indeed, as we shall see, Newton quickly concluded that the latter, as an assumption, 
seemed more plausible than the former and thereafter discarded his treatment by differences.) 
(36) The basic composition rule (s,k) = (s,k—1)+(s—1,k—1) is now generalized to 
cover all rational k. The ‘distance of y® termes’ is, of course, the unit interval. 
¢ 3 
(37) Read = . 


(38) Newton bisects the intervals of (;) 


d = C29 = (2,0) = 0, € = la, =—8; S = 6,2 = 4 


(2, k), finding (on setting p = 2, A = 0) 
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Hence may be deduced this table viz 
1. 1, by. a8 1 is ieee os 7 | ee 2 | ee : Fae © 1, 
—3. =. —2. - —1l, =5. 0. ;. 1. : 2. . 3 a 4, ; 5. 
6. as 3. = 1 4 0. = 0. + 1. = 3. - 6. = 10. 
$10. Sed bie gge | ah Sagas Os Fpl F_s 0 Sk ge gee 2 20 
15 a eS 0. aay. 0 Fag. 0 age. 0. rn 
~21, “S08, 0, SO. = 1 ee. Or ey. aay. 0. | See. aes 0, eS 
+28, For. ee 0 0. gy 0. en es 
&ce &c: &e: - -&e:-- --&e:--&e:--&er- &e:—. do, &e. —&e- &e, --&e, Be, &c,--&e, &c, 40) 
So oe 


Note y‘ y® progression 1. =. 3 16° 198° anh &c:4) may bee deduced from 
1xlx—-—1x —38x —5x -—7x -—9x-—ll 
1x2x 4x 6x 8x 10x 12x 14 
terme given y® rest are easily deduced thence. 

In like manner if I would find two meanes twixt every terme of yt numerall 
progress?) I compare y® numerall & correspondent litterall progressions, 
suppose in y® 3¢ progression. 


hence 


&c: & one intermediate 


1. %., ae Oh Ms F; 0. 
d—S8e+6f. d—2e+3f. d-e+tf. d. d+e. d+2e+f. d+3e+3/. 
a s e 
d+4e+6f. d+5e+10f d+6e+15f. &c. 


And find yt d=0=3e+3f. & 6f—3e=1. To w® adding 3e+3f=0. Or 
— 6f—6e=0. y® result is 9f=1. or —9¢=1. So y* y® progression must bee 


2k 


and so evaluating (2,k) = > ( ; Jer, | . In polynomial form, 


0<i<2 
(2, k) = -3(7)+2(3) = i(k-1). 
(39) 
(40) Newton tabulates (s, k), s = 0, 1, 2, ..., 6; k =—3, —#, —2, ..., %, 5. 
(41) (s, 4) = (*), ee U, 1, os 
(42) Read ‘progression’. 
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5 2 —] —l 2 5 14 20 ‘ 
1-.-.0. —.—.0.-.-.1.—.—. (48) H hi 
5°95 7 a er ee ee &e. ence may bee composed this 
Table 
l. 1. 1. i L. < le FF P 1. i: 1. 1, 
1 2 4 5 7 8 10 ll 
0. 3° 2° 1. 3° a" 2 a* - ay ee _* 4 
—l —] 2 5 14 20 35 44 
0. —— a 0. 9° 9° is ac 9° 3. 9° re 6. [&c.] 
5 4 —4 —5 14 40 140 220 
0. 81° 81° 0 = 81° 8] 0. 81° 81° I; } ee ee 4, 
SS eS er ee ee ee 
: 243° po) ae 243° i 243° , es 243° a3: CU 
22 14 —8 —7 = 8 —14 — 22 
oe ee i ea ae =e ae 
0. 799: 799° 999° 799° ~=«—759° 729° ~—739° 729° ® 


i ee .. ke —Sx —11x —14 
Ix3x 6x Ox 12x 16x 18 
1 +5 10 +22, ue 

5° 1 243° Jag kOe” & this 


1x2x—1l1x-—4x —7x —10x —138 
L«~3e..:.6%. 80% I2=x 15x 18 


Note yt this progression viz &c gives y® 


second terme) 1. +3. 


&c 


gives y® third terme.4” Also this progression 


1x4x1lx-—-2x—5x —8x-—-l11x—14 


1x8x6x 9x 12x 15x 18x 21 &e. 


gives y® 4th, (48) 
= ; ee 
AND IN GENERALL if y® 2¢ quantity of any terme is re this progression gives 


all y® rest viz 


L xxx x—y X x 2y x x— By Xx— dy Xx— BY Xx— BY g 6 0) 
LXgx: 37x syx- 49x fyx yx ‘ty 


(43) Newton trisects the intervals of (2, k), finding d = ¢y9 = (2,0) = 0, ¢ = tg, = —# 


Ff = Ce, =% and so evaluating (2,4) = > ; ie Jes, | . In corresponding polynomial 
0<i< 


form (2,k) =—= 5 (7) “ 5() = 4k(kK—1), as before. (Since d~0, A = 0.) 
(44) Newton tabulates (s, k), s = 0, 1, 2, ..., 5; & = 0, %, %, ++) As, 4. 
(45) Read ‘column’. (48) That is, (s,4), s.=-0,.1,.2, 3,. 
(47) (s,%), 5 = 0, 1, 2, 3, .. (48) (s,$), s = 0, 1, 2,3,. 


(49) That is, (1, x/y) or the general fractional binomial coefficient (“# ) . 
(50) (s, x/y), s = 0, 1, 2, 3, a. 
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Note also yt 1.1.1. 1.1.1. may bee l=y. 
any of these 0. 1. 2. 3. 4. 5. designed by x=y. 
progressions 0, 0. 1. 3. 6. 10. Geometricall xx —x = 2y. 
w*) their 0. 0. 0. 1. 4. 10. &c. lines x8 — 3xx + 2x = 6y. 
intermediate 0. 0. 0. 0. 1. 5. x* — 6x3 + Llxx— 6x = 24y. 
termes 0. 0. 0. 0. 0. 1. x — 10x4 + 35x35 — 50x? + 24x = 120y. 
0. 0. 0. 0. 0. 0. x8 — 15x5 + 85x4 — 225x3 + 274xx— 120x = 720y. 


In w“ x signifieth y® distance of any terme from y° first 1.0.0.0.0.[0.] & y is 
the quantity of yt terme.©» 


Prop: 5*.©) 


§5 IMPROVED CALCULATION OF HYPERBOLA-AREAS 


[Autumn 1665?] 


From the original in the University Library, Cambridge" 


If ea||vb|\dce Lacllev=vb=a. & be=x. & de=y=— Then is vdd an 


ine. a a 
Hyperbola® &c: And if be bee 


divided as in decimall fractions y° 
product is 

ae _~t 
atx / 

gh eg BA gi gah call 

a ata a at a a 
gil 22 yl3 


miles ae eg Ate Ate eo ate SAO 


3 
XX Xx 
ety 
a aa 


&c.4 


(51) Newton expands y = (s, x) as the polynomial toe [Six?] = s!y, where the S} are 
StS8 
the constants known (since James Stirling tabulated them for s = 0, 1, 2, ..., 9 in his Methodus 
Differentialis (London, 1730) : 11) as Stirling’s Numbers of the first kind. (See Charles Jordan, 
Calculus of Finite Differences (New York, 1950): ch. 1v: 142-68.) 

(52) The manuscript breaks off here with only the proposition-head entered. A gap 
follows till the end of the page (71") and the whole of its verso side is blank. 

(1) Newton corrects and expands his logarithmic calculations in 3, §3 above. In turn, 
when Newton eleven years later came to write his epistola posterior to Leibniz (October 1676), 
these calculations were revised and reordered in two leaves of his mathematical Waste Book 
(ULC. Add. 4004: 80"-81’). As a preliminary certain corrections were entered on the 
present text, and these will duly be recorded in the footnotes. The point lettered ‘k’ in the 
figure is perhaps ‘c’ preceded by an irrelevant vertical stroke. 
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Which valor of y being each terme thereof multiplyed by x & divided by y° 
number of its dimensions:® The product will bee y* area vbcd.© viz[:] 
xx x2 x4 x x8 x? x8 x? x10 yil yi2 


23a 402+ Bat Gat t 708 Bat Oa? 10a®* Tia® 1aqt0 


vbcd = ax — 


As for example. Ifa=1. & x=0,1. The calculation is as Followeth. 


0,10000,00000,00000,00000,00000,00000,00000,00000,00000,00000,00000 =ax. 


3 
+0,100/33,33333,33333,33333,33333,33333,33333,33333,33333,33333,33333 <a 
33,|20000,00000,00000,00000,00000,00000,00000,00000,00000,00000 — 
7 
58142, 85714,28571 42857, 14285,71428,57142,85714,28571,42867 a. 
of 9 
47/1,11111,11111,11111,11111,11111,11111,11111,11111, 11111 == 
Bcce 11 
7,81/909,08080,90909,09090,90909, 08080, 90909,09090,90000 eer — 
pee xis 
07|7,69230,76923,07692,30769,23076,92307,69230,76923 =5 5-55. 
ae x15 
eS 15418 
80158,82352,94117,64705,88235,29411,76470,58823 = aa 
=a 19 
63,/52631,57894,73684,21052,63157,89473,64821 ——— ini 
nel 
51476, 19047,61904,76190,47619,04761,90476 = si 


26)4,34782,60869,56521,73913,04347,82608 &c. 


5,5/4000,00000,00000,00000,00000,00000 


20 


37,03703,70370,37037,03703,70370 


60,|34482,75862,06896,55172,41379 


(2) Add. 3958.4: 78%/79", 78"/79, 77¥/80". ‘The original (folded in two) has parted at the 
folds and the four halves of its two sheets have in recent times been separately paginated in 
error. 

(3) That is, y(6+x) = a. (Note that Newton’s accompanying diagram has two points ¢.) 

(4) As in 3, §4.2: Prop. 2 above when b = a, but retaining the error term. 

a; xitl 
+1 ° 


eee — g2 ——]}] = q?. =a 1° - 
(6) [= jdt = a log( : a — [ 1)i il; “)" 2 with the implicit restric 
tion that x é€ 210, a}. 


(5) That is, integrated by the fundamental theorem [; a;t' dt = 
0 
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1 3|322,58064,51612,90822,58064 


8913,03030,30303,03030,30303 


45,2857, 14285,71498,57 142 


26|27,02702,70270,27027 


33,|25641,02564,10256 


62/243,90243,90243 


86 2,82568, 19053 


9,1|2222,29299 


45|21,27659 


95,|20408 


91/196 


as 


0 =summe."” 


2i-1 
(7) The partial sum a’. 2 | sal) | a=1, x = 0-1, calculated to 55D. A 
1<i< “% 


mistake in the addition occurs at the 31st and 32nd decimal places which, as Newton corrected 
the manuscript a decade later, should read ‘03’ (and not ‘11’). Further, in 1676 Newton 
extended the period of several of his rows, presumably to round off the final sum: specifically 
he adds the figures 


8 


| row 16, a (0: "| ‘56129 03225’ 


| row 22, ‘ (0: | *48837, 20930 23255 813 &c.’ 


| row 24, a (0- | ‘57446 &c? 


| row 25, ‘ 5 Oe | 16326 &c? 


| row 15, = (0: 1) | ‘31034,48° 


| row 26, = x (0: | *07843 &c’ 
| row 27, , (0: | *88679 &c’. 


Finally, Newton corrected the last three figures ‘430’ of his total, extending it by two further 
figures to 358,63’. 
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0,00500,00000,00000,00000,00000,00000,00000,00000,00000,00000,00000, = se. 
0,005012,50000,00000,00000,00000,00000,00000,00000,00000,00000,00000, —== ~ : 
2,5 1666,66666,66666,66666,66666,66666,66666,66666,66666,66666, = a . 
16 12,50000,00000,00000,00000,00000,00000,00000,00000,00000, —————= a ° 
79 10000,00000,00000,00000,00000,00000,00000,00000,00000, =- 5. 
2671 83,33333,33333,33333,33333,33333,33333,33333,33333, ————= Ss 
50, 71428,57142,85714,28571,42857,14285,71428,57142, = nrg : 
721625,00000,00000,00000,00000,00000,00000,00000, —== aa 
0515,55558,55555,55555,55555 ,55555,55555,55555, — aa 


9,1/5000,00000,00000,00000,00000,00000,00000, 


ui 


4.5,45454,54545,45454,54545,45454,54545, 


44,|4.1666,66666,66666,66666,66666,66666, 


25|884,61638,46168,84616,38461,63846, 


77|3,57142,85714,28571,42857, 14285, 


9,2 


3333,33333,33333,33333,33333, 


73 


31,25000,00000,00000,00000, 


Soo 


85, 


30/277,77777,77777,77777, 


42|2,63157,89473,68421, 


7,5 


2500,00000,00000, 


75 


23,80952,38095, 


03,|22727,27272, 


83/217,39134, 


—o 


73 


2,08333, 


os 


29411,76470,58823,52941, 


&c. 
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The Summe of these two summes 


is equall to y® area befv, supposeing 4 2000, 
ae=0,9. ae 
And their Difference is equall to y* _— 
area bcdv, supposeing ac =1,1.9 viz: 63, =Summe.® 


befv = 0,10536,05156,57826,30122,75009,80839,39279,83061,20372,98327,40793. 
If ae=0,9. or eb = —0,1. 

bcdv = 0,09531,01798,04324,86004,39521,23280,84509,22206,05365,30864,42067. 
| If ac=1,1. or bc =0,1.0 


In like manner if x=0,01. & a=1. The calculation is as followeth. 


~~. 
3a Bai 


0,01000,03333,53333,33333,33333,33333,33333,33333,33333,33333,33333 = ax + 58" 


0,01000,08388,5883 42857, 14285,71428,57142,85714,28571,42857,14285 


9 11 
4,762) 1,11202,02020,20202,02020,20202,02020,20202 = = + oe 


01,68821,07|769,28076,92807,60280, 7928,07692 


551,4|6666,66666,66666,66666,66666 


0422,/58823,52941,17647,05882 &c. 


3887/5,26815, 78947, 30842 


ee 


0,973|47,61904,76190 
08,80/434,78260 
734,414000 
3352 = suime, 2) 
0,00005,00025,00166,67916,76667,50007,14285,71428,57142,85714,28571 = 3 ~ a + aa aa 


2i 
(8) The partial sum oe E (=) i; a=1, «x = 0-1, calculated to 55D. In 1676 
StS 


Newton corrected the last figure ‘3’, extending it to ‘6,80’. 


0 1 ] l : ] 
9 —— .dt =] —— 3 ———— (()-])2-1 — (O-1)?# |, 
(9) 1+? Bd (sa) teen F 1 aie |+ 2a E a | 
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16 18 
0,00005,00026,00168,67916,76667,50007,143|62, 50555, 60556,01010,10101 we iagut ai &e. 


48,21984,17698,8672|4, 16666 


8,559)88 


76 =summe.) 
The summe of these two summes is equall to y* area befv, supposeing 
ae=0,99. And their Difference to bedv, if ac=1,01. viz: 


befy = 0,01005,03358,53501,44118,35488,57558,54770,60855,15007,67462,98736. If ae =0,99. 
bedv = 0,00995,03308,53168,08284,82153,57544,26074,16887,29609,94005,87984. If ac=1,01.04 


Soe if x=0,001. Then the Calculation will bee. 


8 
0,00100,00003,33333,53333,34761,90476, 19047,61904,76190,47619.04761,9 = ax + as ce &e, 


3a 5a 
0,00100,00003,33333,53333,34761,90)111,11 120,20202,02020,20202,02020,2 


587,30167,82107,|76928,07602,30760,2 


55133,8|6066,60606,6 


2180,04/588,2 


806,1 =summe 


ree 


(10) \ dt = lo (=) « = | | (on) | - > E 1) | 
0 Te ONT) fear L2—1 1<i<26 L2t : 


(11) In accordance with the emended partial sums Newton has corrected the 32"4 decimal 
place of (befv), ‘9’, by writing in ‘ —8’ over it and modified its two last figures *93” to 25,43’; 
and, similarly, has altered and augmented the last four figures, ‘2067’, of (bcdv) to ‘1991,83° 
while decreasing its 32nd decimal place by ‘—8’. 


(12) The partial sum : > ; E- 1 oon |, calculated to 55D. In 1676 Newton 
<i<l <2 


increased the array to 57D and so rounded off the last figure more accurately as “6,17”. 
(Note that the last row is #(0-01)"> + 34(0-01)*".) 


(13) The partialsum > 3 (0-01)* | , calculated to 55D. Newton in 1676 augmented 
1<i<13 


the last figure to ‘7,55’. (The third rowis >) E (0-01)* J.) 
s<i<ii L22 


(14) (befr) = | "este log (5-59) and. (bed) = | a log (=T-] 
—o-01 L+¢ 0-99 o ltt 1 


are the respective sum and difference of the two partial sums (notes (12) and (13)). As before, 
corrections of the last two figures were added in 1676 to correspond with the improved partial 
sums. 
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x4 
0,00000,05000,00250,00016,66667,91666,76666,67500,00071,42863,39286 =summe of ste a3 &c. 


befv = 0,00100,05003,33583,53350,01429,82254,06834,49607,55205,25043,44092, If ae=0,999. 


Therefore 
Pet = 0,00099,95003,33083,53316,68093,98920,53501,14607,55062,39316,65520, If ac= 1,001. 


And if x=0,0001. Then 


3 
0,00010,00000,00333,33333,53333,33347,61904,77301,58731,06782,10755 = ax +5 &c. 


0,00000,00050,00000,02500,00001,66666,66791,66666,76666,66675,00000 = as} 34 &c. 


befv = 0,00010,00050,00333,35833,53335,00014,28696,43968,35397,73457,10755. } Coe 


Therefore 
bedv = 0,00009,99950,00333,30833,53331,66680,95113,10634,82064,40107, 10755. 


Ifa=1 & x=0,2. The calculation is as followeth[....]@” 


(15) Having calculated the partial sums 


= 2i-1 = gi 
2, | Ha OO) | — s oes ne (o-001)* |, 


Newton evaluates (befv) = [ ioe “7 dt = log (398) zat, 


0001 ] 1-001 
I (hedy = I. ptt = log (=) ey 


Through some confusion over the placing of his commas Newton calculated an extra decimal 

place in the partial sums, taking them to 56D, but drops it in his final result. Two further 
places were later added in correction. 

1 

2i—1 = ie 2i 

(16) The partial sums oer E= i (0-0001) ] and toner E (0-0001) ] are used to 


evaluate 


1 1 0.0001] 1-0001 
(beh) = [seo THE = log (5-550) ant (beds) = [ mt = log ( : : 


(17) Newton’s calculations are vitiated in several places and their reproduction can be of 
no use. Formally, Newton attempts to calculate the partial sums 


1 1 ; 
= j aa .D)\2i—1 — — (Q-2)2% 
iiss E= po”) ] am we etek E (0-2) iF 
1 
and so evaluate (befv) = ie ees: .dit = log ( 0. 5a) x~at+Pp 
02 ] 1-2 
and (Bedby «= s Tat = log (=) ny ee 3 


In Newton’s array of figures the rows #5(0-2)55, 2y(0-2)42, 26 (0-2)*, a3 (0° 2)48 and #;(0-2)72 
are wrongly reckoned, and conversely a correct expansion of 3'(0-2)*5 is cancelled for an 


ac = 1,0001."8 
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[If x =0,02 the calculation will bee] 
0,02000,26673,06849,58071,70371,83954,64639,04807,62053,27455,98440,93 


0,02000,26666,66666,66666,66666,66666,66666,66666,66666,66666,66666,66 
6,40182,85714,28571,42857,14285,71428,57142,85714,28571,42 
5688,88888,88888,88888, 88888, 88888,88888, 88888, 88 
1,86181,81818,18181,81818,18181,81818,18181,81 
63,01538,46153,84615,38461,53846, 15384,61 
2184,53333,33333,33333,33333,33333,33 
77101,17647,05882,35294,11764,70 
27,59410,52631,57894,73684,21 
998,64380,95238,09523,80 
36469,86086,95652, 173 
13,42177,28000,00 
497,10269,62 
18512,79 

6,928) 


0,00020,00400, 10669,86769, 10081, 17069,54599,73717,71328,11118,23899,702 


0,00020,00400, 10666,66666,66666,66666,66666,66666,66666,66666,66666,666 
3,20102,43413,33333,33333,33333,33333,33333,33333,333 
1,17028,57142,85714,28571,42857,14285,714 
40,97456,87984,35555,55555,55555,555 
19,06501,81818,18181,818 
699,05066,66666,666 
25811,10153,846 
9,58698,057 
357,913 

134.49) 


erroneous one. When Newton checked the manuscript in 1676 he corrected all these errors, 
not in the text itself but alongside, before redrafting the calculation on Add. 4004: 81°, where 
revised values for the two areas are given—specifically 


(befv) = 0,22314,35513,14209,75576,62950,90309,83450,33746,01085,54800,72136, 
and (bedv) = 0,18232,15567,93954,62621,17180,25154,51463,31973,89337,91448,69839. 


(18) The first partial sum : > Ss : Ex (0-02) | . The twelfth row, that is 7(0-02)2°, 
<i<1 = 


should be ‘36472,20869,56521,73’ and was so corrected by Newton in 1676. It follows that 
the sum has to be increased by 2,34782,60869,56. 


(19) The second partialsum })> E (0-02) J. 
1<i<ie L22 
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If ae=0,98; or —eb=0,01@; y2 
0,02020,27073,17519,44840,80453,01024,19238,78525,33381,38574,22340,63 =befv. 
[If] ac=1,02; or +bc=0,01%; ya 
0,01980,26272,96179,71302,60290,66885, 10039,31089,90725,16337,74541,23 =dbcdv.2)) 


(20) Read ‘0,02’. 
(21) Rounding off to 57D the 58D of the second partial sum, Newton evaluates 


—_ : a _ wt ~ al, ° 2i-—1 I ° | 
(befv) = ae i zt = log (<5) ~ ete E i (0-02) 24-1 + 3; (0-02) 
one = ae pa 1-02 ~ = = ° ait ° x 
and (bcdv) = se 7 pat = log ( i ms odes E ‘ (0-02) 3 (0-02) |. 


Newton’s error in calculating #s(0-02)** in the first partial sum (note (18)) results, as he acknow- 
ledged in his 1676 corrections, in both areas being too little by 2,34782,60869,56. 
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RESEARCHES IN 
ANALYTICAL GEOMETRY 
AND CALCULUS 
(1664-1666) 
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INTRODUCTION 


Having set down the evidence of Newton’s youthful debt to contemporary 
mathematical knowledge, we now reproduce the written record of his first 
researches in the interlocking structures of Cartesian co-ordinate geometry and 
infinitesimal analysis. In these papers Newton laid the foundations of his 
mature work in mathematics, revealing for the first time the true magnitude of 
his genius. 

His probings in analytical geometry (here confined to the consideration of 
a few general co-ordinate-systems, a deepening discussion of axis-transforms, 
and some not wholly successful attempts at curve-tracing) were not to strike a 
rich, exploitable vein of discovery till some three years afterwards when (as we 
shall see in the next volume) they formed the framework for his first detailed 
analysis of cubics. Unfamiliar to Newton’s contemporaries and unsuspected 
by later scholars they have remained unknown till the present day. In contrast, 
Newton’s early researches in calculus,®) overwhelming in their bulk, have been 
in the glare of publicity for more than two centuries and, though their details 
are still for the most part unpublished, their general content has long been 
known from Newton’s own pronouncements about them. These statements, 
born in old age of the emotional blindness and prejudice of his priority dispute 
with the Leibnizians and empty of the fresh, more generous spirit of his early 
papers and letters, are inevitably both partial and inconsistent.) Writing half 
a century afterward, Newton could indeed recall from memory but little of the 
period of his earliest mathematical creativeness and was himself forced to use his 
old papers as a major source for his claims. It is clear, in consequence, that: 
future evaluation of his mathematical thought must be firmly based in a sound 
textual appreciation of these manuscripts, and that we may introduce details 
from Newton’s secondary account only hesitantly and after due consideration. 

As in so many other fields—and though we should not underestimate the 
impact of Wallis’ work upon him—in the creation of his calculus of fluxions 


(1) See section 1 below. 

(2) De Moivre, who in the memorandum he gave to John Conduitt in November 1727 
showed some awareness of their content, is an apparent exception. (See the introduction to 
Part 1, especially note (15).) 

(3) Printed in sections 2-7 below. 

(4) We will present a selection of the more significant of these unpublished fragments in 
our index-volume. For the present we think it valuable to add (in Appendix 1) a pastiche of 
the chronology which Newton wished to set on his early manuscripts—one on which all 
previous scholarly judgements have had to rest. Though there is no space here to give its 
biases careful consideration, we indicate in accompanying footnotes the main inadequacies 
of Newton’s loosely consistent pattern of discovery and in Appendix 2 attempt a schematic 
reconstruction of the complex growth of Newton’s ideas on calculus up to October 1666. 

ro WHN 
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Newton’s chief mentor was Descartes. From the latter’s Geometrie, a veritable 
mathematical bible in Schooten’s richly annotated second Latin edition, he 
drew a continuous inspiration over the two years from the summer of 1664. 
Beginning with the Cartesian technique for constructing the subnormal to an 
algebraic curve, Newton swiftly soaked up the algorithmic facility of Hudde’s 
rule de maximis et minimis but quickly came to appreciate its hidden riches, 
applying it to the construction of the subtangent and of the circle of curvature 
at a general point on an algebraic curve and ultimately formulating a differen- 
tiation procedure founded on the concept of an indefinitely small, vanishing 
increment. On that basis and little afterwards he was able to set down the 
standard differential algorithms in the generality with which they were to be 
expounded by Leibniz two decades later.” Along with this a parallel stream 
of researches, built on Wallis’ work in the theory of the algebraic integral® 
and on Heuraet’s general rectification procedure, culminated about the same 
time (mid-1665) in a limited mastery of the quadrature problem and in 
geometrical insight into the inverse problem of tangents. In the summer and 
early autumn of that year, away from books in Lincolnshire and with time for 
unhurried thought, Newton recast the theoretical basis of his new-found 
calculus techniques, rejecting the concept of the indefinitely small increment 
in favour of that of the fluxion, a finite instantaneous speed defined with regard 
to an independent dimension of time and on the geometrical model of the line- 
segment. Soon after, in the autumn of 1665, he was led to restudy the tangent- 


(5) See section 2 below. 

(6) These themes are explored in detail in section 4. Newton’s differential procedure, 
embedded at first in his treatment of subnormal, subtangent and curvature problems but 
explicit by May 1665, essentially found the derivative of an algebraic function, say f(x), as 


lim * (flx-+o) —f(*)) 
o->zero 
with f(x+0) developed in Fermatian style as f(x) +0f’(x) + O(0*), where o denotes the limit- 
increment (dx) of x. (It appears that Newton first employed the o-notation in a problem in 
geometrical optics, but soon took it over into his treatment of curvature. See the concluding 
appendix on geometrical optics 1, §1, especially note (21).) This is, of course, the modern 
definition of f’(x) as lim flxtds) —fls) |: On one occasion (5, §5.1) Newton used the 
dx—->zero (x-+-dx) —x 
notation / for dp/dx (where is a function of x), but in general he retained a dot notation for 
the partial derivatives which he found it necessary to introduce into his discussion of tangents 
and curvature. In a transitional notation used on 20 May 1665 (4, §3.1 below) he found the 
total derivatives of a function >) (p;y') = 0 (where the ; are functions of x alone) in terms of 
4 


s e , 
the homogenized derivatives J; = “ and p; = oer On the oes day (4, §3.2) he 


introduced the more general notation SC = xf,, ZL = yf, = xf, K = xyf,, and 
JE = y*f,,, where OC denotes the general algebraic function i two aii F(*, y). “With 
slight modification he retained the usage in his October 1666 tract. (At the time of the fluxion 
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problem by the Robervallian method of combining limit-motions of a point 
defined in a suitable co-ordinate-system. After an initial crisis in his construc- 
tion of the quadratrix-tangent® he was able correctly to generalize the method, 
giving in May 1666 a comprehensive treatment of tangents by limit-motion 
analysis and extending its area of application to include the construction of 
inflexion points. In the autumn of 1666, lastly, and as a not unintended finale, 
almost all these researches were ordered and condensed in a short, unfinished 
and till recently unpublished work®* to which he gave no title but which, 
following his own practice in later reference, we may name the ‘October 1666’ 
tract. 

In those two years a mathematician was born: a man, certainly, still capable 
of profound error but with a depth of mathematical genius which by late 1666 
had made him the peer of Huygens and James Gregory“ and probably the 


priority dispute, for example in the appendix he wrote for Raphson’s History of Fluxtons 
(London, 1715), Newton made vague reference to this dot notation, attempting thereby to 
backdate the invention of his standard notation for fluxions—for which there is no manu- 
script evidence before 1691—back to 1665.) With regard to integration Newton made fairly 


frequent, but not invariable, use from mid-1665 of the notation OP (for | P .dx) but we should 


not press Newton’s priority there too hard. Already in 1659 in his Geometria Speciosa, which 
Newton seems never to have read, Pietro Mengoli had used O (for ‘Omnes/Omnia’) in the 
same significance. 

(7) See 5, §2 below. Leibniz published his version of the algorithms (which he had found 
in 1676) in his celebrated but unreadable ‘Nova methodus pro maximis et minimis, itemque 
tangentibus, que nec fractas, irrationales quantitates moratur, & singulare pro illis calculi 
genus, per G.G.L.’, Acta Eruditorum (October 1684) : 467-73. 

(8) See 1, 3, §3 above. 

(9) Compare 5, §1, especially note (51). 

(10) In modern language the fluxion of f(x) is the instantaneous ‘speed’ df/dt, where ¢ is an 
independent variable of time. (See 5, §4 below.) In Newton’s standard early notation the 
fluxions of x, y and z are represented by the letters , g and r: in other words, p = dx/dt, 
q = dy/dt and r = dz/dt. Taking, further, an arbitrary increment o (or dt) of the ‘time’ ¢, we 
may then represent corresponding increments of x, y and z by of, og and or. It then follows, in 
the limit as o vanishes, that g/p = dy/dx and r/p = dz/dx (where the increment o is absorbed 
into the limit-ratios). In particular, Newton often chooses x itself for the independent variable 
of time, so that o is now the increment of x (with og and or corresponding increments of y 
and z) and p = 1, and therefore correspondingly g = dy/dx and r = dz/dx. 

(11) See 6, §1, especially note (4). (12) 6, §4 below. 

(13) Reproduced as section 7 below. 

(14) It would be instructive to make a detailed comparative study of these two highly 
ingenious men and Newton. In 1666 with his Vera Circuli et Hyperbole Quadratura (Padua, 
, 1667), Geometrie Pars Universalis (Padua, 1668) and Exercitationes Geometrice (London, 1668) 
still unpublished, James Gregory was still relatively unknown in the mathematical world— 
indeed, it is true to say that his mathematical eminence has only widely been recognized in 
the present century with the publication of the James Gregory Tercentenary Memorial Volume 
(ed. H. W. Turnbull, London, 1939) and more recently of Christoph J. Scriba’s James 
Gregorys friihe Schriften zur Infinitesimalrechnung (Giessen, 1957). Christiaan Huygens was a 
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superior of his other contemporaries. His only earnest regret must have been 
that he had yet found no outlet for communicating his achievement to others. 
The papers printed in the following pages throb with energy and imagination 
but yet convey the claustrophobic air of a man completely wrapped up in him 
self, whose only real contact with the external world was through his books. 
That was to change somewhat in years to come, but it was Newton’s continuing 
tragedy that he was never to find a collaborator of his own mental stature. 


APPENDIX 1 


NEWTON’S CHRONOLOGY OF HIS EARLY 
RESEARCHES IN CALCULUS 


[1664-1666] 


Excerpts from original drafts in the University Library, Cambridge, and the Macclesfield Collection 


[A]® Archimedes in drawing tangents to spirals® gave an instance of... the 
method of fluxions.... Fermat gave another instance of it in determining the 
greatest & least quant[it]ies & applying the determination to the drawing of 
Tangents to Curves. This method was published by Herigon in his Cursus 


scientific giant in his own time, yet many of his more interesting later mathematical researches 
remained unpublished till half a century ago (when they were printed in his Guvres completes). 
We now know that Huygens and Newton, pursuing research into the same problems of 
tangents, curvature and inflexion points and alike inspired by a reading of Descartes’ Geometrie 
in Schooten’s Latin version, but neither aware of the other’s existence, made many identical 
discoveries—a fact which we will have occasion to emphasize several times in future pages. 

(1) The loosely consistent chronology which follows was never amplified by Newton into 
an autobiographical study comparable with Leibniz’ Historia et Origo Calcult Differentialis, but 
is extracted from the mass of autograph fragments written over the decade (1711-c. 1720) of 
Newton’s fluxion priority squabbles. In constructing our patchwork of quotation we have 
aimed to retain the significant passages in Newton’s account while preserving a certain 
continuity in their presentation, and in so doing have glossed over several of its inconsistencies. 
(Newton’s picture, we must remember, was of events already half a century old and his 
considered intention in drawing it was to establish priority of invention rather than to conduct 
an objective self-analysis.) Nevertheless, comparison of the text of his early papers, reproduced 
below, with his own later appreciation of their content should prove interesting. 

(2) ULC, Add. 3968.19: 290%. On the preceding f. 289" the fragment is substantially 
incorporated in a draft preface for his (unpublished) Extracts of y* MS Papers of M* John Collins 
concerning some late improvements of Algebra. 

(3) In Props. 12-20 of his tract On Spirals. (See E. J. Dijksterhuis, Archimedes (Copenhagen, 
1956) : ch. vit: 264-85, especially 264-74.) The justice of this acute observation is argued by 
C. B. Boyer in his Concepts of the calculus (New York, 1939): 57-9. It seems likely that Newton 
has in mind Viéte’s commentary on the work in his Variorum de Rebus mathematicis Responsorum 
Liber VIII (=Schooten’s Vieta: 347-4385, Newton’s notes on which are reproduced in 1, 2, 
§2.4 above). 
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A.C. 1631, & a specimen of it was inserted by Schoten in his Commentaries 
on the 2¢ book of Cartes’s Geometry.,.. M* Newton affirms that in y® year 
1664 & y® winter following upon reading the Geometry of Des Cartes w‘® his 
Commentators he met with the method of Fermat in y® second book of 
Schooten’s Commentaries & not long after applied it to abstracted equations 
in the manner described in the first Proposition of his book of Quadrature) 
but did not use y* language of Fluxions from the beginning. 


(4) Newton noted elsewhere (ULC. Add. 3968.30: 441", reproduced by L. T. More in his 
Isaac Newton (New York, 1934): 185, n. 35) that he ‘had the hint of this method from Fermats 
way of drawing Tangents’. In modification of More’s accompanying claim that this was 
‘direct evidence. . .of Newton’s indebtedness to Fermat’, it is clear from the present fragment 
that Newton had no direct knowledge of Fermat’s work but knew the outlines of his tangent- 
method perhaps from Heérigone’s first brief printed description (note (5)) or more probably 
from Schooten’s commentary. No adequate account of Fermat’s method de maximis et minimis— 
or indeed of the similar tangent-method which Descartes was provoked to formulate in the 
spring of 1638—appeared till 1667 when Clerselier printed all he could gather of the corre- 
spondence relating to Descartes’ part in their ‘querelle’ (in the third volume of his Lettres de 
M. Descartes). Fermat’s fundamental tract, Methodus ad Disquirendam Maximam et Minimam (the 
‘Escrit’ sent by Mersenne to Descartes early in January 1638) was printed only in 1679 in his 
posthumous Varia Opera. (See Paul Tannery’s and Charles Henry’s Céuures de Fermat, 1: 
133-79, especially 133-6; and 2: Letters xxv—xxxv1.) 

(5) Newton has his date badly wrong and it would appear that he had never seen Hérigone’s 
work, taking the reference from Schooten (note (6) below). Hérigone, in fact, added his note 
on Fermat’s tangent-method at Mersenne’s suggestion in the 1642 Supplementum to his Cursus 
Mathematicus, nova, brevi et clara Methodo demonstratus (5 vols., Paris, 1634-7), issuing it with the 
main text of the Cursus only in his second, revised edition (6 vols., Paris, 1644). His account 
(Supplementum Cursus Mathematici: Supplementum Algebra: 59-69: Prop. XXXVI, De maximis et 
minimis. Des maximes et minimes.) is little more than a summary, transformed into his highly 
idiosyncratic notation, of Fermat’s Methodus (note (4) above), closely following its division 
with a main section on algebraic maxima and minima and the application to tangents set 
in appendix. The French version of Hérigone’s parallel French and Latin text concludes with 
the attribution: ‘Par la mesme methode on trouvera aussi les tangentes de toutes sortes de 
lignes courbes, en des points donnez en icelles, ... & cette methode ne manque iamais: 
ce que son inventeur asseure, qui est Monsieur Fermat, Conseiller au Parlement de Tou- 
louse, excellent Geometre, & qui ne cede 4 aucun en |’Art Analytique: lequel a aussi tres 
bien restitué tous les lieux plans d’Apollonius Pergzeus, que nous les avons veu en cette ville 
manuscripts entre les mains de plusieurs, en suite desquels se trouve aussi du mesme autheur, 
une Isagoge aux lieux plans & solides.’ 

(6) Schooten’s ‘specimen’ (Commentarii in Librum II, O=Geometria: 253-5) applied the 
method to the problem of constructing the normal at a general point on the conchoid. Having 
described in previous pages two useful approaches, he proposed a third way of investigation 
‘beneficio Methodi de Maximis & Minimis, cujus Author est Vir Clarissimus D. de Fermat, 
in Parlamento Tolosano Consiliarius, quam Herigonius in supplemento Cursus sui Mathe- 
matici exemplis aliquot illustravit, atque ibidem etiam ad inveniendas tangentes adhibere 
docuit.’ (Geometria: 253). 

(7) Newton first wrote ‘before the end of y® next winter & the summer following’. 

(8) That is, the Tractatus de Quadratura Curvarum, composed in its final form in late 1691 but 
printed only in 1704 as the second appendix (pp. 163-211) to Newton’s Opticks: Or, a Treatise 
of the Reflexions, Refractions, Inflexions and Colours of Light. Also Two Treatises of the Species and 
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[B]® D* Barrow then read his Lectures about motion & that might put 
me upon taking these things into consideration....In the winter between the 
years 1664 & 1665 I had a method of Tangents like that of Hudden®” Gregory 
& Slusius@2) & a method of finding the crokedness of Curves at any given 
point,4®) & by considering how to interpole certain series of Dt Wallis I found 
the Rule...for reducing any power or dignity of any Binomium into an 
approximating Series, & in the following Spring, before the Plague, w 
invaded us that summer, forced me from Cambridge, I found how to do the 
same thing by continual division & extraction of roots....44 And soon after I 
extended the Method to the extraction of the roots of affected Equations in 
species.“5) And from all this I learnt how to deduce the Ordinates or Abscissas 
of Curvilinear figures from their Areas or A[r]cs given, as well as the Areas & 
Arcs from the Abscissas & Ordinates.“® Thus far I proceeded before the plague 
forced me from Cambridge. And in a paper dated 13 Nov. 1665” I find the 
direct Method of first fluxions set down with examples & a Demonstration. 


Magnitude of Curvilinear Figures. Prop. I. Prob. I, set out on pp. 172-5 of the Opticks, expounds 
the Fermatian method of finding the derivative of a general algebraic function under the 
familiar enunciation, ‘Data equatione quotcung fluentes quantitates involvente, invenire 
fluxiones’. In particular, Newton in his Demonstratio and Explicatio considers a function, say 
F(%; y, Z), of three variables, finding its derivative 


im (5 Lfle-to8, y +0y, 2+ 08) —f(x, 9, 2)]) 


js te ied 
from the expansion 


f(xt+o%, ytoy, z+02) = fof, +9, +7.) + 0(0"). 

(9) ULC. Add. 3968.5: 21°. 

(10) Newton has cancelled ‘the generation of figures by’. The implications of this offhand 
comment are discussed in 5, §4, note (4) below. 

(11) In elaboration of his algorithm de maximis et minimis, sent to Schooten on 27 January 
1658 and subsequently printed in Schooten’s Geometria (1 (1659) : 507-16), Hudde expounded 
his tangent-rule in a second letter to Schooten on 21 November 1659, which remained 
publicly unknown till, at the time of the fluxion priority dispute, it was printed in the Journal 
Literaire in counterblast to an extract from Newton’s letter of 10 December 1672 to Collins 
which has appeared in a previous issue, and where Newton asserted that Hudde’s method was 
‘limited to equations w are free from surd quantities’. (See ‘Extrait d’une Lettre de 
M. Newton a Mr. Collins le 10. de Décembre 1672’, Journal Literaire, 1,3 (May/June 1713): 
213-14, and ‘Extrait d’une Lettre du feu M. Hudde, 4 M. van Schooten, Professeur en 
Mathématiques 4 Leyde. Du 21. de Novembre 1659’, Journal Literaire, 1, 4 (July/August 1713) : 
460-4. Compare also Correspondence of Isaac Newton, 1 (1959): 247-8.) 

(12) René-Francois de Sluse appears to have come upon the tangent-rule some time in the 
late 1650’s, but first asserted his priority only in 1671 ina letter to Oldenburg. (See ‘Slusius... 
his short and easie method of drawing tangents to all geometrical curves without any labour 
of calculation’, Philosophical Transactions, 7 (1672): 5143-7. Compare also L. Rosenfeld, 
‘René-Francois de Sluse et le probléme des tangentes’, Jsts, 10 (1928) : 416-34.) With regard 
to James Gregory’s independent discovery of the rule the evidence is less clear. However, on 
8 November 1672 Collins wrote to him: ‘D* Wallis in one of the [Philosophical] Transactions 
published some Methods of Tangents on which Hugens i in a Letter made his Animadversions, 
as I take it to this purpose, that the first Method is Fermats as is extant in Herigon.... That 
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[C]@® ...there follows the application of this method to the drawing of 
tangents, by finding the determination of the motion of any point w“ describes 
the curve: & also to the finding the radius of curvity of any curve at any point, 
by making the perpendicular to the curve move upon it at right angles, & 
finding that point of the perpendicular w® is in least motion. For that point 
will be the center of the curvity of the curve at that point, upon w* the perpendi- 
cular stands. 

In another leaf of the same waste-book®® the same method is set down in 
other words, and fluxions applied to their fluents are represented by pricked 
letters.29 And this paper is dated May 20, 1665. In another leaf@...the 
method of fluxions is described without pricked letters, & dated May 16, 1666. 


there is yet another method better and much more compendious than both, knowne long ago 
to Slusius [&] Hudden...in which you are only to looke for the Aequation which expresses 
the nature of the Line, for which there may be presently and without any trouble derived 
another Aequation that gives the Construction of the Tangent, and in regard Slusius in one of 
his Letters sayes thus, vis ut verbo dicam, Monachos, tangens, Maxima et Minima, unum 
idemque sunt, it gives just doubt whether the Derivative Aequation for the tangent be not the 
same with that for the Limits, which you were pleased to send me saying it was couched in 
Huddens doctrine, this I believe is better knowne to you than to those above mentioned.’ 
(James Gregory Tercentenary Memorial Volume (ed. H. W. Turnbull, London, 1939): 246-7. For 
Newton’s exposition of his tangent-method see 4, §3 below. 

(13) See 4, §2/§3.2 below. (14) Compare 1, 3, §3 above. 

(15) This method first appears in manuscript in Newton’s De Analyst per Aiquationes Numero 
Terminorum Infinitas, apparently not composed till late in 1668. Newton would seem a little 
confused in his dating. 

(16) Compare 5, §4 below. 

(17) ULC, Add. 4004: 57°/57"=6, §3 below. 

(18) Extracted from a stray fragment (101.H.1: 112) nowin Lord Macclesfield’s possess- 
ion. (A full version of this paper was printed by S. P. Rigaud in his Historical Essay on the ~ 
publication of Sir Isaac Newton’s Principia (Oxford, 1838): Appendix: 20-4.) 

(19) ULC. Add. 4004: 47'/47"=4, §3.1 below. 

(20) This statement is not untrue but yet neatly manages to leave the impression—as 
Newton would seem to have intended—that this 1665 paper already employed the standard 
Newtonian dot-notation for fluxions. The ‘ pricked letters’ of this early paper, however, are a 
disguised partial-derivative notation which has little to do with Newton’s later use of % to 
represent dx/dt. (This latter notation does not occur before the autumn of 1691.) For example, 
by writing @ = x(da/dx), ¢ = x(dc/dx) and @ = «(de/dx), he was able to express the incre- 
mented form of a+cy+ey? = 0 as a+cz+ez*+(o/x)(4+éz+éz*) = 0 and so find its total 
derivative in the form 

ae c(z—y) +e(z?—y?) eee eg 
o->zero 0 x 

where a, ¢ and e are functions of x alone, 0 = dx and z = y+o0(dy/dx) (the incremented form 
of y). 

(21) ULC. Add. 4004: 51'/51Y = 6, §4 below. Newton was more ready with details of its 
content on other occasions, writing for example ‘In alio Manuscripto 16 Maij 1666 composito, 
methodum solvendi problemata per motum, complexus sum Propositionibus septem, quarum 
ultima est Regula jam descripta eliciendi velocit[at]es crescendi vel decrescendi ex equatione 
quantitates crescentes vel decrescentes involvente’ (ULC. Add. 3968.6: 44"). 
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In a small tract, dated in October 1666, the same method is again set down 
without pricked letters, & how to proceed in equations involving facts) or 
surds, & several rules are given for returning back from the fluents to the 
fluxions; & in doing this the areas of curves are represented by prefixing 
rectangles to the ordinates....After this, the method is applied in this Tract 
to the solving of problems concerning tangents, curvatures of curves, the greatest 
or least curvatures, the squaring of curvilinear figures, comparing their areas 
w'* the areas of simpler curves, finding the lengths of curves, finding such curves 
whose lengths may be defined by equations or by the lengths of other curves, & 
about the centers of gravity of figures. 

[D]®@® ...in this smaller Tract tho I generally put letters for fluxions..., 
yet in giving a general Rule for finding the Curvature of Curves, I put the 
letter x with one prick for first fluxions drawn into their fluents & with two 
pricks for second fluxions drawn into the square of their fluents.... 

[E]@ All this was in the two plague years of 1665 & 1666.29 For in those 
days I was in the prime of my age for invention & minded Mathematicks & 
Philosophy more then at any time since. 


APPENDIX 2 


SCHEMATIC RECONSTRUCTION OF THE GROWTH 
OF NEWTON’S IDEAS ON FLUXIONS 
[1664-1666] 


We have already insisted on several inadequacies in Newton’s own chronology 
(as reproduced in the preceding appendix) of his early discoveries in calculus. 
These weaknesses—the result, for the most part, of lapses in memory and of an 
inadequate later appreciation on Newton’s part of his own originality rather 
than the product of deliberate distortion—stand out when we come to analyse 


(22) ULC. Add. 3958.3: 48’-63" =section 7 below. 

(23) That is, products. 

(24) ULC. Add. 3968.31: 448" (with a first draft on 449”). 

(25) ULC. Add. 3968.41: 85°, first printed in the Catalogue of the Portsmouth Collection of 
Books and Papers (Cambridge, 1888): xviii, but more accurately by Rouse Ball in his An Essay 
on Newton’s ‘Principia’ (London, 1893): 7. 

(26) The fragment from which the present extract is taken relates particularly to Newton’s 
previous assertion in 1704 in introduction to his tract on the quadrature of curves that ‘has 
motuum vel incrementorum velocitates nominando Fluxiones & quantitates genitus nominando 
Fluentes, incidi paulatim Annis 1665 & 1666 in Methodum Fluxionum qua hic usus sum in 
Quadratura Curvarum’ (Tractatus de Quadratura Curvarum (London, 1704) = Opticks (note (8) 
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the existing written record of those researches. In an attempt to restore the 
balance we have drawn up the following reconstruction of the main lines of 
growth in Newton’s ideas. It must firmly be stressed that the scheme depends 
essentially on a subjective choice of detail, but we hope that, in the early stages 
at least of future evaluation of the texts, it may be a rough guide to the un- 
doubtedly complex pattern of Newton’s thought, showing in particular the 
way in which external influences are ultimately joined with Newton’s native 
genius in the first systematic presentation of his fluxional method in October 
1666. 

Little need be said on the structure of the chart. Continuous arrows suggest 
direct, positive growths and modifications of ideas, while the two occurrences 
of broken lines show probable influences: in the one case, the conjectured réle 
of Barrow’s lectures on motion in the formation of Newton’s concept of a fluxion 
depends essentially for its justification on a stray remark written down by 
Newton in old age; the second, hazarding the impact of Newton’s first researches 
in fluxional equations, cannot adequately be substantiated because the corre- 
sponding entry in the October 1666 tract is incomplete. The numbers in square 
brackets, finally, refer to the position of corresponding texts in the present 
volume: thus 2, 7 identifies the October 1666 tract, here ordered as section 7 
of Part 2. 


above): 166). The assertion was savagely attacked the following year in an anonymous review 
in the Acta Eruditorum and was one of the points at issue in the fluxion priority dispute. In the 
present instance, having quoted extracts from letters by John Collins and Isaac Barrow in 
defence of his priority, Newton proceeded to introduce the familiar passage from which we 
have made our extract with the declaration that ‘the testimony of these two ancient, knowing 
& credible witnesses may suffice to excuse me for saying in the Introduction to the book of 
Principles [sic!] that I found the Method by degrees in the years 1665 & 1666’. (Newton 
makes correct reference to ‘the Book of Quadratures’ in his revised version of this passage, 
meant for insertion in a letter to DesMaizeaux in the summer of 1718, at ULC. Add. 3968.27: 
390”.) 


] 


% 


“SUOTXNY UO 391} SAISUDYSIAUIOD JSIY IY} UI SBIPT JO UOMO) :999T 19q019H [Z 


‘UONOUI-IUN Jo JWoUNZIN] peMeuI0ss] | LL 
snor0sry :9991 Aew [¥§ ‘9 “Z) i 


— aa 
— 
_— 
~ 
—~ 
—— 
_— 
—— 
~ 
— 
— 
— 
_~ 
—_ 
—_ 
_— — 
—~ 
oe 


“SOAIND ,[ROULYIOUT, puB dTeIQOZ[e YIOg UI JINjeAIND pue 


syuasue} JO JUSUNEAN [BUOTXN].J :¢991 IOquIsAON/I9qG0N0 [¢-1f ‘9 “Z] 


‘suonenbs [euorxny JeIsqe 
g[durts sajosar 03 sidwany 
‘soot (¢juumany [cf ‘s “z] 


‘Stop! [EUOIXNY 28007] 
egg uumgne Ayreyq [#§ ‘¢‘z] 


“sUUMOO jaTTeIed ur syerdoyur 
pue soAneAllap Jo uoNenge}) 
oneurayshg :¢gg{ Jaws [¢§ <o*z] 


‘(eare-ejoqredAy) spexdoyur Jo uorstedxe 
SILI :GggT JouruNs [c-¢ [ff ‘¢ ‘T] 


*“SOANBALIOp [eNsed Joy uoNeIOU 
JOp {SdAMd oTeIqesye Jo sInNJeaInd dy) Jo 
yuouNeaN stuMIOSTY :cogt Aew [ef ‘F*z] 


‘uoneIZa]01 pues UOnEnUsJayIp 
JO SINJeU ISIDAUI JO UONTUZOODY 
:¢991 Jourumg Ajreo/Suridg [1 § ‘9 “z] 


“SSANBALAP ][NJ JO} UONEIOU JOp-2,Tqnop 
‘supose jenuelayiq :s991 Buds [c-1§§ ‘¢ ‘Z] 


*“SO9AIND IIeIGIS]e JO} poyour 
quasueiqngs :cgg1 Sutidg [ef +) 


(JovInsz{) soinpssoid uoNRIyNI3y 
:¢/p99T JowIM [1§ ‘s°z] 


“sallos [eTMIOUTg 


*“SQAIND STeIQaZ]e 10} spoyyour 
:¢/p99T Joqutp [o-2 § ‘e ST) 


DINJRAIND :¢/F99T IDIUIYY [Z§ “F*z] 


“UOT}OW UO SdINIDey] S,MOIIEg 


:$99T UUMINY [Fu ‘F{ ‘CZ 


"(SWE AA) Sopqistarput Aq 
speidaquy 2 #991 eT [¢§ ‘e‘t] 


*(S9}JBISIC]) S2AIND DtVIGa3Te Jo} poylour 


‘(appnyy{) sioos aydnynur Joy uNWOSTY 
jeulouqns : 4991 Jaquiaidag [z§ ‘z‘z] 


:P99T Jsquiaidas [z§ ‘z‘z] 


“5 


1 


EARLY NOTES ON 
ANALYTICAL GEOMETRY 


[Autumn 1664] 


From the original manuscripts in the Waste Book and an undergraduate pocket-book in the 
University Library, Cambridge 


§1 PRELIMINARY CALCULATIONS ON 
TRANSFORMATION OF AXES® 


[1] 
a et a 
e ab=a. bd:be::b:c. pe: ads 


J fe ee ee Cece ae a 
= ae bb i eee ee 
. bz+yvec—0b _ ed —*N 6 — 4b 
a c C oe eee Pe b estes | 
ycc — pbb + bz cc — bb 
b d ———. 
cha LON 6 — 0b — 00 att —xx-+dy+yy=0. 


en = ene: Bees: = +a.b=0. Zan Viiniteline. 


as d. [then] x=y. y= d+z. 2+ 3ddF dz—z2[=0.]® 


(1) Add. 4004: 6’, 7-8’, written very probably in September 1664. (f. lv bears the date 
‘(Slept 1664’, and f. 8” ‘September 1664’.) 

(2) Where ac = x, ch = y; and bf = z, fh = y are two perpendicular sets of co-ordinates 
which define the same point h, Newton finds the relation which exists between them: that is 


_ bet ey(e-2) 
C 
_ —vb+z4(ct—b*) —cal 
C 


y = ch 


(3) Read 6 ; 
(4) Newton uses his axis transform to simplify the defining equation of the rectangular 
hyperbola —x?+y*+dy = 0. First, substituting for x and y their corresponding values in z 
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y=axx-+aax. yta=e. —8axe*+ 3aae —axx + aax®) —a>=0. or this axx=y?. 
y=x+z. —axx+%3+ 3x2z+ 3xz2?+23=0. Jc[:] axx—x=z. 
234+ 3x22 4+ 38xxz +28 —dxx=0.0 


[2] 


[ed=x. df=y.| af=a. ag=b. ab=%. be=z. 


ren, 9-4, = _ yb—ae+ab 
a:b[:| bh= b iets secekes ae 


fo=c. ag=b. fo=c. ff =F . af =Jec—bb. 
¥—binVcc—bb_ 4, by—e+bxJec—bb _ 
FELON Ee ee ee ee ee 


by—e+b in Vec—bb _ 
C 


ch. 


cd. 


wtb te | Eee oe 
be : 2 c eee 
ebb— abet ah og CEA LOT co=aa-+bb. 
: yb—ae+ab _ se ayaa be ap 
Yt, eer dt 
by+ab—xJaa+bb __ yaa+bb—aa—ay 
a eee 


ay —a/aa-+ bb + bx 


bby + aay =ay/aa+bb—a?—abb+bxJaa+bb. y= os 


pa A 28) Op - fe ELON, ee 


and y, he abandons his calculations when they prove too cumbersome. He then simplifies 
his transformation by taking a = 3d, b = 0, ¢ arbitrary, so that 


3 = 7 \, or —y?+z2?— 4d? = Q, 
y = z—4d 


(Note that the term ‘ F dz’ in the final line is Newton’s contraction for ‘ — dz + dz’, ora vanishing 
term.) 

(5) Read ‘ —aax’. 

(6) Newton adds two more simple examples, applying respectively the translation 


Bech 
y=y¢-a) 
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[3] 
ay —ac+x/c¢—aa YN 6C —aa—ax 
y= 2, 
C C 
py = Mau — 2aacy + ance + coax — aan + 2ayrr/cc—aa— aca/cc— ae 
¥ [cc] ; 


ort ccy" — aayy — 2axys cc — aa + aaxx 
= [ec] 


aaccx* + 4a®x8y/cc—aa +6atxxyy + 6a®cxyy,/ + aaccy* 


eeyy —¥%g2— D4, 


—atx4—2Qa%cx8/cc—aa —Gaaccxxyy —4a8xy®f —atyt [=0.]® 
—Qaccx®yJcc—aa +4aacxxy —2a%ccxy! + 2atcy8 
—6Gatexxy +2accxy®l = = —2aacky? 
+atccxx —Qackxyyl = act yy 
+ ctxxyy —atccyy 
[—a%e%y2xx] [+ 2acrgxy/ J] [a®og?yy] 
[—c*g?yy] 
[—c*b*] 
Se 5 re eR ee ee ee a ae arene ]@® 


x J 
and the algebraic transform } to his chosen equations. (The latter without modifica- 


y= x+Zz 
tion does not, of course, represent an axis transform.) 

(7) Read ‘bc=y’. 

(8) Where af = a, ag = b (and so fg = ./(a2+6*) = c) with the point c determined by the 
two perpendicular co-ordinate systems fd = y, dc = x; ab = x, be = y, Newton gives the two 
sets of equations which define the axis-transform from one set into the other. Specifically, 


where agf = 9 (or a/c = sin@, b/c = cos6) 


{% = (y—¢)sin 0 +xcos 0 x = ycosO—(¢—5)sin 8 


d ] 
—— ie 


le—b = (y—c) cosO—xsin 

(9) A page later Newton takes up his calculations from the preceding, using his equations 

to transform to new axes x, y the curve whose defining equation is x*y*— x¢*g* = 64. With his 

calculations still not quite complete, however, Newton breaks off. (Note that ‘,/~ ’ here is 
Newton’s abbreviation of ‘cc —aa’.) 

(10) In these omitted calculations Newton particularizes his axis-transform relations and 

finds the condition for a simple rotation of axes. With his text Newton has entered no diagram, 
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[4] 
be=x. cd=y. bf=c. [f]p=e. pd=y. ferfg::dse. 
a hp =[t]. fe=s. ga. pd:dh::r:s. 
dh—. rtizpd:ph=", dre::dh:dg=". gh Be 
f. 
ty fsy ex dre+dty+fs 
th —— ene a deebdty fie_ 


rfx+-cdr—esy _ go Sire +a hep hodee— eee 92 eee (11) 
der er a 


ec=c. be=x. dc=y. pd=y. pf=e. fg= =. 6 ga, 


= _ty _ert+sy ex dre+dsy 
pg=—. ae —— — 


_ frée+fsy+rec—tey aa) 
re 


egt+ec—gd=y= 


[5] fe=be=x. cd=y. fo=e. pd=y. 
ferfe::d:e::dhidg. fereg::d:f::hd:hg. 


pd[:|dhiir:s. pdiphiir:t. ml a 


Se ee 


ér 


s=Jrr—tt. [or] s=Jdd—tt. 


but in the restored figure supposing fag = 6 with the point c determined by the two perpendi- 
cular axis-systems ab = x, bc = y; and ad = x, dc = y, we may write Newton’s result as the 


familiar transform (" =: €cpn Os vain 4] 
y = esind—ycos8 


d Newton himself, where we set 
_a_d Ree at ——) 
f c — aS j(or sind = : ; 
ro de +yvee—dd 
a b writes this as - : 
. ly _ —dy+xvee—da|’ 
e 


and proceeds to evaluate the powers e’tx’y5 = (dx+y7 vee —dd)" x (—dy +¢Vee—dd)* for 
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ed 
dicr/ee — dd —ty./ee—dd—dyJ/dd—tt+ced 
ed i. 


Lastly dp = —dt+.eedd—eett + ddtt — d'. 
n=Jee—dd. dq=tVee—dd+dJ/dd—tt. 
& Therefore 


ee sgt, SE on 
eo e 


[6] dbf=c. fa=z. fk=v. be=x. cd=y. ap=e. 


dp=y. vw+2Z:00::pp:—*+_ = pg? 


vv Se 22 
evy 


aS ls dei 
ea ase. 


ae=x—[c]:ao= 


ex — ex —e[c] OB as) 
ff =. deJvv+zz[ | 


r=0,s = 1,2,3,4,5;r=1,s = 0,1, 2,3, 4,5;r = 2,5 = 0,1, 2,3,4;r = 3, 5 = 0, 1, 2; 
fj =a; 5 = 0: and += 56, s = 0, 

(11) Newton generalizes his previous treatment, now for the first time considering a 
transformation from perpendicular to general oblique axes. Note that cd = y = eg+ce—dg 
with ¢?—f? = d? 

(12) In redraft some measure of simplification is achieved. 

(13) Further simplification of [4] by introduction of new constants f, q, n yields a manage- 
able set of equations defining the general transformation from perpendicular to general 
oblique axes. 

(14) That is, ak:kf = dp:pg, or ak is taken parallel to pd. 

(15) Newton breaks off his calculation and starts afresh. 
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bf==¢. af=z. be=x. fo=x—c=an. fk=v. 


ex — eC ex —ec+dz 
d:¢::an:no= ° i [——— 


ak=VJov-+22:2::ed= yt — =. 
up evy 
— = 69 -*" OF egy nnn 
Jou + zz - s d/vv + zz 


ex —ec+dz —dzy—evy _ a6) 
d dv +2z 


§2 THE ‘EPITOME GEOMETRIZ&’ 
[September? 1664] 


[1]@ Epitome Geometrie 
y=db. x=ba. aay=x8, b+z=y. z=be. [cd=b.] aab+aaz=x*. b—z=y. 
z=Df. [ fd=b.] aab—aaz=x8, z—b=y. z=bg. [dg=b.| aaz—aab=3'. 


(16) In attempted further simplification Newton tries a modified approach. The line ak, 
taken parallel to ed, defines eak = oed as the angle between the transformed axes ae = x, 
ed = y and on that basis Newton finds the relation connecting x, y and y, but breaks off yet 
again before calculating the similar relation between x, y and x. (Note that cd=y = 0c — og — gd, 
that bfa, bed and ego are each right and that the ratio ‘d:e’ is used inconsistently.) 
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x=d+é. €=ah. aay—d*—3ddé—3dtg—f=0. 


aab +-aaz 
aab — a = 4+ 3ddé + 3dbé + £3. 
aaz—aab 


x=[d]—§. ag=& [bg=d.] 


Be + bam = d° — 3ddé + 3dté — £3. 


aaz— aab 
x—§—[d]. ak=[6]. 
care a 3dtt + 3ddé — a3.®) 
aaz—aab 
3 
na=€. nd=z. ab:an::a:b. & abinb::a:c. then =" 2" ew 
5° Bed : 
E=d+¢. C=mn. B30 +3dl+O—— 2 z+— [=0].© 
4 bbe 
* Ta’ 


(1) Add. 4000: 19’—22' (with the heading, cancelled, on 19"). The date is confirmed by 
an analysis of the handwriting and by the evident connection of the piece with the preceding. 
The whole is cancelled and overwritten with the hyperbola calculations which Newton added 
about the summer of 1665 to his Wallis annotations (1, 3, §3), and this provides a firm post- 
date. 

(2) The first tentative draft. In the accompanying figure the curve (a), whose defining 
equation a*y = x°, where db = y, ba = x, shows it to be the simple cubic parabola, is wrongly 
drawn. (It should be symmetrical round the vertex d as centre, passing to infinity in opposite 
directions.) It is tempting to assume that Newton took this example together with its incorrect 
shape from his reading of Wallis’ Sectiones Conice, where it appears in the appended propositions 
XLV-XLVII as Paraboloidis Cubicalis (De Sectionibus Conicis, Nova Methodo Expositis, Tractatus 
(Oxford, 1655 [1656]): 105-10). It is clear that he has not appreciated the corrections 
communicated by Brouncker and discussed at length by Wallis himself a year later (Adversus 
Marci Meibomit, De Proportionibus Dialogum, Tractatus Elencticus (Oxford, 1657): Dedicatio: 3-17, 
30-50, especially 35-39). 

{*= E+d 


(3) Newton tabulates the effects of a translation of axes on the Wallis parabola 


ly = z+b 
xe a= qty, 
(4) More generally, he evaluates the effect of changing to oblique axes in the simple case 
(x = (a/b) £ . 
ly = z—(¢/b) & 


(5) The translation : = | further transforms the equation. (The entry ‘¢ = mx’ 


implies that ma = d.) 
It WHN 
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[2] 
db=x, ba=y, aax=—y*. x=)+2. Z=de. 


aab +-aaz €3+. 3cE2+- 3ccE+[c]®. y=e+h. E=ah. 
(x=b—2. 2=bf) | 

aab —aaz c3§—3ccE+3cb2?—83, y=c—€. =a. 
(x=z—b. z=dg.) 

aaz—aab €38— 3ch2+ 36c?-038. = =y=E—c. b=ak. 


63 ~—s bbe 
ae. 


na=y. dn=x. ab:an::a:b. ab:nb::a:c. & Y=—x— 
a a 


Or a@x=eey+y>.O 
(x=z+o. z=nc.)) eey+y%. 


d*z -+- do e2n + ecb + n+ 3nné+ 3nb29+23, (y=n+é. €=ma.) 
(x=Z—0o. z=gn.) 

ddz— ddo een — eek +n? — 3nné + 3nb2—£3. (y=n—&. E=as.) 
(x=o—Z. z=nf.) 

ddo — ddz eck — een + &3— 3nt2+ 3fn?@—n3. (y=E—n. €=av.) 


3 2 
al=y. dl=x. ab:al::a:b. & al: bl::b:e. whence y=" +90" 


. Or y? —eey =ddx. 
&c as before onely varying y* signes at cen & eef. 


do=y. do=x. a:b::bd:do. b:c::do:0b. & 


Fer’ oe 3c c8x8 ©) 
i oe 


(6) That is, taking d* = 63/a, e? = b%c/a. 

(7) Newton transforms the equation a’x = y* much as before, first by the translation 
ied x = x’—(c/b)y’ 

y = +e y = (a/b) y’ 
by the second translation 


r and then more generally by : the latter finally is transformed 


x’ = z+o0 
y’ = E+n)- seta 
(8) Newton considers the equivalent transform oe 


; , which requires only a 
<u | 3 ‘ 
couple of sign changes in the preceding discussion. 

x = (a/b) x’ 


(9) The converse transform : 
y = y'—(c/b) x 


is applied to a’* = y%. 
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§3 FIRST NOTES ON FINDING THE AXES OF CURVES 
[October? 1664] 
[1] 


[be=x. de=y. bh=c.| | fd=y.] fd:fp::f:g. 


ef hm=e. Ritu. Sprper:dre. 


pa PE, fn=", eet WI ey 


f=d. &c. 


ae+ gv _, So 2) 
es 


dg —eg —e/dd—gg + d/dd—gg=0. 
g=Ndd—gg.® dd=2gg. or d=e. 


ag — 2cg—2c/dd—gg=0. ———. eh 


(1) Add. 4004: 9¥. 

(2) Newton constructs the transforming equations between the point d defined by Cartesian 
co-ordinates bc = x, cd = y and parametrically in terms of ef = y, -km = xy, where the 
inclination of fe to hm is given by fe:/p = f:g constant. (The ratio fp:pe = g:/[f*—g?*] is 
denoted by that of d (or f) to ¢, so that d? = f* = g,/[e?+f?].) 

(3) Read ‘g = —vVdd—gg’. 

(4) These calculations are added in the margin. Newton seeks the condition for the ellipse 
x*—2xy +2y*+ax+k = 0 to have an axis y = 0 by applying the transform 

= = deter 
dy = ex +cd—y/[d?—g"] 
found above and reducing the resulting equation to the form Ay?+Br+C+y? = 0 (or 
y =+J[-—(Av?+Be+C)]). Specifically the coefficient 
(2/d*) (d—e) (g-+/[4?—g*]) & + (1/d) (ag — 2cg — 2c ./[d? — g*]) 

of y is equated identically to zero; that is, 

O = (d—e) (g+/[d*—g*]) and 0 = ag—2cg—2c,/[d?—g?*]. 
d(ex — dy +cd) 
eg +d4/[d*—g*]" 
so that both d = e and g+./[d*—g*] = 0 cannot hold together; so that d = e, 


2c(g+/[d?—g*]) = ag 


Reversing the transform, we have y = 


and the axis 0 = y¥ is given as 


(sie ie st = 
*—I+oGy a—e) ~ 9 
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[2] 
ac=x. ch=y. bf=z. fh=y. cd=a. db:be::fh:eh::b:¢. aoe. f= eh. 
peg Oa a 
ed = xs/ce — bb _ pec — ybb + bzJcc—bb bb 
b be 
ins —pbb+bzJcc— bb-+-abe _ 
be 
ac—yb+zVcc—bb 
ae 
. + pJcc—bb 
. C 
2byz cc — bb 
“ee eS ee 
eee __ y8bbVco—bb bb + 3bbzzy Vcc —bb 


for | x3 write | & 
BS BEES Se 


A} ee ae — x bz—4[y] e Jcc—bb + 4yb3z8 Vcc — bb 

— yb 
‘|\—| = 
oe ees —2yabe—2ybzJcc—bb 

CC 
fae (- 
— 4y3h3a¢ — 4y3h3z /cc — bb — 4 ya*bc? — 12yaabcez — 
—12pabe®zz+ 12yab cz? _ ii - be cc—bb 
y= ai 
oe ane Jee —bb + yzec—2yzbb 
CC 


(5) Add. 4004: 9°. 
(6) That is, be—bdf. 
(7) Newton constructs the transform between the two sets of perpendicular Cartesian 
co-ordinates ac = x. ch = y and bf = z, fh = y; that is, 
(* = y/[c?— 57] +bz 
cy = ac+z./[c?—b*]—yb) 
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xYY 


xy 


| 
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— 4yabbez—3ybbzz J ce — bb sie yNcc—bb+ 2ackzy 
+ b*y3/co— bb 


c3 
3bbcc y?z — 4b4zy3 +- 3abbcy® /cc— bb + z3c4y + 423b4y — 5z8bbccy 
- KY “zzylcc—bb . cai’ zp +a%c8y Jcc—bb 


+ 3ac +- 3aac 
cA 
4+ 2bee 
2abcy8 —2abesy3t ae ee bb _ ape zy /cc—bb 


+ 2aabbcezy J cc — bb + 4abc8zzy — bab czzy 
cA 


b3 y8 — becy? + Qheczzy — 3b8zzy + 2abezy Vcc —bb 
eg ar get 


3 /cc— bb + Bheczzy —4b8zzy 
+ 8abezy Vcc —bb 


4.b4zy® — 5bbcezy® + c4zy? <. y 


ct 


Haveing therefore an equation expressing y® nature of a crooked line. To find 


its axis. 


Supposeing c=some quantity most frequent “= y® equation subrogate 


se bb. 


into y® roome of x; ee 


it wie Alaa 


ae y° roome of y: Order 


y° sie according to y, make every cides 0, in w* y is of one dimensi6. 


Order every terme in this 2'Y equation ac- 
cording to y* dimensions of z. & supposeing 
every terme of each of y™=0, by y® helpe of 
these equations (in w“ is neither x, y, z or y) 
may be found y° valors of a & 6. Then perpen- 
dicular to ac from y® point a draw ab=a. & 
from y® point 6 draw bk=b, & parallell to ac. 
from y*® point k draw mk=./cc—bb, & perpen- 
dicular to bk. & through y® points 5, m draw 
bl y® axis of y® line hgn. & y* y® relation twixt 


He then uses this in the sequel to tabulate a set of values of x’y*, but ignoring all but odd powers 
of y ‘since [in finding the condition for diameters] there is noe use of those termes in w™ y is 
of eaven dimensions’ (f. 17” below). 

(8) Newton has cancelled ‘od’. 
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bf=z. & fh=y may bee had, write y® valors of a, 6, c now found in their 
stead in y® 2%ry equation. 


Example. dd +-dy + xy —yy=0. Then makeing d=c I write a SE , or 


ve+ pute 0 7 ms ee its square for xx &c. & aed Ee sla — ee y, & its 
square for yy. & soe I have this equation, 
aad 
+ bzz 
+adbz—2bbyz+ady /dd—bb+ ypzdd—aadd+2adby 
—2azd — bbyy —ddzz+ bbzz 
Gu dd cl by Exdae s Ba 7 


or by ordering it according to y, 
—d*| —ad?] 


bbyy-+byyVdd—bb +ddby —dayJ/dd—bb —abdz+2adz/dd—bb=0. 
+2bbzy—2bzy Jdd—bb+aadd —bzz 
— ddz +ddzz —ddz 
—2abd — bbzz 


Then by makeing those quantitys in y* last terme save one“) —0 I have this 
equation 2bbz—ddz—2bz/dd—6b+ddb—2abd—da./dd—bb. Which I divide 
into 2 pts makeing those termes=0 in w® z is not, & those=0 in w® z is of one 
dimension. & then I have these 2 equations 2b)—dd—2b/dd—bb=0. & 
db —2ab—a/dd—bb=0. by y° first 4b4— 4bbdd+ d*=4bbdd—4b*. Or 


8b4— 8bbdd+d*=0. 


dd ddJ/28dd 


_ dd fut 
That is bb=— fe. se fe) a ee 


(9) Newton’s technique of equating (here) the coefficient of y identically to zero yields a 
transformed equation for the hyperbola y? = Az*+Bz-+c, or y = +./[Az?+Bz+c]; so that 
the line y = 0 which bisects the ordinate lines is a diameter. 

(10) A simple (Apollonian) hyperbola. 

(11) That is, the coefficient of y. (12) Read ‘5d’. 

(13) Resolving a?(3,/2 +5) —4ad(./2 + 1) +d?(,/2+1) = 0 as a quadratic in a, 


_ 2/2+2+./[4(y24+1)*—(3,/245)(J2+1)] _ (2./24+2)4+1 
= 3,/2+5 ae: ; 


: 
d 245 
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By the 2¢ equation I find ddbb — 4adbb + 4aabb = aadd—aabb. or 5aabb —aadd=0 
— 4adbb|[ + ddbb]| 


& by writeing y* valor of dd@® w*> was found before I have 


Saadd./2 % 5aadd—4ad*./2 Q 4ad?+d*./2 8 d'—2aadd/2 _, 
2/2 . 


Or 3aa./2—4ad/2+dd/2=0. Or aa= etsB 9 tet 8S 
% 5aa Q4ad dd 3V22 5 


8dd Q 4dd./8+ 4dd—5dd 
_dJ8 Q 2d 
8 —dd./36 8 5dd./2 8 ddJ/18 
~ JIB RS — 
18 9 5/18+25 
RC ee are ee 2d/2—2d |, posi ay, 
~~ aoe 18 9 5/18+25° 3/2—5 ST 
ddJ28dd_,, | _2dV28 28d gy 
SS 3/2 % 5 


& 


§ 44) 
[October 1664] 


How to find y* axes|,| vertices[,] Diamiters, Centers, or Asymptotes of 
any Crooked Line supposeing it have them. 


. ; Definitions. 1 If all y® parallell 
lines w“ are terminated by the same 
or by 2 divers figures, bee bisected 
by a streight line; yt bisecting line 
is a diameter; & those parallel lines, 
are lines ordinately applyed to y* 
diameter. 

2 Ifthose parallell lines intersect 
y® diameter at right angles y* 
diameter is an axis. 


(1) Add. 4004: 15’, 16". (The text is, in part, heavily cancelled but these portions are 
redrafted in the text below and for that reason omitted.) Newton here begins to generalize 
his primitive ideas on diameters and asymptotes and set them out systematically. 

(2) Compare Apollonius: Conics, 1, 15, and the preliminary definitions. 
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ett il 


a 


3 The Vertex ofa crooked line is y' point where y° crooked line intersects the 
diameter or axis as at (a). 

4 The Asymptote[s] of crooked lines are such lines w™ being produced 
both ways infinitely have noe least distance twixt y™ & y® crooked line & yet doe 
noe where intersect it or touch it. as dd, d#. 

5 Those lines w are limited on all sides as acxkA are Ellipses of y® first, 24, 
3¢, 4 kind &c. 

6 Those w® are not ellipses & have noe Asyptotes are Parabolas of y° first, 
24. 34, 4th kind &c. as zkah. 

7 Those w? have Asymptotes, 
are Hyperbolas of y* 1st, 24, 34[,] 

4) kind, &c: as (rpon) whose asymp- 
totes are 0, v0. . 

8 There are some lines of a 
middle nature twixt a Parab: & y 
hyperb: haveing an Asymptote for 
one of its sides but none for y* other 
as faye, one side ay haveing y* asympto[t]e de, y° other side af haveing none.®) 

9 Iftwodiameters of y°same Ellipsis be ordinately applyed y* one to the other 
y® shortest of them is called y® right diameter, y® longest y* tran[s|verse one. 
(as am & xa). 

10 Ifan Ellipsis have 2 axes (as am & xd) y® longer is y® transverse axis (as am) 
y® shorter is y® right axis (as xd). 

The center of an Ellipsis is yt point where two of its diameters intersect. 

The center of two opposite Hyperbolas is y* point where two of their diameters 
intersect one another or else where there Asymptotes intersect. 


(3) These two last definitions are apparently taken from Apollonius. 

(4) Compare Apollonius: Conics, 2, 1, 15, 17, 21. 

(5) Definitions 5-7 are standard seventeenth-century generalizations of the conic. (Com- 
pare Wallis’ De Sectionibus Conicis: Appendix: 101-8.) 

(6) Newton probably has in mind Descartes’ trident (Geometria. Liber 1: 36-7). 
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Propositions. [18*] The lines ordinately applied to y® axis of a crooked line 
are parallell to y* tangent of y* crooked line at its vertex. 


Demonstr. Suppose chad a Parab & dc (being 
ordinately applied to y® axis ab) not parallell to y* 
tangent an but to some other line as ah. if dc bee 
understood to move towards a[,] db continually 
decreaseth untill it vanish into nothing at y* con- 
ju[n]ction of y® points a & d. & since cb must be 
equall to ah at y* conjun[c]tion of y* point[s] a & d. 
it followeth yt cb cannot decrease so as to vanish 
into nothing at y® same time w® bd doth & there- 
fore cannot allways be =® to dd. 


n 


Otherwise. if dc is not parallell to y* tangent 
an but to some other line as ah. Then ab doth 
not bisect all y® parallell lines (as o¢) w" are 
terminated by y* crooked line cad. & therefore 
cannot bee its diam: 


2dly, If ad is y* axis of a crooked line & cb =y, is ordinately applied to ad. y' 
is if be=ce=y. Then y must be found noe where of odd 

b dimensions in y* equation expressing y* nature of y* line 

cad. For (supposeing y=bc=ce to be y* unknowne 
quantity) y hath 2 valors bc & cd equall to one another 
excepting yt y® one bc is affirmative, y* other ce 1s 
negative. w* two valors canot bee exprest by an 
equation in w" y is of od dimensions. for suppose 
yy =aa. y®is Jaa=a, since ax a=aa. & Jaa=—a, since 
< —ax —a=aa. & y=/aa. thereforeis y= +a, or y= —4. 

Soe if yt=at. y2 is yy=aa, & y=a or y= —a. but if 

y8 =a’, y2y=Vc:a8=a. but noty=Vc:—a®= —a. soeify’ =a’. y2y=a=Nqe:a 


(7) Read ‘their’. (8) Read ‘equall’. 
(9) Compare Apollonius: Conics, 1, 17, 32. 
(10) Neglecting the two imaginary roots y = +./—a’. 
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but not y= —a=/qc:—a®, The same reason is cogent in compound equations. 
as if yy—2xy-+xx—=ax. Then, y=x¥ Jax. where though y® root a@)+./ax is 
affirmative & y® roote a)—,/ax may bee negative yet they can never be 
equall in length, & though y* 2 roots of an equation w“ differ in signes should 
bee equally long yet y' is when y® equation is fully 
determined.@ 

Prop 34.43) If ag is ye Asymptote of y® crooked line 
dcf, & ab=x is coincident w* it, & bc=y. then in y° 
equation (expressing y* relation twixt x & y,) x must 
bee multiplied by y, wherever it is of its greatest di- 
mensions. & if ae is an asymptote to y® line def, & be=y 
be parallell to it, & ab=x terminated by it at y® point 
a, then must y be multiplied by x wherever it is of its 
greatest dimensions.“ 

Example: Suppose axx-+-yxx=6, because in these 2 
termes axx-+yxx, x is of its greatest dimensions; but 
in one of y™ (viz: axx) it is not multiplyed by y 
therefore x is not coincident wt ag y® asymptote. If 
yyxx + ayxx —a®x—a*=0: then since x is of its greatest dimens: in yyxx & ayxx 
onely, & is drawne into y in both of y™ therefore x is coincident w™ y* 
Asymptote. Also since y is of its greatest dimensions in xxyy onely, (w terme 
is multiplied by x) therefore y is parallel to & x is terminated by an Asymptote 
&c. 9) 


Demonstr: If x is coincident wt? y* Asymptote y™ =~ ae when 0=y. i:e: x Is 


e€ 


infinite when y vannesheth.2® Now suppose yyxx+ayxx4=at, y® if y=0, it 


is x= —“—.. ise: x is infinite. but if yyxx + aax* =a. y" if y=0, it is 
00+ 40 
aa 
¢=———— = Ya. 
00+ aa 


soe yt x is finite & therefore is no[t] coincident w" y* asymptote. The demonstra- 
tifon] of y® other parte is likewise to be h[ad]. 


(11) Read ‘x’. 

(12) Newton first wrote ‘when there is but one quantity considere[d]’. Where ac = x and 
cb = y are the Cartesian co-ordinates of the curve (b), the condition for y = 0 to be a diameter 
is that y = +,/[f(x)] or y* = f(x), and so, by rationalizing the coefficients, g(x, y?) = 0 (which 
can contain no odd powers of y). 

(13) This is set below Prop: 4* in the text, but has been reordered to accord with Newton’s 
numbering of his propositions. 

(14) This condition for y = 0 to be an asymptote is sufficient only for conics and in general 
not necessary. 
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Prop: 4", If x is of more dimensions in a quantity not multiplied by y then in 
one multiplied by it (as in xx-+-xy=aa.) y® x is not parallell to ye Asymptote 
ag. etecontr[a]. 2%'y If y is of more dimensions in a quantity not multiplied by x 
y" in one multiplied by it (as in y2=xy-+-aa.) y® y is not parallel to one of y® lines 
Asymptotes. & e contra. Otherwise x & y are paralell to y° Asymptotes of y° 
line. et e contra.@® 


§ 5® 
[October 1664] 


October 1664 Haveing the nature of a crooked line expresed in algebraicall 
termes to find tts axes uf it have any. 

Draw a line infinitely both ways [ &] fix upon some point (as d,) for y* begining 
of y° unknowne quantitys (w I call x). 
Then’ reduce y® Equation to such an 
order (ifit bee not already so) yt x may be 
always found in y® line dc. w'® one end 
fixed at 6b, & haveing y making® right 
angles wt" it at y® other end: y* end of 
y w is remote from x, describing y° 
crooked line® w*5 may bee always done 
wttout any great difficulty. As may be 
perceived by these examples. 

[Example 18t.] Suppose y* given equa- 
tion was y3=axx. soe yt bg=x. gd=y. 
dc being perpendicular to bc, & y* angle 
dgc being given, y® proportion twixt dg & gc is given, w*" I supose as d toe. y™ 


is. d3#icg; de— Ft =w. a Way 
pa — dr2 us 
a dc _ ddww —eeww or go=—Jdd—ee. 
= yy — ww ee € 


(15) In fact y%x?+ ayx?—a’x—a* = 0 is the hyperbola-pair (xy —a*) (xy+a*+ax) = 0 with 
respective asymptotes a=0,7=0;*=0,y =—a. 

(16) Read ‘vanisheth’. 

(17) Newton has chosen to cancel the term —a%x. (18) The converse of Prop. 3. 

(1) Add. 4004: 16v-18", 20". Newton generalizes the problem of finding axes to co-ordinate 
systems other than Cartesian. 

(2) Newton has cancelled ‘moving’. 

(3) That is, the curve’s co-ordinates are to be transformed into a perpendicular pair if they 
are not already so. 
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wy dd —ee Or ev —w dd—ee_ 


& be=v=x+ : , ; 


eevy — Qevw dd — ee + ddww —eeww 


8 
Therefore I write — for y®. & 
e ee 


for xx in y® 


equation y?=axx, & soe I have this equation 
@w*®  acevy —2aevw./dd—ee + addw* — acew* 
_— ee 
w expresseth y® relation twixt w & v, yt is twixt de & bc, writeing therefore y 
for dc, & x for bc. I have this equation 
0 = d*y3 + ae®yy — aeddyy + 2acexy dd—ee —ae®xx. 

iia 2°,] Soe if x=dd turned about y* pole b & y=dg about y° pole g 
describing y° crooked line ad by y™® con- 
junction at y™ extremitys. & y® equation 
expresing y* relation w“ they beare to one 
another is xx=ay. y® distance of y® poles is 
“a given w® [ call b=dg. perpendic: to dg I 

draw dc=w & make bc=v. Then is 
dc® + bc? = bd*, dc? + (f= Ge, 
w*+y=xx, w®+bb—2bv+o=yy. 
soe yt for xx=ay I write w?-+v? =a/w?+bb—2bv+ov. Or 
wt + Qw*y* + y4 = aaw* + aabb — 2aabu + aavv. 
wh expresseth y* relation w“ bc beareth to de, & by makeing bc =x, de=y, it is, 
yt +2Qxuxyy +x4=0.0 
—aayy + 2adbx 


d 


— AAXX 


—aabb 


(4) Newton constructs the transform from oblique Cartesian axes bg=x, gd=y to the 


perpendicular pair bc=v, cd=w. Specifically, where dec = 6 


= tO 
say, ee sion . and so the cusped cubic y® = ax? 
y = wceosec@ 


becomes w®cosec?@ = a(v—wcot 0)*. 

(5) Read ‘their’. 

(6) Newton reduces the bipolar co-ordinates bd = x, 
gd = y (with bg = b) to the perpendicular Cartesian co- 
ordinates bc = v, de = w: specifically 


[a~ dered J 
y = y[(b—-0)*+0%]) 
(Compare Descartes’ treatment of his Ovals in Geometria: Liber 1: 42 ff.) 
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Examp 35, If bg=x be always in y® line bc. & fd turning about y* pole f & 
passing by y® end of bg=x w" its other 
end d describes y® crooked line bdh, soe 
y' calling gd y. x=y. y" drawing ef & dc 
perpendicular to bh. be=a, & ef=6 are 
given. & I make be=v. dc=w. y™ is 
ef: eg:: ge:cd™ 
b:x—aiiv—xiw. 

bw =vx—av+ax—xx. or by extracting y° 


eg=x—a. gc=v—xX. 


_ +a+v FB tl : ge  +dc?=gd* 
a 4 + ABAINE yy —Qux-Lxx tw? =yy =x. 
2 A = 
Or ee =x- 8 jos. & by transposeing a to y°® 


other side & so squareing both pts, w*—2avw? = 2av* +04 — 4bwvz. w* equation 
expresseth y° relation twixt w=dc, & v=bc. & so by calling de y, & bce x, it is, 
y* — Qaxyy + 4bxxy — x4 —2ax? =0. 

Example 4%, if bd=x turnes about y® 
pole 4, & gd (a given line =a) slides upon 
bg wt" one end & intersecting bd at right 
angles at y° other end describes y® crooked 
line bde by its intersection w™ dd. then 
makeing be=v, de=w. 

be? + de® =bd*. be:bd::dc:dg. 


y2 +we=x*, vy tx tiwia. 


k 


av aavv 
& —=x. therefore vv+ww=—. 
Ww ww 


(7) Read ‘ef:fg::cd:gc’. (The mistake vitiates Newton’s further argument.) 
(8) Correcting Newton’s argument, we transform Newton’s ‘polar’ co-ordinates to standard 
Cartesian ones by 


agnor 


y = y[1+m?*] wv 
where m= cot dc se —- a — 
In Newton’s example where x = y, then 
Xx-a U—x bv+aw 
we ~ b+0’ 
with x? = y? = (v—x)*+w%, or «= an 


Eliminating x and simplifying, we may deduce that w® + v2w + bw?—2avw—bv? = 0, a nodal 
cubic with a double point at the origin b. (The general line v—a = m(w+6) through the 
pole f = (a, —b) meets the cubic such that (w+) ((1+m*) w?—(a+mb)*) = 0, that is, such 
that w = —b (at f), or /[1+m*]w or gd = y = d’g = bg = x.) 
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w*-+-vww=aavv. & so by writeing x for v & y for w, I have y° relation twixt 
x=be & y=dc exprest in this equation y*+ xxyy —aaxx=0. 

Or if y* relation twixt bd & dg was exprest in this equation (making dg=y. 
bc*® +- de® = bd*. be: bd::de:dg. 
vtwe=x, v:/vv+wwiiwry. 


rAd. a® — ayy 


; ~~. first therefore I take away xx by making ao =xx = v0 + w*. 


bd=x.) xxy+ayy=a', then as before therefore 


or by ordering it a°— ayy—vvy —wwy=0. Then I take away y by substituteing 


vu+w?. - ‘a 
= into its roome & it will be 


A hes aw*y? — aw* _ vuwl vv + w? + 8/00 + w? 


vv v 


it[s] valor . 


& by ping both pts. 
a’v4 — 2atv4w? — 2a*vow* + aav4*wt + 2aavow® + aaw’ — v8ww — 3v8wt =0. 
— 3v4w® — vvw8 
& by writeing x for v & y for w y® equation will be 
aay®+-2aaxxy® +aaxty4 —x®yy +a®x4=0. 
—xxy® —3xty —3x8y4—2atxtyy 
— 2a*xxy4 

The like may as easily be performed in any other case. 

After y® Equation is brought to this order Observe y* if y is noe where of odd 
dimensions y" y® line bc (w“ is coincident w** x) is pte of an axis of y* crooked 
line, as in y° 24 Example. And if x is noe where of odd dimensions (as in this, 
a* +-yyxx =aax*.). Then from y° point bd at y® begining of x, I draw bk y® perpendi- 
cular to be, w“ is coincident w" y¢ axis of y® crooked line. And if neither x nor 
y bee of unequall dimensions in any terme of y® equation then both bk & dc 
may bee taken for axes of y® crooked line or lines whose natures are expressed 
by y® equation. As in y*® 4** Example. 

But if y is of odd dimensions in y* Equation then ordering y* equation accord- 
ing to y see if y is of eaven dimensions in y* first terme & x not found in y® 24, 
ifso take away y* 2¢ terme of y® equation, & if there result an equation in w y 
is noe where of odd dimésions. Then I draw ce perpendicular to bc, & equall to 
that quantity w I added or substracted fr[om] y, yt I might take away y* 24 
terme; through y* point e I draw fe paralell to b[c,] w™ shall bee y° axis of y° line. 


(9) Newton reduces his polar system by 
x = [ttt] 
ly = (we vot 
and applies the transform to the curves defined by y = a, and y(x?+ay) = a’. 
(10) That is, y = 0. 
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8 
[1st,] As in this Example, yy + 2ay ——=0. Then to take away y® 24 terme 


— x3 e 
I make z—a=y. & soe I have, zz x 7,04 =0, in woh 


z is not of odd dimensions. Then drawing bc for x, de 
for y, & de for z: or w® is y® same (since z—a=y) I 
make ce=—a that is I draw cd & ce on 2 contrary 
sides of y* line dc. & then through y* point e I draw ae 
parallell to bc & make it y° axis of y® line dag.) 


Example y° 2°, 


y* — 8ayyy + 24aay? — 8axy? — 32a%y 
+ 12aaxy + 16a*=0. 


Then by makeing z+2a=y I take 
away the 2¢ terme & y® Equation [is] 
z4 x —3axzz*x+12a8x=0. in w z is 
onely of eaven dimensions. Then I 
draw dc for x. de for y. de for [z], or 
w“ is y® same (sinc z+2a=y) I make 
ec=2a, y' is I draw ec & de on y* same 
side of bc then through y® point e 
parallell to dc I draw ea for y® axis of 
y® lines dac[,| dkhg.®*) 


(11) The curve ay?+2a*y—x* = 0 is a pure (acnodal) cubic and the branches d and 1g 
should ultimately pass to infinity in the direction normal to the axis. 


(12) Newton’s figure is wrongly drawn. Correctly cb (or y = 0) is one of the asymptotes, 
along with c’b’ (or y = 4a). The vertices k, h are [16a/3, (2+2./2) a] and [16a/3, (2—2,/2) a] 
respectively. At one point the nearness of ¢ to the branch da has misled him. 
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In like manner, if x is of odd dimensions in some terme of y* Equation, y° 
Axis bk perpendicular to x=dc may bee found. As for Example. 


[1s*] xxtar—L=0. by makeing z—S=4, 
I take away y® 2% terme & soe have this 
equation zz —¥_ Boo, therefore I draw 
bc=x from y° fixed point 5, & ce=z, or w* is 


y® same (since z—5=2) I draw eb= — 5a ¥ 


is I draw eb & bc on two contrary sides of y® 
line kb [&] y® through y® point e, parallell to bk I draw ea y® axis of y® line.4®) 
a 2¢, x4— 4ax3+ 4aaxx—aayy—aaby=0. by makeing x=z+a I have 
this eq: z*—2aazz— aayy —aaby +-a*=0. 
In w™ zis noe where of odd dimensions. 
therefore assumeing 5 for y® begining of 
x & makeing bc=x, & ce=z, or w" is y° 
same [if] Imake be= +a, sincex=z+a; 
that is if bc is affirmative I take be & 
bc on y® same side of y* line kd, other- 
wise I describe y™ on contrary sides of it. 
then through y® point ¢e parallell to bk I 
draw eg an axis of y® lines dbmd, & nhr. 
Againe I order y® Equation according 
toy & itis a*yy + aaby+2aazz=0. & soe 
—q 
since «4 is not in y® 2¢ terme makeing 


y—2= y, I take away y® 24 terme, & it 


(13) Newton’s accompanying figure is incorrect, being that of a semi-cubic parabola 
az* = (y+4a)*, where ea = $a. A cancelled figure, here 
extended with dotted lines, in fact shows the correctlydrawn / 
curve and its cancellation is an indication that Newton’s \ / 
ideas on cubics were still far from clear. (The axis ea or ‘ / 
z = 0 meets the curve such that y = §/(—a°/4), or 


y =—a4-$ Ji, 


which has one real value —a4-+ and two imaginary ones. 
The axis ea, therefore, meets the cubic in a single real 
point and not, as Newton ‘corrects’ his text, in a triple (real) 


point.) 
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9A 
is aavy x— = +2aazz=0. Therefore I draw ec=z, de=y, & df=v. or w% 
—as 


differs not (since v-3=9) I make cf= = & through y® point f parallell to ce 


I draw fgffor another axis of y° lines dbmd, & ndhdr.°) 

But if ye unknowne quantity (x or y) is of odd dimensions in y° first terme or if 
both y® unknowne quantitys are in y® 2¢ 
terme, or if by this meanes y® equation is 
irreducible to such a forme y*' x, or y, or 
both of y™ bee of odd dimensions noe 
where in y® equat: Then try to find y® axes 
by y® following method. Observing by y° 
way y' If +x begins at y* one point b & 
extends towards c in y® line sr y®> —¥x Is 
taken y® contrary way towards s, & all 
y° affirmative lines parallell to sr are 
drawne y® same way w +¥4% is but y° 
negative lines parallell to sr are drawn y® 
same way w+ —x. as if from y* point m I 
must draw a line =a, I draw it towards 
n but if from y® s[a]me point m I must 
draw a line =—a I draw it towards /. 

0 soe if from y* point d I must draw dA= +4, 

y" I draw it towards @, but if dA= —d then 

I draw it towards y. Againe if +y is drawne toward f from y® line sr, y” —y 

is drawne from y* same line sr y® contrary way towards 0, & those lines w“" are 

affected w‘ an affirmative signe & are paralell to y they are drawne y* same 

way w“ y is but those lines w“ are negative are drawn y® contrary way. as if 

a=an then I draw am towards e but if —a=am y" I draw it towards ¢. soe if 
vyu= +d y" I draw it from v towards 0, if vxz= —d, I draw it towards w. 


A generall rule to find y* axes of any line. 


Suppose be=x. cd=y. & kg to be y® axis. y" paralell to y from y* point 6 to y° 
axis kg draw bf=c. from d y* end of y, perpendicular to kg draw dh=y. & make 


(14) Read ‘z’. 
(15) In Newton’s argument bc = x and cd = y, with 6 the origin. The vertices m and h are 
the points (a, +./[a?+46?] — 4b) and cbc (or y = 0) is tangent at 0. 


12 WHN 
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fh=s. & suppose fe: fg::d:e. yrisfg=S. 


dg* — dh? = gh?. 
& .de.:dh=ay: “7 = dg. eevy dete ait 
“dd 
bie dd Sh+ Is __ yvee—dd 
gh= hz ex = 2... 
er ee d 
‘a a: come go 


Againe ge-+ec—dg=dc, that is J ad] —*4+ —* =y. or for x writeing its valor, 
esa en =a a6) 


Now assumeing any quantity for e, yt I may find y° valors ofc & d. I substitute 
these valors of x & y into theire roome in y® equation. as if y® equation be 


—2Qxy+ay+yy=0. by making e=a y® valor of x is dé + yviaa— di 7 


ac—dy +x /aa—dd 
a 


& y* valor 


of y is . w) 2 valors substituting into their roome in y° 
equation, their@” results 
aayy 4+ 4ddsy —2dee./aa—dd 
+ 2dy y/a®— d®—2Qaaxy + 2ace./aa—dd 


—a'dy +aas/aa—dd 


—2acdy + aaxe | =0. 
—2acy/a®— d? — 2dace 
+ a®¢ 
-++ aacc 


Prop 2°, Now yt I may have an equation in w® + is of eaven dimensions onely 
I suppose y® 24 terme=0 & soe have this equation 


4ddey —2aax y — aady —2acdy — 2acy./aa—dd=0. 


(16) Much as before, Newton constructs the transform between the two sets of perpendi- 
cular Cartesian co-ordinates bc = x, cd = y and fh = x, hd = y: specifically, where 
x = xcos0+ysin0 


A d 
= 6(that is, * = 0) 
sie (: ee y—c = xsinO—ycos8 


(17) Read ‘there’. (18) Read ‘termes’. 
(19) That is, the coefficients of the two powers of x, x1 = ¢ and x® = 1. 
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& yt y® teres@® in this feigned equation may destroy one another I order it 
according to x & soe suppose each terme” 
=0. & so I have these equations 


4ddey —2aaxy =0, 


& —aady—2acdy —2acy./aa—dd=0. by y® 


first I find 2dd=aa, or eo by y® 29, 


J2 
aad-+-2acd+2ac/aa—dd=0. & by substi- 
tuteing y° valor of d into its roome I find 
a® +-4aac 


J2 
perpendic: to bc I draw f=. through 


=0. or =<. therefore from 5 


y® point f paralell to dc I draw frm & since f[g]=a therefore I draw 


eé= a aa— = =. 
ae 2 J2° 
& lastly throu[g]h y* points f & g I draw fg y® axis of y® crooked line dah. 
But since there is noe use of those termes in w® y is of eaven dimensions y* 
Calculation will bee much abreviated by this following table. 
For y° first |x=vee—dd. y=—d. yy=—2cd. y®=—B80ccd. yt= — 408d. 
equation of y® y= —5etd. y®=—6e'd. &c. 
nist ie xy =cvee—dd. xyy=ccvee—dd. xy? = c8Vee — dd. xy*=ct/ee — dd. 
xy>=coVee—dd. &c. 
xx = 2dslee — dd. yy = o dVee—dd. y= =e) cds/ee — dd. 
—1x2 —2x3/) 
y= — = ccdee—dd. y®= os c3dvee—dd. y= a c4da/ee — dd. 
—3x4 —4x5 —5x6 
xy = —Qdd+ee. xyy= —4cdd+2cee. xy®= — 6cecdd + 3ccee. 
xy*= —8c8dd+4ciee. xy5=5ctee—10[e]*dd. &c. 
xxy = Qcd/ee — dd. xxyy = 2ccdVee — dd. xxy’ = 2c8dv ee — dd. 
xxyt = Qc4dslee — dd. xxy = 25dv/ee — dd. &c. 


(20) Newton tabulates the coefficients of y and y? (his ‘first’ and ‘second sorts’) in the 

transformed equation, where 
fs = d(x/e) +4/[e*—d*] (y/e) 
y = c—d(x/e) +4/[e*—d*] (¢/e)) 

He begins by calculating straightforwardly the coefficients of y in x‘y/, 7,7 = 0, 1, 2, ... (here 
omitted), but quickly cancels his tabulation for the less cumbrous one which follows, where 
the kth equations of the first and second sorts evaluate the coefficients in x‘y/ of (x*-1y) /e* and 
(gk—ly8) /e*+® respectively. 


I2-2 
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For y® 34 x8 =3ddvee—dd. y®= —3dee+3d3. y4=2 x 6cd?—2 x Bedee. 


For y® 4% 


For y® 5t 


y®=3 x 10ccd®—3 x 10ccdee. yS=4 x 15c?d? —4 x L5cFdee. 
xyy = —3ddvee—dd+eevee—dd. xy? =3ceeVee —dd—9cddv ce — dd. 
xy* = BeceeV ee —dd—18ccddVee—dd. xy5=10c%ee Vee—dd. &c. 
— 30c%dd 
xxy = 2dee—3d8, xxyy=4cdee—6cd*. xxy® = 6ccdee — 9ccd3. 
xxy* = 8c8dee — 12c8d?, 
x8y = 3cddVee—dd. x®yy =3ccddVee—dd. xy? = 3c8d*Vce — dd. 
x8y4 = 3c4dd ee — dd. 


xt=4d3Vee—dd. y4= —1 x 4dve*— 3e4dd + 3eed4 —d®, 
y> = —2 x 10cdve® — 3e4dd + 3eed4*—d®, y8= —3 x WecdVe® &c:. 
y? = —4.x 85c8dve® &c. 
xy® = e4 —2ddee+1d*. xy4=4ce* — 8cddee + 4cd4, 
— 3ddee + 3d4 —12 +12 
xy® = 10cce* — 20ccddee + 10ced*. xy® = 20c%e* — 40c%ddee + 20c8d*. &c. 
— 30 +30 — 60 +60 
xxyy =1 x Qdeevee—dd. xxy®=2 x BcdeeVee—dd. xxy4= + 12Qccdeevee — dd. 
— 448 — 12¢d* — 24ccd* 
xxy5 = + 20c3deev ee — dd. 
—40c8d3 
x8y = 3ddee—4d*. x®yy = 6cddee—8cd*. x®y® = Qecddee — 12ccd*. 
x8y4 = 12¢%ddee — 16c3d4. 


xty = 4d? ce —dd. x*yy = decd? ee— dd. x*y3 = 4c8d3/ee—dd. x*y* = 4c4d3Vee — dd. 


x5 = Bd4aee — dd, yS= —1 x Bde* + 10d3ee— 5d5, y8 = —2 x 15cde4 + 60cd3ee — 30cd5, 
y’ = —3 x 35ccde* + 210ccd%ee—105ccd5. yS = —4 x 70c8de* + 560c8d5ee 


—280c8d>, &c. 
xy* = e4—2Qddee+1d4 in Vee—dd. xy5=5ce* —10cddee+5cd4 in Vee —dd. 
— 4ddee + 4d* — 20cddee + 20cd4 
xy® = 15cce4 — 30ccddee + 15ccd* in Vee — dd. 
— 60ccddee + 60ccd* 
xy? =35c%e4 —70c8ddee + 35c3d4 in Vee —dd. 
— 140c8ddee + 140c3d* 
xxy = 2de4 —4d%ee+2d5, xxy4*=2 x 4cde4 —2 x 8cd%ee + 8cd5, 
— 3d%ee + 3d5 — 12cd¥ee + 12cd5 
xxy® = 20ccde* — 40ccd8ee +2 x 10ccd®. xxy® = 40c8de* — 80c8d8ee + 2 x 20c8d5, 
— 30ccd%ee + 30ccd® — 60c8d8ee + 60c8d5 
x8yy = 1 x 3ddeevee— dd. x®y3=3 x Bddceevee — dd. x8y4 = 6 x Bccddeevee — dd. 
— 5d4 — 15cd4 — 6 x 5ecd* 
x8y5 = 10 x Bc8ddeeVee—dd. x3y8=15 x 3c4ddeeVee — dd. 
— 50c%d4 —75c4d* 


x4y=1 x 4d8ee—5d5. xtyy=2 x 4cd8ee—10cd5. x4y® =3 x 4cecd ee — LBccd3ee. 
x4y4=4 x 4c3d3ee, x4y5=5 x 4c4d3 ee, 
— 20c%d® — 25c4d5 
xy =Bed4Vee—dd. x®yy = 5ccd*Vee—dd. x®y3 = 5c3d4*v ce — dd. 
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For y? 6 y®= —6 x ldvel0 — 5e8dd + 10e%d4 — 10e4d® + 5eed® — d®, 
y7?= —6x Tdeve® &e:. yS= —6 x 28ecdVe &c:. y= —6 x 84e8dVe &c:. 
xy>=1 x le®—3dde4+3dtee—d®, xyS=1 x 6e8 — 18cdde* + 18cd*ee — 6cd®. 
— 5dde* + 10d*ee — 5d® — 6 x 5cdde* + 60cd*ee — 30cd® 
xy’ =1 x 2lece® — 63cce*dd + 63cceed* — 21ccd®. xy = 1 x 56c%*. &c. 
—21 x 5ece*dd + 210cceed* — 105ccd® 
xxyt =2 x Ide4—4d3ee + 2d®Vee—dd. xxy®=2 x Sede4 —20cd%ee + 10cd® in Vee — dd. 
—4d5ee + 4d5 —5 x 4[c]d%ee+20cd® 
xxy® = 2 x l5ccde*—60ccd8ee+30ccd® x Vee—dd. 
—4 x 15ecd%ee + 60ccd® 
x8y3 = 3 x ldde* —6d*ee4+3d®. x8y4=3 x 4cdde* —24cd*ee + 12cd°. 
— 3dtee + 3d® —3 x 4cd*ee + 12cd® 
x8y5 = 3 x 10cedde* — 60ccd*ee + 30cca®. 
— 30ccd*ee + 30ccd® 
xtyy =4 x Idddee—4d5 in Vee—dd. x*y®=4 x 3d%cee—12cd5 in vee —dd. 
—2d5 — 6cd5 
xfty4 = 4 x Bccd3ee —2Q4ecd*Vee—dd. x4y5=4 x 10c8d%ee &c. 
— 12¢cd® 
x5y=1 x 5dtee—5d®, — x5yy = 5 x 2cd4ee—10cd®, x®y®=5 x 3ccd*ee — l5ccd®. 
—1d$ — 2cd® — 3ccd® 
x5y4=5 x 4c8dtee — 20ccd®, 
— 4ccd® 
x8=1 x 6d>Vee—dd. x8y=6cd*Vee—dd, x®yy = G6ccd5/ee — dd. 
x8y3) = ]6c8d5s/ ee — dd. 


&c. &c. 


y= —d, y4= —4cd3, yS= —10cecd§, y®= —20c8d3, y? = —35c4d%, 
y8 = — 56c5d3, 
xyy = ddVee—dd. xy=cddVee—dd. xy*= coddee—dd. xy®=c3ddv ee — dd. 
xxy =d>—eed. xxyy=2cd°—2ceed. xxy* =3ccd* — 3cceed. 
xxy 4 = 4¢3d3 — 4cceed. 
x8 = ee—dd in Vee—dd. x8y=cee—cddVee—dd. x*yy =ccee —ccdd in vee — dd. 
x8y3 = c3a/e8 — Zeddd + 3eed4 — d®. 


For y® yt=—1 x 4d3Vee—dd, y= —5 x 4cd®Vee—dd. y®= —15 x 4ecd3s/ ce — dd. 
y? = —35 x 4c8d3v ee — dd. 
xy® = 1 x 3ddee—3d*. xy4=4x3cddee —12cd*. xy® = 10 x 3ccddee — 30ccd*. 


For y® first 
equation of y° 
seacond Sort 


—I1d* —4 x led‘ — 10ccd4 
xy® = 20 x 3c3ddee — 60c7d*. 
— 20c?d* 
xxyy = —1 x 2dee+2d? in Vee—dd. xxy3 = —3 x Qcdee + 6cd? [in vee —dd]. 
+ 2d8 + 6cd* 
xy = —6 x 2ecdee + 12ccd3 [Vee—dd]. x*y>= —10 x 2c3dee + 20c8d3 [Vee — dd]. 
+ 12ccd8 + 20c%d3 


xy = 1 x le*—2ddee+d*. x8yy=1 x 2ce*— 4cceedd + 2d*c. 
— 3ddee+3d* — 6ceedd +- 6cd* 
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x3y3 = 3cce4 — 6cceedd + 3ccd*. x®[y4] =4c%e4 &c. 
— 9cceedd + Yecd* 
x4 = deed —4d3 in Vee—dd. x*y =4c0eed—4cd? in Vee — dd. 
xtyy = — 4ccdVe® — 3e4dd + Beed4—d®, xy? = —4c3dVe® &c:. 
For y® 34 y= —1 x 10eed? + 10d°. y8 = —6 x 10ceed? + 60cd5, y? = —21 x 10cceed® + 210ced5. 
y8 = — 56 x 10c3eed + 560c8d5, 

xy4=1 x 6eedd—6d4 in Vee—dd. xy®=5 x 6ceedd—30cd* in Vee — dd. 

—4d* — 20cd* 

xy® = 15 x 6cceedd —90ccd* in Vee — dd. 


— 60ccd4 
xxy® = —1 x 3e4d+ 6eed? — 3d5. 


+ 6eed?—6d> xxy4= —4 x 3ce4d + 24ceed — 12cd', 
+ 24ceed® —24cd5 
—Acd® 
xxy® = —10 x 3cce4d + 60cceed® — 30ccd® 
+ 60cceed*® — 60ccd® 


— 10ccd® 
x8yy =e4 —2Qddee+d* in Vee—dd. x®y3=3 x lce4—6cddee + 3cd4 
— 6ddee + 6d* — 18cddee + 18cd* 
+3d* + 9cd* 
x8y4 = 6cce* — 12ccddee + 6ccd* in Vee — dd. 
— 36ccddee + 36ccd* 
+18ccd* 
xAy = 4de*— 8d8ee+4d5. xtyy=2 x 4cde4— 16cd%ee + 8cd5, 
— 6dee + [6]d5 — 12cd%ee + 12cd5 
x4y3=3 x 4ccde* — 24ccd8ee + 12ccd5. 
— 18¢cd®ee + 18ccd5 


x5 = 10¢eedd—10d4 in V[ee]—dd. 10ceedd—10cd4 in Vee — dd =xSy. 
x5yy = 1Occddve — 3e4dd + 3eed4 — d?, 
[&c] [&c] 


The use of y* precedent table in finding y° Axes of crooked Lines, declared by Examples. 
[Example y* 18t.] Suppose I had this equation given, xx —2xy+ay+yy[=0].@ 
That I may find y®* axis of y® line signified by it, first I observe of how many 
dimensions one of y* unknowne quant[it]ies or y® rectang[:] of y™ both is found 


(21) A simple parabola, transformed into Y? = (a/2./2) X by 
1 3a 
x= 2 (-x+ ¥+575) 
] a 
y =~ 35 (X+¥ +555) 


(22) The tabulated coefficients of xy/e? in x‘y/, 
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at most in y® Equation, (as in this Example they have noe more y® 2) then I 
take every quanti[t]y in w“ one of y° unknowne quantitys or y* rectangle of y™ 
both is of soe many dimensions (w“ in this case are xx — 2xy + yy.) Then lookeing 
in y® Table, (either amongst y° rules of y* first or second sort &c:) for a rule in 
w°4 yé first quantity is of soe many dimensions I substitute y® valors of y® un- 
knowne quantitys, found by y* rule, into their place in y* selected quantitys & 
supposeing y* product =0, I find y® proportion of d to e thereby, that is I find y° 
angle w y* axis makes w‘® y®° unknowne quantity called x. As in this case I 
take y® 24 Rule of y° first sort,@2 & by it I find xx=2d/ee—dd. xy =ce—2dd. 
yy = —2d/ee— dd. W“ valors substituting into y* roome of y° unknown quantitys 
in these selected termes xx—2xy+yy. I have this equation. 
2d ee — dd—2ee+ 4dd—2d/ee—dd=0. 

or, 2dd=ee. & e=d/2. so y' by assuming any quantity for e as a I have y® valor 

of d, for d —-*. therefore 

/2 
d:d/2::d:e::-=:a::a:a/2. &c. 
/2 

_In y® next place y‘ I may find y® length of 

y° line bf=c. I take another rule whose first 

quantity is not of soe many nor of fewer 

dimensions y" one of ye unknowne quantitys 

or y° rectangle [of ] y™ both is some wherein 

y® equation. Then select every quantity out 

of y* equation, y® valor of whose unknowne 

quantity may be found by this rule, & 

substituting their valors, found thereby, 

into y‘ places in these selected termes make 

y° product=0. & find y* valor ofc thereby. 

As in this example I must take y° first rule 
of y® 15t sort.23) By w I find, xy=cJee—dd. y=—d. yy=—2dc. but y° 
valor of xx cannot be found by it.@ therefore I onely take y*® termes 
—2Qxy+ay+yy, & by substituting y° valors of y® unknown quantitys into 
their roomes I have — 2c/ee—dd—ad—2dc=0. Then by substituting y* above 
found valors of d=a, & e=2aa into y' places, it is % 2ac+aa+2ac=0. Or 


+ 2ac+aa+2ac=0. or c——. Soe y' if I make b y* beginning of x, & +< to 


(23) The tabulated coefficients of y/e in x‘y/. 
(24) x® = (d(x/e) +./[e?—d*] (y/e))? has no term y/e. 
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tend towards ¢ in y® line bc, & +y towards k perpendicularly to dc. then must I 
draw bf= -5 from y° point b perpendicular to bc; & fe=a, & parallell to bc; y® 


eg =/ gf? —fe® [&] eg=a, & parallell to bf. Lastly through y* points f & g draw 
gf y® axis of y® line sought. Otherwise it may be done thus. , 


—egief:: ; — bf: bh. 
d 
Jee—dd : d:: me 
yee ° "Tee —dd 
therefore I take bh= 5 —<—-5 2? & through y* points f & hI draw af y° axis 


sought.) 

Example y* 25, If y* Equation bee x8—axy+y?=0.%9 y* Rule whose first 
quantity is of as many dimensions as either of y° unknowne quantitys in this 
equation, is y® 34 of y® first sort, or y® first of y* 24 sort.e? Selecting therefore 
onely x3+y° out of y® equation (since in neither of these rules y* valor of xy is 
found) by y* 34 rule of y° first sort I find x3 = 3ddV ee — dd, y? = 3d° — 3dee. therefore 
y° selected termes x° + y3 = 3ddVee— dd-+ 3d8—3dee=0. & dVee—dd=ee—dd. Or, 
ee = 2dd. In like manner by y’ first rule of y® 24 sort tis found y3 = —d®. x3 =ee—dd 
in Jee—dd. & therefore x?+y3=./e°— 3e4dd+ 3eed*— d®—d?=0. & 


Je:6® — 3e4dd+ 3ced* — d* = dd. 


Or ee=2dd as before. Soe y* eg: fe::/dd—ee*®):d::d:d. therefore eg=fe. Now 
yt I may find bf=c I take y*® 24 Rule of y* 
first sort®® (whose first quantity yy is of 
fewer dimensions y® x? or y? but not of fewer 
[y"] xy,) The quantitys in y* equation whose 
valors are expressed in this rule are xy, & 
y3[,] for xy=ce—2Qdd. y® = — 6cd./ee — dd. Soe 
yt I write —6cd/cee—dd—ace+2add| =0] 


& 


: Qadd— aee 
nst d of °. e t Sannies, SO eo 
instea y®—axy. soe y'c 2 
since 2dd—ee=0, it is c= a=, Had I 


taken y’ first rule of y° first sort®” I had found 
(25) Newton transforms the parabola by 

] 
x= ple +2) 


1 a 
y= gle—-2) | 
into 2y?+ax/,/2—3a*/16 = 0, which has the diameter fh(y = 0). 
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xy =cvee—dd. & y®=—8ccd. therefore y3—axy = —3ccd—ac/ee—dd=0. w is 
right since c=0. but by this equation c hath other valors, for 3cd+ a/ee—dd=0. 
or 3c Ya=0, & cat. &c. Whence observe y‘ for y® most pte it will bee most 
convenient to find ¢ by y‘ rule whose 1%* quantity hath one dimension lesse y” 


y° first qu[a]ntity of yt rule by w™ y® proportion twixt d & e were found.®» 


ae ; xxyy + 4bxyy+4bbyy | ; 
Example y’ 3° If y® equation be _ ae OEE ag 0. xxyy being of 
—q 


4 dimensions I take y® 4" rule of y° first sort, or y® 2¢ of y® 24 sort.®2) By y® 4% 


rule of y® 18t sort I find xxyy = 2dee ce — dd—4e®/ee—dd. & since by that rule I 
can find y? valor of noe other quantity in y* equation I make 


xxyy = PU Nee— da a= &, 


(26) Descartes’ folium, drawn only for the first quadrant. (Compare Schooten’s Exercita- 


ttones: 493.) 
(27) The coefficients, respectively, of ¢*y/e* and y°/e8 in xty/. 
(28) Read ‘Vee—da’. (29) The coefficients of xy/e* in x'y/. 


(30) The coefficients of y/e in x‘y/. 
(31) In effect Newton constructs the transform 


x= 35 (e+) 
y = = (¥-2) 


between the two sets of perpendicular Cartesian co- 
ordinates be = x, cd = y and bh = x, hd = y, which 
reduces the defining equation x*—axy+y* = 0 of the 
folium to 0 = 3[./2 x(x?+3y?) —a(¢?—yY?)], or 


co ax*—./2 x3 
— B2e+a - 


Clearly bg (or y = 0) is a diameter of the curve, with 
vertex m fixed by x = y = 4a. Newton has not drawn 
the full curve (note (26)) and it is doubtful whether 
at this time he knew its true shape: in fact the line 
onp( < = —a/3./2) is an asymptote to the cubic and the 
whole curve is symmetrical round nbm. Descartes, who had originally proposed his folium in the 
summer of 1638 (compare his letters to Mersenne of 27 July and 23 August 1638 = CEuvres (ed. 
Adam and Tannery), 2: nos. cxxx1 and cxxxvul, especially 274, 313-16 and Tannery’s note on 
341-2), was able successfully to draw the ‘feuille’ bmf but went on to write ‘Soit ACKFA lune 
des feuilles, qui fait partie de cete courbe’ in his letter to Mersenne of 23 August. (Cuvres, 2: 
313.) Much later, in the winter of 1692/3, this expression was to occasion between Huygens 
and |’Hospital a brisk correspondence on the folium, closed only three years later by Huygens’ 
death. (See CEuvres completes de Christiaan Huygens 9: 350-2, 390-1, 452-3, 461-2, 474-5, 
565-6, 578, 580, 623-6, 713.) Compare 4, §3: note (66) below. 
(32) The coefficients respectively of x*y/e* and of xy%/e* in x‘y/. 
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Which is divisible by d, & ee—2dd, & by Jee—dd. therefore either d=0; or, 
ee —2dd=0; or, ee—dd=0. The operation is y* same if I make use of y* 2% rule 
of y® 2¢ sort.6%) Againe I take y*® 34 rule of y® Ist sort®9 & by it I find, 


xyy = eelee—dd—3ddJee—dd. & xxy=2dee—3d3. & xxyy=4cdee—6cd?. 
_ 4cdee—4adee + 4bee > ie 
therefore xxyy—2axxy+4bxyy= _ 6cd?-+- Gad? —12bd yn ee —dd=0. 
aoe 2bee/ee —dd—6bdd./ee — dd 2Qbee/ ce — dd 
< 3d8 — Qdee 0 ae 

is infinitely long. but if ee—2dd=0, then c=a¥ 4b 8 6b. & if ee—dd=0, then 
c=a. Againe I take y° first rule of y® 24 sort®) & by it I find xxyy = 2cd3— Qcdee. 
xxy =d>—eed. xyy=ddJ/ee—dd. therefore 


xxyy — 2axxy + 4bxyy = 2cd° — Qcdee — ad + Qaeed + 4bdd/ ce — dd=0. 


. & if d=0, then c=a+ re 


Now if d=0. or if ee—dd=0, then y*® termes ee—dd of this equat® destroy one 
another[,] soe y' y° valor of c may not be found thereby. but if ee—2dd=0, then 


I find 2cd3 — 4cd8 — 2ad3 + 4ad3 + 4bddJ/dd=0. Or 2cd?=2ad? 8 4bd3. or c=a 2b. 
Againe I take y° 24 rule of y® 15t sort® & by it I find 


xxyy —2axxy+-4bxyy=  2ccd/ee—dd —4acd/ee—dd—16cddb + 8ceeb=0. 
+ 4bbyy — 8abxy — 8bbd./ ee —dd+ 16ddab — 8abee 


— 4ceeb + 4abee 
If d=0 th =92 == -~4bp : 
oe oe = OVee = 


ee 4eebb & 4aeb®%+aa 
ioe Gy agate ae 


that is ¢ is infinitely long as was found before. also®® it may bee found to bee 
8ceeb — 8aeeb =0, or c=a. but upon this supposition d= 0 it was not before found 
c=a & therefore c=a is false, when d=0. If ee—dd=0. then I find 


Sabdd—8chdd=0. orc=a. &c. 


(33) Since xxyy = —1x cog = 
4.9¢3{ 2 [ee —dd]. 
(34) Which evaluates the coefficients of ¢*y/e® in xiy/. 
(35) The coefficients of y?/e? in the transformed equation. 
(36) The coefficients of xy/e? in x‘y/. 
(37) Read _ 
(38) Taking d = 0 in the preceding equation before dividing through by 2d./[ee—dd]. 
(39) Or finding the requisite coefficients of y/e in the transformed equation. 
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If ce —2dd=0. then ce/dd—4bb/dd—2ac/dd=0. c=a8 Jaa—4bb. Which valor 
not being found before I conclude e¢—2dd=0 to bee false. Lastly by useing y* 
first rule of y® first sort®® I find, 


4bccn/ee — dd — 8abe/ ee — dd — 8cdbb + 8abbd = 4bxyy — 8abxy + 4bbyy — 8abby =0. 


& by supposeing d=0, I have c=2a.4 & ifee=dd, thenc=a. w“ being always 
found upon y° supposition dd=ee. I conclude y° valor of dd to be ee & ofc to be a. 
& so draw the axis gf parallell to x & distant from it y* length of a. But here 
observe y‘ this might have beene better performed by taking away y* 2° terme 


xxyy + 4bxyy + 4bbyy = 
of y° Equation —2axxy—8abxy—8abby=0. Or xx+4bx+bb ==(). 
— yy — 2ay 


was observed before.(*) 


(40) Newton first wrote in error ‘2c=2a. & c=a’. but has, in his text, cancelled only its 
first part. (Note that the value c = 2a further contradicts the supposition that d = 0.) 

(41) Newton’s text lacks the clarification of a diagram but the accompanying figure is 
restored in keeping with those of his previous examples. Where bc = x, cd = y the quartic (d) 
defined by (x+26)*((y—a)*—a*) = 0 has in fact not one but two diameters, gk and gf 


(x =—2a and y = 5 respectively). (Note too that y = 0 and y = 2a are asymptotes.) 
However, Newton’s present method is limited by the nature of his general transform 


{* = ecosé+ysiné 
y =c+xsin9—ycos@) ’ 

which can allow no translation of the x-co-ordinate. Here the translation { : = can 
reduce the quartic’s equation only to (¢?+4bx¢ +5*) (y?—a*) = 0, and the test for diameters, 
that only even powers of the variable exist, allows Newton to isolate y = 0 as an axis. (Pre- 
sumably Newton would urge a second application of his method with the co-ordinates x and 
y interchanged.) 
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§ 6 
[November 1664] 


November 1664 To find y* Diameter or axis of any crooked line which hath tt. 


Suppose y* crooked line to bee (/gc), ye diameter or Axis (kd), ye undetermined 
quantitys describing y° line to be ab=x, 
& be=y. from y® point a (y* begining of 
x), perpendicular to kb draw ah=pb=c, 
cutting y* axis kdinh. paralell to kb draw 
hp=x. & produce cb soe yt it intersect y° 
axis in y® point d. & suppose y' hp is to 


hd, as d to e: or y* hd= - & therefore 


naa 


those lines w“ are ordinately applied to 
y° diameter he=v. lastly suppose y* ec is 


to efasetof: yris ef, & fc= al he aad, 


. let ec=el=y be one of 


then 7 .. ta ae fa. 
ee—d d, wed, yr e4 — eeff —eedd + ddf AE ot oe 1 
Beer ne =f 
& hd=e me ~ —- a . & by ordering y*® equation it will 
bee, oi Againe, d:e:;fered = OD. & 
xvlee —dd xlee— dd+ i a — 


. or by substituteing y° 


dp = : ae dp + pb—de=y= 
welt fylea — dy ee — ff + eee 


= And y' 


valor of x into its place it is y= 


(1) Add. 4004: 21", 21’, an interesting first draft for §7 below. (2) Read ‘lessen’. 
x = (d/e) e+(s/e)y 
= (t/e) x«—(v/e)y te 
cular co-ordinates ab = x, bc = y and the orem set he = x, ec = Y. 
=x (2 
(4) Where {* (de +sy)/e 
y = (te —vy +ec)/e 
x in xly/, t= 0,3 = 1, 2,3, 4,5; 2% = 1,7 = 0, I, 2, 3; i= 2,7 =0, 1,2;7 = 3, 7 = 0, 1; 
i=4,j=0;1=5,j = 0. Since the tabulation is taken up again in §7 below (=Add. 4004: 
23”) we omit the present enumeration. 


(3) Newton constructs the transform 3 which relates the perpendi- 


he tabulates the coefficients of the various powers of x and 
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I may abbreviate y® termes I make Vee—dd=t; & dpige-esiigeee! eaeidies hp. & 


. Also by supposeing 


so y® Equation is ya Steet 


Je4 —eeff + ddff—eedd—df 


é 


4 ceff— , 
I lesson® the termes of y® Equation a Es ne » by 


writeing instead of it, Ets _ 

Now therefore by substituting these valors of x & y into y" stead I take y™ out 
of y* Equation expressing y° rel[a]tion twixt y™ soe yt y” I have an equation 
expressing y® relation twixt x & y. And to that end it will bee convenient to 
have a table of y® squares, cubes, squaresquares, square=cube, rectangles &c 
of y® valors of x & y, After y° manner of yt w® follows. 

Pee os oc 8 A Veer as ®]. &c. If there bee occasion to doe 
these operacons in equations of 5 or 6 or more dimensions this table may be 
easily enlarged. 

As for example. [18] If y° relation twixt x & y bee exprest in this Equation, 
xx +ax—2xy-+yy=0. then into y° place of xx, x, xy, yy, I substitute their valors 
found by this table, & there results, 

+ssyy +2dsey +ddre=0. 
+ 2Qsv +aes +adee 
+v —2tse —2dtee 
—2ecs —2dece 
4+2dve -+1ttee 
—2tev + 2ecte 
—2ecv + eec|c] Which Equation expresseth y* rela[t]ion twixt 
e & y. y' is, twixt ge & le or ec. Now yt ge=« be y* diameter & le=ec= 8 y be 
ordinately applied to it, it is required (by Prop 2°) y* in this equation y be not of 
odd dimensions. & [y‘] that may bee soe y® quantitys in the 24 terme (in w y 
is but of one dimension) must destroy one another, w cannot be unlesse those 
quantitys destroy one another in w™ y® unknowne quantitys ¢ & y are of y°same 
dimensions. Which things being considered it will appeare y‘ I must divide y° 
2¢ terme into two pts, makeing 2dsxy —2isey + 2dvey=0; &, 
— 2ivey 


aesy — 2ecsy —2evcy =0. 


(5) Newton repeats his first example (a parabola) from §5 above. 
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& divideing y° first by 2<y, & y* 24 by ey they will be, ds—its—w+dv=0. &, 
as —2cs—2cv=0. Hitherto useing y° letters s, ¢, & v for brevitys sake, I must now 
write their valors in theire stead (yt I may find y* length ofc, & y* proportion of 
d to e w determine y® position of y® axis, & also y® proportion of e to fw 
determines y° position of y® lines applyed to y* axis.) & soe instead of y* Equa- 
tion, ds —ts—tv+ dv=0; there results, 
2df./ee — dd = eef + ces ce — ff —2dd/ ee — ff. 

& by squareing both pts & ordering y* product it is, 

e4 — 4ddee + 4d* = 4ddf/ce — ff —2cef/ee— ff. 
Which is divisible by 2dd—ee=0, for y® quote will bee 2dd—ee=2fVee—ff. & 
therefore 2dd=ee. Or, 2dd=ce+2f/ee—ff. Againe by inserting y* valors of s & v 
into y® Equation as —2cs—2cv=0, there resulteth, 


vo Na eedd—ceff + ddff — 2 f/ee— dd — 2cds/ee—ff— adf + 2cdf=0. 


& by writeing 2dd instead of ee & divideing it by d there resulteth 
a/2dd—ff—af=0. 
— 4¢ 


Or ; wa =c. Thus haveing found y° proportion of d toe, & y® valor of c[,] 


since theire remaines noe more equations by w= I may find y* proportion of e 
to f I concluded it to be undetermined, soe yt I may assume any proportion 
betwixt y™. As if I make f=0. Then y® angle ceh is a right one & eh y* axis of 
y° line, & c=9 =ah. & d:J2dd::d:e::hp:hd. or d:/2dd—dd::hp:dp. that is 


hp = dp; As in y* 1*t figure. Or if I make ee: ff::2:1. that is e=2f or f=d, then 


(6) Newton’s general transform, where fec = Oand e = ,/2d (or hp = dp), is 
s = (1/,/2) («—y (cos 6—sin @)) 
y—c = (1/,/2) (e —y (cos @+sin 8)) J 
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I find yt c=0. that is that y® diameter ed intersects y® line ap at y° point a y° 
begining of x. & y* y® lines ec are parallell to ma. as in y*® 2° figure &c. Soe yt by 
assumeing any proportion twixt ec & ef, that is, supposeing y® angle fec of any 
bigness, y® position of y® dia[ml]iter fa may be found after y° same manner. 
As if I would have y* angle fec to be an angle of 60 degrees. y" must ec=y be 


double to fe=30, & fe=/Pry. le. e:f::2:1. & 2dd=ee, therefore oF. I 


found before yt “ alee =c, or writeing y® valor of fin its roome, tis 
Y 4 4/2dd—ff oy f 
a —a,| sd apes 
—_———=¢, thatis - ¥§ —==c. 
4 3dd 4" 4/3 
4. | 
2 
Or si bbe . ae = Ake 
r since c must be lesse y2 — it must [be] -——~==c=ah. = dp since 
? oa 443 ait 


ee=2dd. As in y® 34 figure. But if I would make y° angle ceh of 6048" then as 


fig 34 fig 4th 


a® 


dd ee. : = 
before ¢e=2f, & 9 A: & ree a ae or since ¢ must be greater y ra 


a 
—=—— 5 { 4th f 2 & e 
2 5 ¢, as in y® g. XC 


a) 


with ¢ = 4a([sin @—cos 6@]/sin 8): by its application the parabolic equation (x—y)*+ax = 0 
is reduced to 2y*sin® 0+ (a/,/2)¢+c? = 0, which has the diameter y = 0, or ehd. 

(7) Where @ = 47, ¢ = $a(1—cotd) < ja. 

(8) Where 6 = $7, ¢ = }a(1—cot@) > ja. 
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Example 24. If y° Equation expressing y*® nature of y® line be 


x3 — 3xxy + 3xyy—y=0. 
— ayy 


§ 7) 
[November/December 1664] 
A November 1664. 


To find y* Axis or Diameter of any Crooked Line supposeing it have y™. 
Suppose bc=x; cd=y; nad y* line whose axis or Diameter is sought; pk its 
axis or Diameter; a its vertex; hd=hn=y=lines ordinately applied to its 
Diameter ; bm a perpendicular to fc drawne from y* point 4, i.e. from y* begining 


(9) Newton breaks off, but his further argument is easily 
restorable. The transform between the perpendicular co-ordinates 
ab = x, bc = y and the oblique set ae = x, ec = y given by 


{* = igh 
y = (1//2) x 

reduces the cubic (x—y)® = ay? to x* = ay? with diameter 
ab(y = 0) and a cusp at a. 

(1) Add 4004: 23%—23", 26", 27", 27”. (The subsectioning 
letters A, B, C, etc. seem to have been added later in the paper’s 
composition.) 

(2) More correctly, in Newton’s first figure 

elapse: : PRs rf 

cd = cg+qg—gd y = ct (eld) e—(V[a—f*]/d) x)” 


a 
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of x; bf=c=pte of y* line bm intercepted twixt y* diameter & pc; mh=xr =a line 
parallell to bc & drawne from bm to y® intersection of fk & nd; & he=mf & 
parallell to mf; & dgh a right angled triangle. dh:hg::d:f. &, 


mh = fe:he=mf::d:e. 


ddy2— ffy2 
Then d: fry! =hg=eg. &, eg fea Nt =. Againe gd= |e 
en La —ff- ay 


g etal + lyvdd—f 
d 


& ds acim: he= = gq. &, ggt+gce+dg=cd; or, 


aman 


Now therefore by substituteing —;~~ into y* place of x, & 


and in his second figure 


” = mh+hg a {* =x+(f/d)y | 
ed = cgt+qgted y =c+(e/d) e+ (V[—f*"l/d) x) 
However, hd in the first figure is to be taken negative in sign, and this reconciles both forms 
with Newton’s statement. 

Though it is not immediately obvious Newton constructs the transform between the 
perpendicular co-ordinates be = x, cd = y and fh = x’, say, hd = y: specifically, where 


A A x = x’cos8+ycosd 
khg = 0, dhg = ¢, ' ; 
c= %, See ae = x¢’sind+ysing 


(which may take on several variant forms according as 6 >—¢, or m—@). But since here we 
are concerned only with equating coefficients of x’‘y/ to zero, Newton gains simplicity in 
computation by expressing x’ parametrically in terms of x, the perpendicular distance of A 
from mf, by x = x¢’cos@; so that the transform takes on the form . 


- = x+ycos¢ 
y—c = xtanO+ysingd) 


13 WHN 


194 Early notes on analytical geometry [2, 1, §7] 


into y® place of y, & theire Os & cubes &c: into y® place of x?, x3, y?[,] y? &c. 
I take x & y out of y* Equation expressing y° relation twixt y™ & soe have an 
Equation expressing y® relation twixt ¥ & y. And to y‘ end it will be convenient 
to have a table of y® squares, cubes, & rectangles &c: of y® valors of x & y, like 
yt w® follows.®) 
dx = ds +fy. 
ddxx = ddee + 2defy + ffy?. 
43x38 — f8y3 + 3fypypde+ 3ddeefy + dx3. 
d*x4 = f4y4 + 4def3 y3 + 6dde*f*y2+ 4d%x8fy + dtr, 
dy = + y/dd—ff+ee. 


+ de 
. ddyy= ddyy+ 20x y/dd—ff+eecce. 
—ff +2de + Qedex 
-+- ddec 
d®y8— dd y®/dd—ff+ 3ddes py + deeee p/dd—ff + +e%x°. 
— ff +8ddde + 6edce + 3eedce* 
—3ffee +3ddcc + 3ddcecee 
— 3ffde + d3¢3 
Gy*== d4 yt+ dexdd p3/dd—ff+ 6ddeess yy +4083 p/dd—ff + ef, 
—2ddff +4d%c —6ffeeee + 12dceexx + 4dcex8 
+f* —4exff +12d%ece +12ddccer + 6ddcceere 
— 4deff — 12Qdffece + 438 + 4d38ee 
+ 6d4¢c + d4c4 
— 6ddffcc 
ddxy = + fy*./dd—ff + feey + dese. 
+ fdcy +ddce 
+deyJ/dd—ff 
d3x8y — + fy%./dd—ff + flee yp? + 2defe* y + ddes?, 
+ ffde +2ddcfe + deve 
+2dfeldd—f +ddve/dd—F 
d'x3y — + f8yt/dd—ff +ef%e y® +8deffse py +3ddefeer y+ dex. 
+ def? + 3ddcff¢ +3cd*fee +d4cx8 


+3fde/dd—f +3ddfec/dd—ff +d%°/dd—ff 


dx = de +fy rs yrs 
dy = ex +,[d?—f*] y +deJ? Newton tabulates d’+sx"y’ for the 


valuessr = 0,5s=1,2,3,4;r=1,s = 0,12, 337 = 2,5 = 0,1,2;r=3,s = 0, I; r = 4, 
gs 0. 


(3) Having constructed { 
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d®xyy= fddy* + de py +eefeey +deex®. 
— f* — dffé +2cdefe + 2cddese 
+ 2efe./dd—ff +ceddf +ccd¥e 
+2cdfJdd—ff +2edx*/dd—ff 
+ Qcdde/dd—ff 
d*xxyy = 
d4xy8 —@) 


As for example. [1%], if y* relation twixt x & y bee exprest by, 
xx +ax—2xy+yy=0.) 


then in stead of xx, x, xy, yy, writeing their valors found by this table there 
resulteth 


dd yy + 2df¥y + ddse =0. 
—2f yy/dd—ff +-adf +adde 
— 2efe — Qdeee 
—2dcf — 2ddces 


— 2de./ dd —ff + Cee 
+ Qee/ dd—ff -+- Qedce 
+ 2de/dd—ff + ddcc 


Which equation expresseth y° relation twixt ¥ & y when any valors are assumed 
for c, d, e, & f. And if y° valors of ¢, d, e, & f bee such y* y is not of odd dimensions 
in y® Equation (that is, yt y® 24 terme of this Equation bee wanting), then (by 
Prop: y® 24)® ¥% y=hn=hd is ordinately applyed to y* diameter pk. Now yt y* 
2¢ terme of this Equation vanish it is necessary yt those termes destroy one 


(4) Newton has left spaces to enter the values of the two last terms. Where v = ,/[d?—/f?] 
they are 
d4xty? = f%y%y4 +4 2(x( fev t+ dfv%) +f%edr) y3 
+ (2 (e2f? + 4defv + dv) +2 x (cdef* + 2cd*fv) +c#d*f*) y? 
+2 (3 (de®f+ dev) + x¢?(2cd*ef + cd3v) + c#dx) y 
+ de2 x4 + Qcd8ex? + c*d4 xc?, 
and d‘xy® = fv®y4+ (x<(Sefv? + dv) + 3cdfv?) y8 
+3(¢(e2fv + dev?) + x (Qcdefv + cd*v*) + c*d?fv) y* 
+ (¢3(e8f+ 3de%v) +3¢2(cde?f+ 2cd%ev) +3 x (c*dtef+ c2dSv) + c3d¥f) y 
+ det x04 + 3cd%e2 3 + 3e%d3e x2 + c8d4 xc. 
(5) The parabola of his first example in §6 above. 


(6) ‘That is, the second proposition in §4 above. 
13-2 
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another in w“ y® unknowne quant[it]ys ¢ & y are not diverse nor differ in 
dimensions. Whence it appeares y* I must 
k divide the 2¢ terme into 2 pts making 
Qdfey —2efey —2dey/dd—ff 
+ 2e¢y./dd—ff=0. 


& adfy—2Qdefy-+2deyJdd—f=0. Or by 
divideing the first of these by 2¥y, & y* 2° 


by dy they are, of—of ,° Jdd—-F=0. & 


af —2cf+2c/dd—ff=0. The first being divi- 
ded by d—e=0. thereresults, f+/ dd—ff=0. 
Therefore one or both these propositions 
= d=e; dd=2ff, is trew. by y® 2°% tis found 


y* of —2./dd—f 5. —— 7 c. Now since by assumeing some quantitys for y® valors 
of d, c, or f I cannot find y° valor of ¢ unless by y* Equation d=e. therefore I 
conclude d=e. whence it is not necessary yt dd=2ff, or y* proportion of d to f 
bee limited[,] soe yt by assuming y* angle ahd 
of any bigness I may find y° position of y* axis 
, ahk. As if I suppose y® angle fhd to be a right 
d one (i.e. y' ah is y* axis of y* line) then are y® As 
feh & hgd alike, & therefore 


[e] q — ed 
: fe::dh:oh::Ndd 0 T.. = =f, 
fh: fe::dh: gh: /dd+ee:e::d:f. rawr f. 


Or because d=e therefore +f-5 . & e=s. 

Soe yt I draw df =7. & fq parallell to pd[,] 

gk=fq & parallell [to] bf & through y° points f 

& k I draw kh y® axis of y® line nad, as in figure 

i 1st, So if I would have Ad paralell to gk i.e. y° 
fig 2° angle dhf of 45 degrees. then tis evident y' 


m 


(7) Where dhg = ¢ and d = ¢, the parabola (x—y)?+ax = 0 is reduced by the transform 


ra FtT08g | uy aati ite 

os wight to y#(1+sin2¢)+ar+c = 0, 
acos : 

ae “ = 2(cosé+sin¢g) 

clearly the line hk (y = 0) is a diameter. 
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hg=0=f. & ¢= wea 0. Therefore through y® point ) I draw y® axis 


kh, so yt bg=kq, as before. &c. & note y* since kf the axis is always paralell 
to it selfe y* line dbn is a parabola. 

Example y? 24, x +-43=a?.® Being first to write y® valors of x? & y? (found by 
y° precedent table) into their roome, since I have noe neede of those two termes 
in w“8 y is of eaven dimensions I leave y™ out, & soe for x® + y3=0 I write onely 


Ff? y8 + ddy?./dd—ff+ 3ddfexy + 6edex yl dd —ff+ 3ddecy dd—ff=0. 
—ff + 8eexey./dd—ff 


Then sorting those quantitys together in w y° unknowne quantitys are y* same 
there [resulteth] these 4 equations (y® 15t being divided by y’, y® 2¢ by 3[¥*y], y® 


34 by Gye, y° 4" by 3y) viz: aie dd—ff'=0, daf-+ee/dd—ff=0; 


+cde/dd—ff=0; +ddcec/dd—ff=0. 


In y® first equation f?= oa dd—ff, I 
extract y® cube roote & tis f= —vdd—ff. 
or dd=2ff. In y® 2° ddf=ee/dd—ff, or 
ddf=eef, or d=e. By y* 34, 

= 


0 
+ cde/dd— =0, or — 


& so by y* fourth. Now therefore since 
c=0. d=e. In y° line bg from some point 
as g perpendicular to bq I draw 


kqg= +e=bq=d. 


then from y® point & through 5 I draw y® line ak w% (since it cuts y* line hnd 
applied to [it] at right angles) is an axis of y* line ndr. w% appeares in y* 
dd=2ff, for therefore nf? =2st?=st?+-ns®, soe yt ns=st & nt [is] perpendicular 
to bk.4% 


(8) Compare James Stirling’s treatment of this cubic in his Linee Tertii Ordinis Neutomane 
(Oxford, 1717): 126-7: Exemplum Primum. 

(9) Using d*? = 2f%. 

(10) The defining equation x°+y? = a® is reduced by 

e = ¥+(1/./2)y a’ —2x 
y = ©—(1/¥2)% 3x 

It follows that abk (or y = 0) is the cubic’s diameter (with gb/, or x’ = 0, its asymptote). 

Newton’s text is heavily cancelled and it is clear that he found the tracing of the curve’s 
shape difficult, at first believing it to have two branches placed symmetrically round a second 


} to 26°+3xy* = a5, or yi? = 
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Example y’ 3°. If y® nature of y® given line bee expressed in these termes 
— 3xxy + 2xyy —2ayy=0. Then by supplanting y* valors of x & y into their 


roome & working as before, there will bee, — f+ 2fdd—3fV/dd—ff=0. 


& galy Bddf— def, 3a /dd— f+ 2eef'=0. 
& gdly — 6cddf + 4cdef + 4cdd/dd—ff—4ade/dd—ff=0. 


& 4thly 2ecddf—4acdd/dd—ff=0. The first of these divided by f=0. is 
— ff + 2dd= 3f/dd—ff. 
Or cing both sides & ordering y® product tis, 10/4—13ffdd+4d*=0. Which 


being divided by 2f/—dd=0. there results 5f/—4dd=0. Wherefore I conclude 


one of these 3 to be y* valors of f viz: f=0[,]= = Ss [j= ma Now yt I may 


know w* of these is y* right valor of fI try 7@ singly, & first suppose f=0; If 
so y" by y® 4th Equation — 4acdd/dd=0, therefore c=0.% If c=0=f, y® in y° 
34 Equation all y® termes vanish except 4ade/dd=0: therefore 
Sa. 
Aad dd 
& since c=e=f=0, all y® termes in y* 24 Equat vanish except —3dd,/dd=0, 
therefore also d=0, w® since it ought not to bee I conclude yt f=0 is false. 


Therefore I passe [t]o y* 2¢ valor of f=“, or, ¥f=Vdd—F. & soe divideing 


— 0,12) 


axis gbl. He first wrote in conclusion: ‘In y® line bg from some point as g perpendicular to bg 
I draw kg = +e, & gl = —e, both of y™ = bg = d. then from y* points k & / through 6 I draw 
y® two lines ak & gl both w (since they cut one another at right angles) are axes of y* lines 
ndr & nad. w appeares alsoe in yt dd=2ff....’ 


(11) Read ‘y™’. 
(12) The ratio f:d must be definite, so that f and d cannot both be zero at the same time. 
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y® 4» Equat" by 2ddf t[her]e results cc= § 2ac: w is divisible by c=0, & by 
c¥ 2a=0, Now yt I may know w° is y® right valor of ¢ first I suppose c=0: & 


oF eae a 0 
soe all y® termes in y® 34 equation vanish except, 4ade/dd—ff=0. or e= ra 0. 


& since e=0, by y*® 2¢ Equation tis 
3ddf—3dd/dd—ff=0, or 
f= 8Vdd—ff=/ff= +/dd—ff. 

Which things since they agree I con- 
clude yt f=/dd—ff, or dd=2ff; c=0; 
e=0. Since e=0 the diameter must 
be parallel tox. & since c=0. it must 
bee coincident w“ it. then in y® axis 
bc I take some point (as h) & from 
it draw [hp]|=-+f=to y® perpendi- 
cular +pq=+/J/dd—ff & through y® 
points h & q I draw nd w® shall be 
[paral ]lell to y* lines ordinately applied to y* diameter bhpc.4* 

Example y° 4». If ye Equation bee bx°+ayxx=a‘. by takeing only those 
termes (of y® valors of x® & yxx by y® precedent table) in w™ y is of odd 


(13) In summary, the transform e a fone} reduces (x—y)? = y?(x—y+2a) to 
23 = y?(~+2a), where be = x, cd = y and bh = x, hd = y. The line dhe (or y = 0) isa 
diameter, meeting the cubic in the cusp b. (Note that Newton seems to know only one 
branch of the curve. In fact, the cubic has the three real asymptotes 


x =-2a and y =+(¢—a) V2 
and so three hyperbolic branches.) 
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dimensions, & sorting those together in w“ y* unk[nJowne quantitys are y* 
same & of y® same dimensions as before. there will result these Equations. first 


bf? + aff’ dd—ff=0. 
Qdly, 3ddbf-+ Qadef+ add /dd—ff=0. & 3%¥, 2addfc=0. y® 1** is divisible by f= 0, 
fbo+a/dd—ff=0. To know w* of these 2 are y* valors of f first I suppose f= 0 to 
be trew, & y" all y® termes in y* 24 Equation vanish except add,/dd=0, or 
dd= — =0. now since both d & f should 
never bee =0 therefore I conclude yt f=0 is 
false & so pass to its other valor 


is cea or 2 Jdad=F 


& soe by y® 24 Equation tis ddb = —ade. w™ 
is divisible by d=0, & db+ae=0. If db = —ae 
y® tis b:—a::e:d:wdd—f:f. & soe y* di- 
ameter will bee parallel to y® lines ordinately 
applied to it[,] w°® cannot bee. therefore I 
try y® other valor of d2=0. And if d=0, y" y° 
34 Equation 2addfc=0 vanisheth & soe can- 
not bee found & is therefore unlimited. 
Now since I find noe repugnancys in these 


Equations f= eer , & d=0, Iconclude y™ trew. & since d=0, I draw the 
perpendicular to we from b y* begining of x, w™ shall bee y*° Diameters of y° lines 


enm & dpl. then in yt diameter I take some point as b or h & from y* point draw 
gh=-+-for th= —f, i.e. of any length, & paralell to dc. then from y* points ¢ or g 


aJldd—ff Pree a/dd—ff 
eae es 


perpendicular to ég I draw ts= ee 


. that is, 


—a:b::thits:: gh:gr. 


(14) If we take sht = ghr = ¢, f/d = cos¢ = a/,/[a?+5?] the 
transform s 
x = ycosd = fat by ? 


b 
y = ¢—ysing = Tea bay? 


reduces x*(bx+ay) = at to y*x = a(a*+b*). Immediately, bh or 
y = 0 = x is the diameter of the cubic, with vbq or ¢ = 0 = bx+ay 
its asymptote. 

(15) Newton gives no figure, but where bc = x, cd = y, the 
equation x? = a*y defines (d) to be the simple cubic (or Wallisian 
parabola), which has the origin 6 for its centre but no diameter. 
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& so through y° points s & f# or h & rI draw sr w® shall be parallel to y® lines 
ordinately applied to y* Diameter dA. 

Example y* 5‘. Suppose x? = aay. Then by selecting those termes out y* valors 
of x & y in w™ y is of od dimensions, & sorting them together in w y® un- 
knowne quantitys differ not, I have, f*y?=0; 3ddfeey=0; & 34 


aady./dd—ff=0. 
by y° first f=0, & therefore y® 24 vanisheth; & y® 3¢ divided by aay is, 
dd/dd—ff=0; or O=ddd. 


Now since d=f=0, & y® proportion of d to e & y* length ofc cannot bee found 
tis evident y* line hath noe axis or diameter.©° 


B November 1664. 


Observe [y'] y* Axes, Diameters & position of y? lines ordinately applied to 
y™ may bee for y° most pie easlier obteined by makeing 


be=x. -td=y. bf=c=cq. mh=e=fe. 
hd=y = —hn. hd: dg::d:f::y 21% dg, y° 
angles bed, mgd, fqd, mbc, feh, right ones. 
ferhe::die::8: <= he= £4. 


qetgq+gd—cd JET aT 


hg= Jee Bee _ = eq. 


de+yvdd—ff _, 
at 


fet+eq=be= Then for 


readiness in these operations make a table of y* 0%, cubes, rectangles, &c of 
these valors of x & y. As was done before.@® 


(16) Where dx = Shae 
. = fytee+ted 


Newton tabulates d’t*x"ys for a few low values of r and s, as before, though now f and ,/[d?—f?] 
are interchanged. (The transposition, yielding terms cf? instead of c¢(d?—f*)#?, makes for 
some computational simplification.) 
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dx = yJ/dd—ff+ de. 
ddxx= ddyy+2dey/dd—ff+ddee. 
ax8— dd y8/dd—ff+ 3d%yy + 3ddeey/dd—ff+ ds. 
=< — 3dffé ey 
dy =fy + ee +cd. 
ddyy =ffyy +2efe y + cee. 
+2cdf + 2cder 
+ ccdd 
d®y3 — f8y3 + 3effe py+ Beefery + e%x%. 
+3cdf ++6cdefe + 3eecdex 
+ 3cecddf + 3ccddee 
+348 
ddxy =fyy/dd—ff+dfey + dees. 
+ eg yr! dd—ff+ cdde 
+cdy/ dd—ff 
d®xyy = ffy>/'dd—ff+ dffe yy + 2defes y + dees. 
+ Q6efie/ dd —ff +2cddfe -+cddeses 
+ 2cdf/dd—ff +eess/[dd|—fF +ccd*s 
4+ Qcdee/ [dd] —ff 
4+ ccdd/ [dd] —ff 


dxxy= ddf y® + ddesé yy + ddfee y + ddes’. 
—¥2 —ffee +2deeey/dd—ff +cdee 
+ 2dfe/dd—ff +2cddey/dd—ff 
+¢d8 &c. 
— deff 
Example. If y* relation twixt bc & cd be expressed by ayy—bxy+bbx=0. 


—aby 
(This line is a streight one y® equation being divisible by 5—y=0.9) then by 
inserting those quanti[t]ys (of y* valors of x & y found by this table) in w™ y 
is of odd dimensions, into [y*] place of yy, xy, y, x in this Equation, & supposeing 
those to destroy one another w* are multiplied by y* same unknowne quantitys 
there will bee these 2 Equations 2aef—bdf—be/dd—ff=0, & 


2acdf + bed./ dd — ff + bbd/ dd—ff—abdf=0. 


(17) This comment is a later marginal addition. In fact, the equation factorizes as the line- 
pair (y—b) (ay—bx) = 0. 
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The 2° is divisible by d=0 & there results 2acf+ bev dd—ff+bb/dd—ff—abf=0. 
Now to try w*" of these two are true first I suppose d=0, & soe y° first Equation 
will bee 2aef—be/—ff=0. w is impossible unlesse f=0, & y™ y° valors of ¢ 
& ¢ canot bee found, Therefore d=0 is false. And therefore by y® 24 Equat™ 


—bb/dd—ff+abf bdf a 
Poe ey di 
_ abd ie = z . Whence y* proportion twixt d & f y' is y* angle fhn 


is undetermined.%® 
Endeavor not to find y° quantity din these cases, but suppose it given.*® Or else 
C For avoyding mistakes (w* might have happened in y* 4" Example where 


YI found d=0. & f= ae it will not bee amisse to make 
hd dg::fsgis "dg. & ferhe::de:1¢: 5 =he. 


& soe it will be B+ a teay. & piles Or, 
& Sée+ aed 


=x. And then observe y‘ it can never happen yt f=0, or 


dgy + fet ade _ 
i 


d+e=0. Observe also y* if —d:e::g:+/ff—gg. y" y° line fh is y* Axis, otherwise 
y® diameter of y® crooked line.2 when d=0 y" [y*] axis is perpendicular to 


(18) Newton adds no diagram, but in the accompanying figure (where be = x, cd = y and 
(mh = ¢) fh = x’, hd = yare the two co-ordinate 
systems, with ghk = @ and ghd = ¢) the trans- 
msiee a “x —ycosd 

y—c = xtand+ysing 
reduces 0 = (y—4) (ay—bx) to 

0 = (2asing+bcos¢)?y?—b?(¢ —a)? 
by taking 
ee © b(asin ¢ + bcos ¢) 

~ "  Qasingd+bcos¢d ° 
For arbitrary ¢, pah (or y = 0) bisects all ordi- 
nates y; and similarly, though Newton does not 
note it, the line through the vertex a = (a, b) of the line-pair parallel to the ordinates y (that 
is x’ = asec @) bisects all lines parallel to pah. 

(19) Newton added this last remark in the margin at a later date. 

(20) Newton distinguishes between an ‘Axis’ and ‘diameter’: where the line pfh bisects all 
ordinates dn to the curve (d), then it is a diameter of the curve; and where the ordinates dhn 
are normal to the diameter fh it is an axis. 
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is st , 
x[,] as also if patios And y” it will be convenient to doe y*® worke over againe 


changing y* names of x & y[,] y‘ is writeing y instead of x & x instead of y.@” 


[D] December [1664]. 


Haveing y° Diameter to find y* Vertex of y° line. 


Suppose bc=x, or =x. cd or ra=y. 
bf=c. fazkq::d:e::fs=br=x{[:]as=y—c. y* 
is ex = dy —dc. soe y* into y® given equation 
dy — dc 

e 


I insert this valor of x= 


y = into y® place of x or [y] ([yt] w™ 
may more readily bee done).@*) 

As in y® first Example I found d=e, & 
y° proportion twixt d & fto bee unlimited|,] 
so yt if I would [have] fk to bee y* Axis, 
I make —d:e::f:/dd—ff. (vide C) or 


f= —Ndd—ff. 
& there I found a i 7 or sinc 
f=—Ndd—f it is e=s. As may bee seene 


in yt Example. Now y‘ I may find y® vertex 
of y® line [w] was there exprest in these 
termes. xx-+ax—2xy+yy=0, there results 


ax + =0. or z=. Therefore from y® 


5 point 6 I draw br= -=. & from y* point 
r I draw y® perpendicular rd untill it cut y® axis hd, y* is, soe yt rd=hr. & y° 


point d shall bee y® vertex of y* Parab: mdo.®) 


(21) That is, when c is infinite. 

(22) This interchange of x and y is needed to make Newton’s transform general. Without it 
Newton can move his co-ordinate origin } only by a vertical translation to f parallel to the 
ordinate cd = y. 

(23) Newton constructs the defining equation of the diameter fak as dy—ex—cd = 0, and 
finds its meet with the curve by eliminating between its equation and that of the curve. This 
meet of a curve and its diameter is, by definition, a ‘vertex’. 
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Soe in y® 24 Example of y® line x?+y4?=a', it was found d=e. & c=0. & 


therefore y= i + oa . ory=x. therefore I write x° for y3 in y* Equation x° + 3 =a’. 


& it is 2x8=a3. or x=—=.. therefore I take br= & soe draw y® perpendi- 


a 


cular ar, which shall intersect y® ~~ ab at y® vertex of y® crooked line. & y® 


(calling br=h) it shall be ar=c+— t= h]. Soe y* in this case ae 


In ye 34 Example y* Equation being x8 — 3xxy +- 2xyy — 2ayy = 0, It was found, 
ex 4 dc 


(26) 
V[e:]2 


=0. Therefore by writeing 0 


c=0. d:e::g:0.2 yt is e=0. therefore y= 


(24) Newton has cancelled ‘diameter’. 
(25) The condition that the diameter hfk be an axis is that fhd = 47 or, since fhm = 47, 
¢ = dhe = 17; so that (x—y)*+ax = 0 is transformed into 0 = 2y?+ax +7'¢a" by 
(x = e+ (1//2)¥ 
—}a = ¢—(1/,/2) x) ° 
whose axis is 0 = y = (1/,/2) 28 y+4a). Reduction between (x—y)*+ax =0 and 
x—y+Ha = 0 yields the vertex (—7¢a, 7¢). 
(26) Since, in Newton’s figure for this example (on p. 197), bhd is right, ab is an axis of the 
cubic and the point a a principal vertex. The cubic should meet br normally in an inflexion. 
(27) In accordance with his concluding remark in section B, Newton takes d = q, an 
arbitrary constant. 
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instead of y in y® Equation all y* termes vanish except 
(0; 0r- 2-2 0bro & ar=c+4=0, soe yt y® vertex of 


y® line (bdn) must bee at y® point d. 

But in y* 48 Example, bx°+ axxy=a*t. It was found 
d:e::0:1. or d=0. & c¢ was unlimited,@® I make 
therefore c=0. & since y° axis®®*) is perpendicular to x 
therefore I insert y® valor of x into y® equation; 


(x= _ dy—ade =0] 
: 
—b000 a 


4 
& there results 6000+ a00y=a*. or y=-— =a 


Wherefore I conclude y° vertex of y® line to be infinitely 
distant from ) towards m.®® 


[E] If y* position of any line (as és) be given y®* point 

«* where it intersects y* given crooked line dsa may be found by y*® same 
manner ; for suppose ar, or ac =x. cd, or 
rs=y. & rx=yy. ta=a. tq=b. pq=d. 
angles tgp, srt, dct right ones; y™, to 
find y® point s where y® crooked line 
dsa is intersected by y® line #, I 
suppose tq:pq::ir:rs. y* is, ga Ste 
or 2 


line rx=yy. it follows yt yy= 


=x. & since by y* nature of y° 


bry — dar 
oo 


(28) Read ‘indefinite’ or ‘unrestricted’. 

(29) Read ‘diameter’ (since the co-ordinates x’ and y are not inclined at right angles). 
(30) That is, the vertex m is the point at infinity on the diameter. 

(31) Newton finds the co-ordinates 


br be [br br [or 
(a-247 4a =9q* ii) 


the (two) meets of the line dx —by+ad = 0 with the parabola y* = rx by eliminating y and x 
successively between the two equations. 

(32) That is, where two curves have the Cartesian defining equations/(x, y) = 0, g(x, y) = 9, 
their meets are to be found by successive elimination of y and x between their equations. This 
basic axiom of Cartesian analytical geometry suggests the true theorem that, in general, two 
algebraic curves of respective degrees m and n meet in mn points (some or all of which may be 
non-real), but Newton here does not pursue the matter. 
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ddxx + 2ddax + ddaa 
bb 

r + bbrr —4ddar _ bbr Jen abbr 

“a4” (a. . oe, adi dd 


& =rx. & by extracting y* rootes of y™ both, 


__ bbr b |bbrr et jones A 
therefore I take ar= 4 8 a add & f= = 8 Add ) 


By y® same manner y° intersection of 2 crooked a may be found.” 


F Having y? nature of any lines expressed in Algebraicall termes, to find tts 
Asymptotes if [it] have any.®* 
Suppose rh, & rs y® asymptotes of y* line din & hd parallel to rs drawne from 
y® Asymptote to y® line din. be=x. cd=y. bf=c. fe:he::d:e. hd:dg::f:g. 


fe=mh=s. hd=y. y® angles dcb, chm, dgm, bfq, hef, to bee right ones. y* is, 


f- dey +efe + dft 
ech=—. d = h _wv—se d. +goq+ Be: a 


& fe+eq eS i =x. Now for readinesse in operation it [will] bee 


ee 


(33) Much as in section A, Newton constructs the transform 
| x= x¢+ycos¢d 
y—c = xtand+ysing 
between the perpendicular co-ordinates bc = x, cd = y and the oblique set fh = x’, hd = y, 


where vhg = hfe = 0, dhe = ¢ with mh = x = x’cos@. He then tabulates ( fx)’ ay in 
powers of x and y forr = 0,5 = 1,2,3;7, = 1,5 =0,1,2;7r = 2,5 =0,1;r=3,5 = 
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convenient to have a table of these valors of x & y w™ will bee y* same w™ y* 
by w® y® diameters of crooked lines are determined. viz. 


Jx=fe+ wi — ge. 
Gex= ff vet 2fer/f—seg tier. 
— 8g 
Pe= Fif—gey®? +3ffe 2+ ser f—eetfe. 
— gg — 898 f¢ 


dfy =dgy + efe + dfc. 
ddffyy = ddggyy + 2defge y +eeffee 
+2ddcfg + 2cdeffx 
+ccddff 


d3f%y? = d®g°y + dddefgge yy + ddeeffgee y + ef, 


+3cd*feog + 6cddefige + 3cdeel f* |e 
+3ccd*ffg + 3ccdde[ f* |e 


+ ¢3d3f8 
dfcy=de/ff—ge ry +dfge yteffse. 
+ efevf—sg +deffe 
+ cdf — 8g 
df®xxy= dffg y° +ef* yy +dg fee y +ef?s*. 
—gggd —efege + 2effee’fi—ge +cdf*ee 
+cdf? +2cdffe/f—gg 
— cdfgg 
+ 2dfgev ff — gg 
ddf®xyy = ddggy®/ff— gg +ddfgge yy + 2defgee yy + eef*v*. 
+ Qdefoe/ ff —gg +2Qcddfge +2cdef ee 
+2Qcddfolf—ge +ecffes/f—gg  +ccddf*e 
+ 2Qcdeffe. ff —gg 


+ ceddf/ ff — gg 


This table may be continued when y® nature of y® lines are expressed by 
Equations of 4 or more dimensions. 
This like y® former rules will be better perceived by Examples y" precepts. 


As 
Example y* 18‘. To find y® asymptotes of y* line whose nature is exprest by 


(34) In fact Newton groups his substituted terms according to the scheme 


rax[q—yytrx = 0. 
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Cars =yy. first I write y° valors of x, xx & yy (found by this table) into theire 
places in y® Equation as yy=0. & there results 


— ddggyy — 2defgey — ceffee 


fev— reser + afer f— ge + rife —ceddf—2ddefey —2edefe + ofe-+revif— ee _ 
af daff a 


r Ska in ae de 


by ordering it, - 0. 
or by ordering 1 +9 yy af , 
—1gg . — 2ege — 6&6 
of df dd 
—pgg —2¢g — 2cee 
2 d 
+r/ff—ge ae 
F 
Or, +ddffr yy +2ddfre/ff—gg y +ddfres =0. 
—ddggr —2defgqe — ceff gee 
—ddggqg —2cddfgq + ddffqre 
+ddfgr/f—gg  —2cdgeffe 
—ccddffq 


Now by assumeing any valors for c; d, ¢; f, g. I have, by this equation, y* relation 
w“5 ¢ beares to y, yt is w“> mh beares 
to hd. But yt y® valors of c, d, e, f & g, 
may be such y¢ hr (to w*" hdis applyed) 
may be one asymptote & hd paralell 
to y® other, it is necessary (by Prop: 
345) yt neither ¢nor y bee any where 
of soe many or of more dimensions, 
y" in those termes in w“ they multiply 
one another. Therefore I consider of 
how many dimensions # is at y* most 
in any terme multiplied by y; & find 
y™ but of one. & therefore conclude 
y' ¢ & y ought to be found in noe 
terme in this Equation unlesse where they multiply one another. 


(35) That is, in §4 above. 


14 WHN 
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G Moreover tis manifest y' y° Equation (expresing y® nature of y* given 
line) will ever be of one & but of one dimension more y" & or y In some termes in 
w‘) they multiply one another: & therefore this may bee put for a GENERALL 
Rue. Viz. ALL THOSE termes must destroy one another in w® there is not ¥y 
& w} are of as many, or want but one dimension of being as many dimensions 
as y® Equation is. Now that those termes destroy one another, tis necessary y'* 
those be =0 in w y® unknowne quantitys x & y are y* same. Upon w™ 
considerations it will appeare yt in this Example I must make, 


ddffryy —ddggryy—ddggqyy=0. 2%, +ddfgri ff—gg y—2cddfgqy =0. 
thir[dlly, ddfres—ceffiges=0. 4 Y, ddffqre —2cdgeffe =0. 


Or by dividing y™ by those quantitys w neede not 
bee =0. they are [1%], ddrff—ddggr—ddggq=0. 2°, 
ddr/ff—gg—2cddg=0. thirdly, ddr—eeq=0. 4%, 


ddqr —2cdge=0. by y® 34, a—e,/1. & since tis not 


d=0, by y° first f=ge +22. by y® 2¢ c= HE, 


Or a . by s*4= oc Mei: | Therefore from y* 
point 5 I draw bf & bk=c= : dig from f I draw fq 


paralell to dc. from g I draw o soe y' 
fa:qiidie:wq:vr. 
& through y° points f & v I draw fv w® shall be one 


Asymptote. Or which is y* same (since tis not c= 0) 


I make ¢:d::0:61=. Or i = 2 & soe draw y® 
r 


asy[m]ptote passing through y* points / & f. Then from y® point k I draw pk 


(36) Or bl = $q. 

(37) Newton’s diagram has two points v. Here, as the diagram makes clear, the point v is 
in the asymptote /ks. 

. (38) The construction is correct, but a subtle error has crept into the argument. Where 
vhg = 6, dhg = ¢ with e/d = tan@ and g/f = sing, Newton transforms 0 = grx+rx*—qy? 
into the form ax?+Pxey+yy?+dxe+er+¢ = 0, with 


a =r—qgtan?0, # = 2(rcos#—qtan@sing), y = rcos*¢—gsin?¢, 6 = q(r—2ctan§), 
€ = q(rcos¢—2csing) and € = —qc*. He then seeks to reduce this still further to ey +€ = 0 
by making agi Sea d=e= 0. However, where fh = x’ = xsecO and hd = y are not the 


same line, vhg must be different from dhg and so tan@ + tang. It follows that d and e cannot, 
as Newton would have it, be zero together. Taking a = y = 6 we deduce easily that 
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paralell to b/ & pv® paralell to bk soe yt (assumeing some other proportion 
twixt d & e y" before if there be any other) d:e::pk:pu::—Vq:Vr. & soe 
through y* points k & v I draw y® other Asymptote, Or since it is not c=0; I 


eukecmapbtindtcstie tei 
, [Vr] 
asymptote, w“ shall bee parallell to hd.@® | 
Example y* 24. Supose y® Asymptotes of xx—yx-+ay=0 were to bee deter- 
mined, Since I have noe use of y* termes in w* is ¢y I onely select those termes 
out of y* valors of xx, y & yx in w* xy is not & sorting them as was before taught 
I have these equations, 1't fyy—geyy —gyyNf—gg=0. 2%” agy —cy/ff—ge=0. 
Buy, dee—exe=0. 4thly ar 06 =0. by y® third d=e. by y® 4° a=c. by y® 1* 


g=+A/ff—aeg. by y* 24 c=a.2 


. & soe through y® points / & k I draw y¢ other 


tan?@ = tan?¢ = r/q, so that, say, tand = —tang = ,[r/g], with ¢ = r/(2tan6@) = 4,/[qr]. 
The transform, therefore, is 


. =xe+vrv[¢/(¢+r)] ! 
y—4J[er] = eV[r/)—vvir/(¢+7)] 


and the reduced equation 0 = 2r./[¢/(q¢+r)] (2e¢ +49) vy —4q’r. The curve (d) is then a hyperbola 
with asymptotes 


O = 2e4+q = llyr(xJrtyJqthqyr) and 0 = y = $q[(¢+r)/qr] (x Vr—ylqt+4qyr) 


and centre / given by x = —49, y = 0. 
(39) Newton breaks off, leaving a space for the insertion of a diagram and details of the - 


construction of the asymptote. Where @ = vhg and ¢ = dhg as 
before, the equation x?—xy+ay = 0 is reduced by 


x=x+ycos¢ 
lacy = oe ent 
to ax?+ Bey +yy?+dxe+ey+f = 0, where a = 1—tan?0, 
B = 2cos¢—tanOcosd—sing, y = cos*d—singcos¢, 
é = atanO—c, ¢€ = asing—ccosg?, ¢€ = ae. 


As before, 6 and € cannot, as Newton would have it, be zero to- 
gether. However, taking « = y.= 6 = 0, we may find @ = jz, 


@ =—4n and c = a, with the equation reduced to 
x=& 
—(e—a)y+a?=0 by j 
ya = Ft 


The curve (d) is therefore a hyperbola with asymptotes 0 = y¢—a = x—a and 
O= y = *-y+2¢, 


and centre at v given by x = a, y = 2a. 
14-2 
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Example y* 345, Suppose xx—ax+by—yy=0.4 then by workeing as before 
I have these Equations, f—2gg=0. —aVff—gg+bg—2cg=0. dd—ce=0. 
be—ad—2ce=0. by y* 44 d= Ye. by y® 1* f= ¥g/2 or g= 6 Jff—ge. by y° 


24 (by suposeing g= + ff—gzg) tis tao =c: & by y® 4 (by supposeing d= +e) 


2 
tis or 8g, But by y® 2¢ (by supposing g= —V/ff—gg) tis oO Ae, & by y* 4% 
(by supposeing d= —e) tis atl, Whence I conclude yt when cao y™ is 
d=e, & g=Nff—gg; =—e & g=—Nff—gg.™ 


2 
(40) Newton first took the equation ‘yy = oe yb’ (yet one more hyperbola) for his third 


example. 
(41) Again Newton leaves room for future insertion of a diagram and details of the con- 


struction of the asymptotes. Where vhg = 0, dhg = ¢, the transform 
x= x+ycos¢ 
y—c = xtand+ysing 
reduces 0 = x?—ax+by—y? to 
axt+ Beytyy?t+dxtey+¢ = 0, 


with a = 1—tan?0, # = 2(cos¢é—tan@sin9g), 
y¥ = cos*¢—sin?¢, 6 = —a+btan 6—2ctan QA, 
e =—acos¢+bsing—2csing, ¢ = be—c*. 


Once more Newton is wrong in thinking he can 
have 6 = e = 0. However, taking a = y =d, we 


may find 6 = 47, 6 =—4a andc = }(b—a), so 
that , aceke 
y—4(b—a) =e—Y//2 


reduces the given equation to ./2y(2¢—a)+4}(b?—a*) = 0, a hyperbola with asymptotes 
0 = 2e-—a = xt+y—4(at+b),0 = y = 1/,/2(x—y—4(a—b)) and centre r given by x = $a, 
y = 4b. Thealternative values 0 = —47,¢ = jryield the same result butnowwithc = $(b +a) 
and the modified transform 

x= xe+y//2 


y—$(a+6) =—e+/V2 
suitably reducing the equation. 
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WORK ON THE 
CARTESIAN SUBNORMAL 


[Autumn 1664] 


HISTORICAL NOTE 


The problem of finding the tangent at a general point on a given algebraic 

curve exercised the minds of many of the most gifted mathematicians of the 

period between about 1630 and 1664, and indeed the problem was already 

resolved in the insights which came to both Descartes and Fermat while they 

pursued their ‘querelle’ in private correspondence in the summer of 1638. But 

none of this was yet published in 1664 and till the work of Barrow and Gregory 

appeared a few years afterwards the mathematical world at large had to rely 

on the inadequate exposition provided by Descartes in his Geometrie) and the 

few revealing remarks appended by Schooten in commentary. 

In 1637 Descartes’ only method of finding 

E the tangent at the point C on the arbitrary 

C (smoothly continuous) algebraic curve (C) re- 

quired the prior construction of the subnormal 

at the point, with the tangent drawn perpen- 

dicular to the subnormal through C. The sub- 

normal from P to the curve was deduced from 

A M PO the condition that the circle (C’)) with centre P 

and radii CP=EP should meet the curve in a 

double point (and so be tangent to it). This condition requires that E and C’ 

should be the same point, or, where CM and EQ are ordinates to the abscissa 

AP, that the segment MQ should vanish. Analytically, taking AM=x, MC=y, 
with the curve (C) defined by y=/(x) and AP=v, PC'=s, we deduce that 


a eaeaet 
sopret | 


(1) The bulk of the correspondence was first published by Clerselier in his Lettres de M. 
Descartes, Tome 11 (Paris, 1667) (Ox il répond a plusieurs difficultez qui luy ont esté proposées sur la 
Dioptrique, la Geometrie et sur plusieurs autres sujets). See also Gaston Milhaud, Sipetartes savant 
(Paris, 1921): ch. vi: 149-62. 

(2) See Geometria: Liber m: 43-50. 

(3) Schooten, Commentari in Librum II = Geometria: 246-53. 
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Descartes’ subnormal condition, therefore, is that 
Lfla)]*+ (v—s)*—s*=0 
have a double root. 
The condition that the algebraic equation 0=¢(x) have a double root 
Descartes found by equating it term by term with the polynomial 


O= (x—e)* x 2 (G*’), 


which clearly has the double root x=e. In Schooten’s example of the parabola 
defined by y2=rx, we have s?=rx-+ (v—x)* and comparison with (x—e)?=0 
yields —2e=r—2v, or v=e+4r (where ¢ is the double root and may be inter- 
changed with x). Thus MP=v—x =}4r, constant. 

Quickly, however, computation of the subnormal by Descartes’ method 
becomes tedious. In particular a great deal of time was wasted in calculating 
constants ¢; (in the equated polynomial (x—e)? x > (¢,x‘) =0) which were later 
themselves to be eliminated from the calculation. In the second Latin edition 
of Geometrie Schooten printed for the first time an algorithm for finding double 
roots which he had had from Hudde in private correspondence. 

Changing Hudde’s notation slightly to accord with Descartes’, we may show 
that, given the polynomial 

(x—e)? x > (6,4) => [6,(x?*!— ext? + ex") ], 
the polynomial 
> [6;((a + (2+2)d) x2*#—2(a+ (1+2)b) ext*!+6?(a+ 1b) %)] 


derived by multiplying the terms in order by an arbitrary arithmetical progres- 
sion of constant difference } has the factor x—e.® Therefore if 


(x—e)? x ¥ (¢,x/) =0 


(4) Geometria: 246. 
(5) More generally and in modern terms, where MQ =e and EQ =y’' = f(x+e), 
CP? (or y2+(v—x)?) = EP? (or y’?+ (v—x—e)?), that is, 


vs (y’+y) = 2(v—x) —e(v—x)?*; 


so that a (¥ =) oft ee a 
dx e->0 a y dx 
the required subnormal. 


(6) Compare Schooten’s lengthy justification (Commentarit in Librum II, O =Geometria: 249- 
53) of Descartes’ construction for the subnormal to the conchoid. 
(7) This letter of 27 January 1658 was printed a year later, in Schooten’s Latin translation, 
as Johannis Huddeni Epistola Secunda, de Maximis et Minimis (= Geometria: 507-16). 
(8) Specifically, where A; = a+10, | 
E [e(Aaese— 24, eet + e2A,x!)] = DS [o,(Ai(x—e)? + 20x(x—e)) 2°]. 
v 


4 
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and so has the double root x =e, then also the derived polynomial must be zero. 
In other words, where G(x) is derived from F(x) by multiplying its terms in 
order by an arbitrary arithmetical progression, a general condition for F(x) =0 
to have a double root is that G(x) =0. 

As Hudde went on to state in his letter, though without proof, the algorithm 
is easily extended to finding a general condition for F(x) =0 to have n equal 
roots. In particular, where F(x) =(x—e)® x > (¢,x*) with G,(x) derived from 


F(x) by multiplying its terms in order by an arbitrary arithmetical progression 
of constant difference ) and G,(x) similarly derived from G,(x) by multiplying 
its terms in order in the same sense by a second arbitrary arithmetical progres- 
sion of the same®® difference 5, then F(x) =0 demands that G,(x) =G,(x) =0 
likewise.2Y This algorithm for finding a triple root Newton was to make one of 
the foundations of his analytical investigations into the curvature of algebraic 
curves in the winter of 1664/5.0 


(9) Where F(x) is the polynomial (x—e)? x} (¢;x‘), then G(x) is the polynomial 
i 


aF (x) +bxF’(x), 


with F’(x) the derivative of F(x). It follows that application of Hudde’s algorithm to find the 
condition that F(x) = 0 have a double root is strictly equivalent to the more familiar test 
F(x) = F'(x) = 0. 
(10) This restriction (not to be found in Hudde’s statement in Geometria: 509) was in May 
1665 to cause Newton some worry before he realized its necessity. (See 4, §3, note (34) below.) 
(11) Where F(x) = (x—e)®x > (¢;x!) with A; = a+ib, B; = a+b, we may take 
7 


G,(x) = py [c;(Ag,,x8+? —3A,, ,ex®t? +34, e2x1t+? — A; 8x!) ] 
== » [c;(A;(* —e)8 + 3dx(« —e)?) x*] 
= aF (x) +bxF'(x), 
and G,(x) = 3 [¢;(Ag,; Bai; x9+! -3A,,; Bo, ex*t'+3A,,,B,,,e%x1+? — A,B, e8x')], 
= x [¢,(A;B,(« —e)?+3(A; +B; +5) bx(x—e)? + 6b2x?(x —e)) x*] 


= aaF (x) + (a+a+1) bxF’ (x) + 52x?" (x), 


Clearly G,(x) has the factor (x—e)? and G,(x) the factor (x—e), so that if F(x) = 0, then also 
G,(x) = G,(x) = 0 holds and so is a general condition for F(x) = 0 to have a triple root. 
Further, F(x) = G,(x) = G,(x) = 0 implies that F(x) = F’(x) = F’(x) = 0, a more familiar 
condition for a triple root. 

(12) Section 4 below, passim. 
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§1 arly calculations using Descartes’ subnormal method 
[Early Autumn 1664] 


From the original in Newton’s Waste Book in the University Library, Cambridge 
rye 
bd=0.% cd=y. at=x. ab=s. 
—xx-+xy +ay=0. 
+ax-+ yy 


vo + xy + ay =ss=vv—2ov-+xy +x0+ax+ay 
+ax+ yy +ao+ yy + 2oy 
4 q 2ov = ox + ao+ 2oy.® 
bette stn cee =vv-+2o0v+00+75+7a+as+Ss. 
+ax-+ yy 
xy + ax+ay+yy 


1S — ar—as—S$S wy 
20 


[bd=v. cd=y. ac=x. ab=s.] ed=z. eg=E. 


ae 
+ax+yy 
xy + ax + ay + 2Qyy + vv — Quy =ss = Ez + a€ +02 + 222+ vy — 202.) 


xy—2+ax—ak _» 


2Qy —2z xy—fz—2by+2bz=0. xy—2by=0. x=2b. 


xxyy — §E2z — f.) 
a®x —ta? ; 


(1) Add. 4004: 6", probably to be dated September 1664. 

(2) In his first calculations Newton takes rather be = v. 

(3) Taking be = v, Newton finds s* = v*+ (x+y) (a+y) and then seeks to apply Descartes’ 
method by considering the increment ce = —o: thus v > v—o andy > y +0 (with o neglected), 
but he ignores the increment of the ordinate x(o[dx/dy]). This seems the first use Newton made 
of the notation o for an increment of the basic variable (here y), though he had introduced it 
two pages earlier in the Waste Book in an optical problem, (See the appendix on geometrical 
optics in Part 3 below, especially 1, §1, note (21).) Note Newton’s use of dots to cancel equal 
terms on either side of the equation: these should not be confused with Newton’s later dot- 
notation for fluxions. 

(4) Newton, in a second attempt, tries to allow for the increment in the ordinate by 
considering the limit-increases v > v+o0 (with the power o* omitted), x > 7 and y > 5 (not to 
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bd=v. cd=x. ac=y. ab=s. 
0 = yy — 2xy + ax —x". 
: y=x 8% J 2xx—ax=ac. yy =3xx—ax 8 2/2x4— ax, 


eg" = 3x — box —ax+ao 

8 [2] / 2x4] — 80x5] — ax5[ + 3aoxx]. 
or ¢g?=3z%—az 8 [2]/2zt—az8. 
[(u—x)?+yy=ss = (v—z)*+eg°.] 


4x2—ax % 2/2x4—ax3 


—4z*+ az Q 2,/2z4—aqz3 8) 
memes Sf), 
—2z+2x 


oe a 
4x2 422 ae 2x* —22[7] —bx+bz[=0.] bc dy @ 
2x —2z 2 0 1-2 


/ —_ 7x3 4__ 7738 
ae...) + / 2x4 —ax® Q ./2z4—aze=cx—cz. 


2x —2z 


be confused with the denomination of ab). Clearly r = —o, but he abandons his calculation 
after expressing v as the limit-ratio 


‘ eae +a(x—r) +a(y—s) + wa) 
2 0 


(5) Applying Descartes’ method to s* = x*+(v—y)?, or s? = (x+y) (a+y)+(v—y)?*, 
Newton considers the equation which results from allowing the limit-increases x > € and 
y>z. 


(6) From the limit-equality it follows that 


y = Y= 82) ta(x—8) taly—z) +2(y*—z') 
2(y —z) 


Newton then seeks to calculate v as a+$+4a+/, where 


= limi yn 8) = limi (=*) = limit(y+z) or 2 
a = limit (e— , f = limit fa — and y (y+z) or 2y. 
The last term “yy — 6622 
a®x — Ea? 

(7) Newton introduces the increment ce = —o in cd = x, but straightaway modifies his 
notation by taking ed = x—o = z. 

(8) Since v? — 2ux + x2 + 3x? —ax 8 2./[2x4—ax3] = v®@-20z+274+3z%—az¥ 2,/[2z4—az5]. 

(9) Newton attempts now to evaluate the limit-quotients in the value of v separately. First, 
taking b = [2(x?—z*)]/(x—z), it follows that —b(«—z) +2(x2—z*) = 0 must have a double 
root x = z and so Newton applies Hudde’s algorithm. 


seems inexplicable. 


218 Work on the Cartesian subnormal [2, 2, §1] 


2x44 224 — ax? —az>— 2zx./[4]x2z?— [2]axz* + aazx —Qazxx 
= xx — 2¢%zx + ¢¢zz.40 


4x2— 422 axtaz ¥ 2/2x4—ax3 Q 2,/2z4—az8 
p= a ee 


2xx + 2Zx — as ax ay 


af lee— azz 


yy — 2xy +ax—xx=0. [y—x=8 Neste 
— 2yy + ay — 2xy De ge tayl—4xy] _ as) 


=2x+22— 0 oe} J 2xx — ax ax 3% —— 


x+yY 


— 2y + 2x — 2y+2x 
[ayn 
2 +. 2 at 
ss—v2+Qvy—yy = —. 
Y—yy yy 
[0] [0] [1] [2] [-2] 
ss—vv+-Qux — xx = = 21 Bax y,(15) 


xx’ Qxxx " Wx 
QO.0 1 Q2 —2 


(10) Newton tries to evaluate 
ie (,/[2«4 —ax3] — ./[2z* —az*]) 
x—Z 
by squaring to remove the radical signs. However, this yields ¢ as the root of a polynomial and 
so Newton abandons this attempt also. 


(11) Read © ¥ Qxz+22z—az’ 
2 J 2xx — ax 


V[2a*#—ax]—[222—az]\ _ ,_/ 2({x*=24]/[x—z]) —a 
2 X—Z = £2 a eee) 


(or an equivalent), since 


with z > x in the limit. 

—ax 
a x) 
Newton has at last succeeded in differentiating an algebraic expression involving radicals by 
a direct consideration of the ratios of limit-increments, though it is possible that the last two 
lines represent a later application of the subnormal algorithm as a check on his result that, 


(12) For, substituting x ,/[2x?—ax] = y—x, with z = x, v = 4x—4a+4+(y—x) a2 


v= dx— ha ( /[2s*—a1] +57 5a). 
(18) Add. 4004: 5¥. 
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§2 First systematic evaluation of derivatives by Descartes’ subnormal 
method and Hudde’s algorithm 


[Autumn 1664?] 


From the original in a pocket-book in the University Library, Cambridge 


b [1] | y= ay] 


Let ¢ed=a..ae=x.. ab=y. se=v, 
sbh=s. ss=y?+v0u+xx—2Qvx. 


aax+a®=yyx. y2=ss—vv+ Qox—xx. 


3 o r d aax + a? = ssx —vux + Qux? — x3, 
x8 — Qux? + vox+a?=0. 
ee 
+ da 
2 ] 0 —l 
—— 
2x? —Qvx2 x —a=0. 2x" —a — y, (2) 
Qxx 


x 
a [y-e/sie | 
aax=yyx+yya. y*?=ss—vv+ 2ux— xx. 


aax = ssx —vux + Quxx — x8 + ssa+2avx—axx—avv. [or] 


x3? —Qux* —ssx —ssa=0. 


+a -+vv +avv 
— Qav 
+aa 
‘_9q4 ’ ; 
(14) Read ys +y. Newton finds by Descartes’ method 


and Hudde’s algorithm the subnormal ac = v = y+x(dx/dy) to 
the hyperbola (d) defined by xy = a®, where ab = y and bd = x. 
(15) Similarly, Newton finds the subnormal v = x+y(dy/dx) 
to the hyperbola whose defining equation is xy = r?. 
(1) Add. 4000: 93” and the recto sides of 94-113, 115, 116. 
(2) Newton uses Hudde’s algorithm to calculate the subnor- 
mal sa to the curve (b) whose defining equation is xy? = a?(x+a), and so he would have 
immediately that y(dy/dx) = sa = v—« = — (a5/2x?*), 
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x*— Qex+ee x x+f[ = ]x3—2ex* + cex+ cef=0.°) 
dic priests 5 
—2v+a=f—2e. [or] f=a+2e—2v. eef=avv—ass. 


— e¢a — 2¢° +- Qeev + avv 
a 


vux — Qoxx er Ft] 


vva— 2vax + ax*—x a 
+ aax 
[or] av—2Qvx? +x8=0. [e=x.] 
x —2Qvax +ax? ‘ 2x4 
—a —2vee +aax —— ait a a 
—x— ee + Qe 4ex+2ax+2* 
+ ¢ea 
as. _ 4ax" + 2aax + a? + 2x° 
T -— ap aoe 4ax + 2aa+2xx 
+ xee 
4ax* + 2x3 + 2aax +a? 
“ioscan — 4ax? — 2x3 — Qaax a, a3 4) 
as  4ax+Qaa+2xx * 2x2 4 dax + Qaa’ 
aax a? 
ce=$, |[oe=x.| nix Gade aoe f* 
Zaax _ app 
atx 4x4+ 16ax3+ Saaxx + 16a°x + 4a*" 


+ 16aa 


[or] a®pp+atxpp = 4zzx° + 16zzax* + 24aazzx3 + 16zza5x*+ 4a4z*x. divided by 
x-+a it produceth. 
47zx4 +. 12zzax + 12zzaax* + 4zza®x —atpp=0. 


(3) For some reason Newton here returns to Descartes’ method of finding a double root by 
equating coefficients with those of (x—e)*(«+f) = 0. 
(4) Newton finds y(dy/dx) = v—x = a®/[2(a+x)?]. 
(5) Where z is the subnormal at the point € given by co = x, oe = p, Newton calculates 
pt ee > ae 
dx p Wa+x)¥ 
(6) Newton seems to have calculated this directly from the inverse of the fundamental 
theorem of indivisibles, d(x”) /dx = nx"-1 (n integral). Here 
dy. BS bje 3x5 
0 Te ada \at) ~ at’ 
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8 [8] 


8x 
xP = gay, eee 


Pix 
(1 [y=a/*.] 
aan= 9". td=28. 06x. sh=y. 0¢=12. 
ok=s. ss=y?+x2—2Qux+0?, 
x? = Qux+-ss—y?—v®, x=v—/ +55—y?. 


aav —aav'ss—y? = 4’. 


: a*y? — 2aavy? + y8 — atss+-aty?=0. 
0 3 6 60 2 
6y® — 6aavy? + 2atyy =0. 
_a+3y4 + - eer. 
= . (ot lp gece 2 ~~ s 


y: aa | +, aay’ _y % 
3y'aa’ 3aayy 3° 


make md=dv. FE =4.| that is aa=3yy. & =y= ma== dv. x= de= 


aa. a’ a’ 
tes foe Se os Sate Ye 3 
[make] ds=dce 4% a7 VOTaae a: [2 =en. [or] aax: oak Shae $2 


w“ expresseth y® nature of y® crooked line 


a’ a° 


eo a ts xxZ? omen 
[729] /27 [729] /27 
ns. & [if] vl=ds. vlfr=dens 


aax*z? = 


(7) That i is y: y (dy/dx) = x:y/3, or x(dy/dx) = ty. 


(8) Read 5 . (The mistake is here corrected in the subsequent calculations.) 
= ast ginal as Met d(ek) 
(9) Where « = ee then en =z oa li ds x to2 
Tt follows that (aij) a 4 Aa [2a ‘em (dean. 


since vl = ds = a. Newton thus has a geometrical transform equating the area | z.dx under 


the ‘derivative’ curve (n) or $(z,x) = 0, and the area of the rectangle (v/fr) or a(y—a). 
Newton will deepen his knowledge of this transform and make it the basis for his geometrical 
(constructive) definition of an integral. (See section 4 below.) 
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[5] [y*=5°y+a*x.] 
aax+bby=y?. x=v—<Jss—yy. aav—aav'ss—y?+bby=y8. 
aav + bby —y8 =aan'ss —y?. 
a*y® + 2aavbby — 2aavy* + b4y?—2bby4+y% [=0.] 


— ass +aty? 
0 ] 3 2 4 6 
— 2b4y + 6bby? — 
+ 2b4y + 2hby® + 6y® 
6y° — Bbby? + 2bty +2aty — + 2aty — 8bhby8 
—2aabb+6aayy —— [6aayy—2aabb| 
a te ek es 2 
Oo aay? —2aabb’ se o 8y2— bb’ 
— bby +y3 ai). ot A sil Rj fies y® — bby , aay alti i oem y® — bby | ag) 
aa “3y? — aa § 3aay® —aabby 3y7— 
[Take md=de.] a a <— _ @= ee i 
4 tbbyy—b*+a* 
BER ie SS 
[If] a=6. ya e y= Fe dn= dv 
8b3 2bbd 2b 
2 0. = |]—==dce=ds. 
= fen FE ae © 


aay Qaaby ae _ 9 aab 
y: 3y2—bb° Fat [Z. yZ= 92/3 —3bb/3 ai [or] 9yyz dca An equation 


expressing y® nature of y® line ns.@® 


2 
(10) Newton calculates yt eee 


+00 
(11) Read ‘y’ (and not x=4 =). 


. dy yr—b*y 
(12) That is, x7 = at ct 


(13) Read fy = 7 = dv’ (since Newton has taken md = dc). 


(14) Much as before Newton calculates the defining equation of the ‘derivative’ curve (n), 
; 2b dy 
that is d(x, z) = 0 where z = 3/3 dx’ 
(15) These two terms are lacking in Newton’s text, and the rest of his calculation is vitiated 
accordingly. 
(16) This is derived by an application of Hudde’s algorithm, with the equation multiplied 
term by term by the first row of numbers and then ordered. 
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[6] [y°=x(dy+a?).] 
aax + byx=y?. x=v—ASS—yy. av + byv— y= 5 Vs5—yy. 


aty2 + Qaav*by —2aavy® +-bbvvy?—2bvy*+y® [=0.] 
— a*ss| —2a*bs?y]@ [ + 2a2by?]9) + atyy +b) 
—bbss 
—2 —] +1 0 2 + 
0 ] 3 2 + 6 
as 2atvv + 2aavvby + [2] — + 4bvy* — 2bby* — 4y8 as) 
a 
+ 8y8bb[ + |12aty® — 2aabbvy® —16atbvy* —12a%vy3 + 4a’yy + 4a%vvdy 
— 8b8vy8 + 8a*bhby* — 4aavvb [ = }0. 
+ 4b4y8 


1 2a%y? v — 8a*bby4 
2aab*y> = —8y%bb 
l6athy* —4bty® 


[or] +4a®byjvv __—-8b°y® ~—+ 12aty® 
— 4aab y 4a®by—4aab y> ° 
6a%y? 36aly4 = + 8aab®y® — 8athby® 
+ aby! +12a8b7y6 + 64a%dbdy® — 8y’bb 
+ 8atby? +16aby> +165%y1° —4b4y® 
+ 45348 angi 
v = + 65a*b4y® + 12aty® a 


ager seer a 19)o 96S oe 
4.a°b — 4aab*y 16a!2h2— 32a%b4y?+ 16atbey4 + 4a®b — 4aab3y?" 


(17) The incorrect calculation is printed to show the structure of Newton’s argument and 
as an implicit comment on Newton’s arithmetical accuracy. Correctly, where a = a?, 8 = by, 


it follows that (a+ f)v—y® = (a +f) J[2 0]: 
squaring and ordering the powers of y, we deduce 
any? — st) + 20,8 (v® — 5?) + 2(v? — s*) — 2ay?(vy — 8) — By?(2ry —f) +y° = 0. 
2 


+aPy 
—2 —]l 0 1 2 4 
0 1 2 3 4 6 


Applying Hudde’s algorithm twice, we have 
Sala+f) = vra(a+ f) +0y?(a+28) — Bat A) y?—2y', 
and SP(a+f) = VP(a+ f)—v9(3a+4f) + (a+f) (a+2f) 2° +8y%, 
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3 pool 


@x=y4, x=v—Nss—yy. @v—y*=a/ss—yy. abv? —2a8vy*+y8+a’yy [=0]. 


—a®ss 
0 4 ae 
as. ste. ee ae 
ee ~ gady® ay” gy" GB dads 4 


[8] [y®=a*(x—y).] 
aax —aay=y". aav—aay —y*®=aa/ss—yy. 
aty? — 2at*vy — 2aavy® + Qa*y? + 2aay*+y® [=0.] 


—atss 
0 1 3 2 4 6 
By + 4aay + 2aty Res. 3y°+ 4aay? + 2aty — aay’ — 3y° — ya* — 3aay? 
— +e wt a*+ 3aayy 
aay _ aay | ay+y® aty®+ay* _aay+y’ ay 


Sai a aaa I* G4 342" aa ‘aty+3a*y> aa+3yy 


[9] [a?x=y?(b+y).] 
aax=by*+y>. aav— by? —y® =aav ss—yy. 
a*y? — Qaabyyv — 2aavy® + bby* + 2by' +48 [=O]. 
—a'ss +a‘[yy] 


y By! + Bby* + 2bby* + alyy 
= 2aab +-3aay ; 
3y4 + 5by3 + 2hby?— 2bby[?] — 3by3 — 2by? — 3y4+ a4 
LES oo Seem eS 
2aab +- 3aay 
at 
0 *= Saab + Bay” 
Be er ee Se (20)] 


end 


two values for s? derived by multiplying by the first and second row of numbers respectively. 
Hence, by elimination of s?, 


vy? (a+ f) (3a+2f) = ¥§(3a+28) +y¥*(a+A)%, 
yp, (a+6 _,, (at+by)? 

ath (8a+2h)y (3a? + 2by) y" 

(18) That is x(dy/dx) = dy. (19) Or x(dy/dx). 


or v= 
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[10] [axy=0?+y°.] 
axy=y> +58, ayv—y—b?= ays/ss—yy. 
aavuy? — 2avy4 — 2avb3y + y° + 2by? + b® [| =0.] 
—aass -+4aa 
0 2 —l 4 1 —2 
— 268 
4y8 + 26343 + 2aay4 4.958 4y® + 2b8y8 — 45348 


6 3,,3 = 6 
je ee ee cies 


4ay*— 2ab*y 4ay*— 2ab®y 
[or] U—*= 55 Be: Voa . ae oh 


a 
a=xyy. a=dg=dp.) go=x. oa=y. cg=v. ca=S. SS= 4? +Hx— Bx +0", 
a® — xss-+ x3 — Qux?+ vox =0. 
—l .- 3.4 0 


2x3 — a? _ ms 
2x 


aq ge 3 76 

at et p Ze ae ae. 4x32z =a pp. 
8 

[#=. | go=y. oa=x. &c: cg=v. ca=s. B=xyy. ss=xx+yy+ovv—2vy. 


xx = 55 — yy + Qvy[ — Jvo. 
a’ — ssy4 + y§ —2Qvy*[ + Jovy4=0. 


—4 0 2 it 0 
2y® — 4a® 2a6 a® 2a® 2a® 
<a: y—v=—z 9) ye biz. Peet G zy®=2a°p, w shewes y® 


nature of another crooked line yt may be squared. 


(20) Newton’s remaining calculations are faulty and not worth reproducing. Their gist is 
an attempt, parallel to previous cases, to calculate the defining equation (x, z) = 0 of the 
curve (n), where en = z = ds x (oe/ek). 

(21) The point p is therefore on the curve (a). 

(22) Where z = —p(dy/dx) is the ordinate of the derivative curve (x, z) = 0. 

(23) Newton calculates, conversely, —x(dx/dy) = y—v = (2a8/y). 

(24) Specifically, where zy? = 2a°p, 


[. z.dy = — | pds = — px. 


15 WHN 
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[12] [y=WVax?.] 
axx=y, x=v—Wss—yy. x® =v? —2QvJ/ss—y?+55—y?. 
av? + ass —ay* —y> = 2avJ ss —yy. 


a*y* —2aassy*—2av*y® + aay*—2ay°>) + 48 [ =0.] 
+aas* +2vvaay*— assy? 


— 2a*vss 

+3 ] 0 —-] -2 -—8 

3.a7s4 — Qaay?ss + 3a2v* + 2v2a?y? — a®y* + 4ay® — 3y® [=0.] 
— 6aavv 

Qyy 4y*a* + 24aayyvv + 36 - 
= 3 = — Yaav* — Gaayyvo + 12ay® 
| +t Buy + 8aay*+ 9y6 
3 9aa 
ss(28) = 2y?+ 60? _ J 946 — 12ay5 +7 = + 18aavvy? + 27aav4 8) 
3 aa 


da=xy. eg=eh=a.) ga=x. ad=y. dc=s. 
cg=v. y*®=ss—xx+2Qvx—vv. 
—a*+ x52 x44 Qux8=0, 
— x2y2 
+2 0 -—-2 —-I1 


Pc gee ae. 


(25) Read ‘+2ay®’. Newton’s mistake vitiates his remaining calculations. 
(26) Read ‘2ss’. 

: 4y*a* + 24aayyvv+36aav4 =” 
— 36aav* — 24aayyvv + 48ay® 
+ 12aay* + 36y® 


9aa 


(27) Read 


3 
supposing that the equation on the previous line were correct. 
(28) Having made several mistakes, Newton abandons his calculation. Correctly, 
3a*s4 — 2a?(y? + 30?) 52 + 3a?v4 + Qv2a2y? — a®y4 — 4ay5 —3y% = 0, 


2 2 8 
or f= 40 re ; 
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[14] [y=2%.] 


G=xxgy.O% 


at 
[15] | =*.| 
at =xy 


ad=x. [ga=y. cg=v. dc=s.] —a®+y%ss—y8+ Qvy’—vvy®=0. 
ps 0-2 —l 0 


2y8 — 6a® 3a8 3a®p ace. 
eng ee ae ce peak oes z, (83) oe = 
Qy? v. v—y=[ ae iat serelil2 2y? zy* 
a 
[16] [y=4/5. | 
a? = xxy?,@) 


a 
a@=xyy. x=v+/ss—yy. B&—vyy=yysss—yy. a& —2avyy +vvyt+y°=0. 
— 5S 
a ae 6 3 
—2y$ + 4a8 2y® — 2a® (85) 
[oo] ae t= Se Say? 
2a%y3:2y8—Qa8:[:|p:z. 2a8y8z=2Qy%p—2a®p. py®—a®y%[z]—a*p=0. 


Again, s? = (v—x)?+y%. Therefore, 2x(v—x) = y?—x*—(s?—»*), or, substituting for s?—v? 


and x, = 1 -S[ (2.4 t) y? , 2ay? Zay? + 3y* 
dx a* ee “Es 
_ 2 [ay] 
3 3 


taking the positive value of the double sign. 

(29) And so the point ¢ is on the hyperbola. 

(30) Here —y(dy/dx). (31) Where z = —p(dy/dx). 

(32) Newton passes on without further remark, presumably because he noticed immediately 
that 0 = x*y2—a* = (xy+a*) (xy—a*) holds and so reduces to the previous case. 

(33) Where z = — p(dx/dy). The correct value of v—y should be —3a®/y’. 

(34) The rest of the page is left blank for future addition of the computations of 

v—x = y(dy/dx) 
and of the equation (x, z) = 0 of the derivative curve, but Newton never returned to it. 
¢ — 2y8 + 4a! +4a® ie 2y8 aS 

(35) Read [v =] dae |; rag: * = ae 528° 
This mistake vitiates the computation of the equation of the derivative curve $(x, z) = 0, 
which should be py? = 2a8z. Compare [11] above, where p-1y* = 2a%z-’. 


I5°2 
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[18] [y=Va?—x?.] 

ao=a=ad. dc=p. a=x. o1=y. 
aa—xx=Y", IN=Z. XK2AA—KKI PP ZZ. 
Zzxx = aapp — p2x?,@8) 


[19] [y= 2ax—x?.] 
id=x. oi[=y]=J2ax—xx. aa—2ax+x?:2ax—x*:: pp:zz. 


zzx* — Qazzx + aazz = 0.8 


pp —2app 


In y* Hyperbola dm. suppose ak=a=kh. 
ao=x. od=y. dc=asecant.®9 ca=v. og =Z. 
xy =aa. YY =SS—XX+ 20x — V0. 


—at+xxss—xt+ 2x3 =0. double roote 


12 — equall 
ss eee i 
i. ee 
od: oc::kh:og P 
aaz_ a ge aa 
Sele yO ee 
ss 


equation conteines y* nature of y® crooked 
line gh. Now supposeing y® line og always 
moves over y® same superficies in y® same 
time, it will increase in motion from kh in 


(36) Newton has no need to calculate the subnormal ad = »v of the circle x?+y? = a* since 
it is the radius a. It follows that ai = y(dy/dx) = x, and so z/p = ./[a*—x*]/x, the defining 
equation of the curve (n). 

(37) The subnormal ad = v of the circle y? = 2ax—x* is likewise the radius a, and so 
ai = v—x = a—x = y(dy/dx), with z/p = ./(2a—x*)/(a—x) the defining equation of the 
curve (n). Note that here, as in the previous case, Newton takes z = p(dx/dy). 
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y® same proportion y* it decreaseth in lenght & y® line ne will move uniformely 


from (mq), soe y* y* space mgen=gokh. Suppose ok =a. ao=2a. od =5 =nm. & 


mqgen = aa = ogkh.@ 


[21] [y= | 


suppose y® line last found to be md.“) ao=x. od=y. ca=v. yxx=a?. 


YY =SS — V0 + Qox — xX. 


ssx4 + Qux5 — x8 —a®=0. ar : 2a8 
—w a 


0 —1-—2 +4 


(38) That is, dc is normal to the curve. 

(39) Or z = —a(dy/dx), much as before. 

(40) Newton begins to justify through a model of limit-motion the jump from z = — a(dy/dx) 
to the corresponding equation of the areas or definite integrals 


y=mk x= 0a 
(mgen) = a.dy and (gokh) = | 2. Gn. 
y=do a=ka 


: 2a a a 
In particular Z.dK = | a.dy = 4a", where z= a 
4a 


a 


(41) That is, suppose the curve (d) has the equation yx? = a’. 
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8 6 
to find at wt point do = 00: =. x= 2a®, x=a/e:2=af. mq=fh=a. og=z. 


= 
od: oc ::fh:og. 
ee 7 (42) a®zx° =2a'xx. zx8=2a*. w shews y® nature of y® line (gh). 


& mneq=gofh. or nbpe=gokl.4® 


suppose ko=ka=a.“ oa=2a=x. od= Pe e —: b(ts) — 22 
xx 4aa 4 4 
[mq ]en=—— = “ = gokl. — 


qa? 
22] [y=+5 
Suppose kl=ka=kb[ =ko] =a. ak=x=a. bk=y=a. bs=s. as=v. 


yy =ss—vv—Qux—xx.  yyxxxx=a', 


4 Oyx5 — x8 — g6f — Hes bis 
= 2ux° — x6 — q8[ =O]. 2x84 48 = : —— 
6 24 ees Pe aia ee ra " Qaraira: 5. 
3 
f= 5=ne=mq=rp. mn= "C= ge. —— ao= 2a=x. <= do, 
a Se SS Se 
[or] do=7. C= 35816" Tri tert (48) — =I j= =: sizf 5. a= zx". 


at 
[23] [y=S.| 
Suppose againe y® last line whose nature is compris[e]d in this equation 


ye=a. ak=bk=ik=a. ao=x. at=v. do=y. dc=S. og=Z. 


(42) Or z = —a(dy/dx). 

(43) Read ‘mneq=gokl. or nrpe=gofh’. 

(44) This implies that mg = a = ka, and so bk and mmm are coincident. 
(45) ‘That is, mn (note (44)). 


2a Da4 2a a 
(46) For — dk = Z.dx = a.dy. 
a * a ta 


(47) mn = ge = bk—do = a®/a*—[a3/(2a)?]. 
(48) Since do:o¢ = fh: og. (49) Read ‘oc’. 
(50) For mn = bk—do. : 
a a 
(51) | Z.dx = | a.dy, where zx‘ = a‘, 
a 4a 
(Some unnecessary duplications in Newton’s text have been omitted.) 
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5s x8 + Qux? — x8 — a =0. 


28 8 
— YY y=. a to find where do=dc.4® 


0 —l —2 +6 


3 axA—3a8. x*=3at. x=4,/9q:3- af=4,/qq:3: 
8 
bk=y=a. bs=s. as=v. ak=x=a. [sk=]x+0="4-= 8a. 
[sk: bk::] 8a:a::k1( =a.) ifh=5—=mg=ne. 
at a 7a 7aa 
ee — = Y= ———_- = (50) = AC?) 
0a=x%=20, -3=Y= a= 5 do. mn 3 1 mgen=—>7 lkog 


10 stance 

Likewise supposing y® line yx*=a°. x—v= Saar, af =a qc: 4. 
a a a 15a 
[sk = ]ka( =x) +o0=4a. fh=7- do=— , mg=ne=* [mn=]-5- 


16 
[ mgen = lkog = ee . &c.62 


(52) af is the abscissa of the point v whose ordinate yf is equal to its subnormal (not shown 
in the figure) ; sk is the subnormal whose abscissa ka and ordinate bk are both a; 
fh = —a(dy/dx) = a®/x5 where x = af = a4/4; 
do is the ordinate corresponding to ao = 2a; and finally mg = en is made equal to fh. It 
follows that mn = bk —do, with 


kl = ‘ez dx = i dy = 
okl = z.dx = a.dy = mg@en. 
& , Y q 


a 


232 Work on the Cartesian subnormal [2, 2, §2] 


whence supposeing x to be a line increasin[g] in arithmeticall proportion from 
y® quantity of y® line (a) untill it be as long as b. y* superficies resulting out of 


a a ; 
—,. -—. &c is found as follows. 
xx x8 


—o eee 
oe eee a ee 
— 


8 
— a a Se “at &c. ©) 


in y° Hyperb: ed=q. be=x. ab=y. 


[ce=v.] 
rT ae yy = s9— a+ Box — wD, 
1 2 0 —2-[1] 0 
¢ e a pee oe ee 
at gts v. Be’ v—x[ =cb.] 
re oxx: rhe tes pl p]:z[z].©% 
q 19 
rxz[z] shee xxz[z] — pip anal rae [=0.] 
q 79 
bg grr + Bae de} ae iin (65) 
4.qqrx + 4qrxx : Qu + xx 
(53) In generalization Newton tabulates 
b = 
ae (r = 3, 4, ...). 
(54) Or z = p(dy/dx). : 
(55) Taking EF = bs, 2 =c and Faw, 


(56) That is, the defining equation of the derivative curve whose ordinate 
z = b(dy/dx). 
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x8 
[26] | y= “3° | 
pd=x. db=y. ayy=x*. ap=v. 
ab=s. op=og=b. 


ass —avv + 2avx —axx—x2=0. 
0 0 1 2 3 


Zaxx+ 3x" WhO tah o 
2ax 2a aa 

P08 spree, Be 00 

a *4q2°° ee 2 a sinisainci 4aa e 


4.az? = 9b%x,©8 
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MISCELLANEOUS PROBLEMS 
IN ANALYTICAL GEOMETRY 
AND CALCULUS 


[Autumn 1664] 


From the originals in the University Library, Cambridge 


§1 THE GIRTH OF A CURVE 


[September? 1664] 


[1] 


x8 + 48 —axy=0. y — DeXY — FYY ay 


ax — 3yy 
+ 32xx —azy _ 
9x4 — 6ayx? + 10a2y? , 
q b ¢ + aaxx — 6a3x 
+ 3yyZ— aZzx y 
: 9x4 — 6ayx?+ 10a?y? 
+ aax* — 6a*x 
ae 2 87 __ 
[0=] x8 +9zx4— 3azx2y + 9y8z—3azxyy ea ie 


+y° /9x4— Gayx® + 10a2y? + aaxx — 6a5x 


(1) These miscellaneous calculations entered in the Waste Book (Add. 4004: 5¥) are first 
thoughts on the problem of finding the axes of curves as diameters of maximum or minimum 
length. Their date is no later than that (‘September 1664’) of §2 below where Newton 
elaborates the method generally, and they form part of a series of mathematical calculations 
in the Waste Book of which those on f. 1’ are also dated ‘[S]ept 1664’. Newton seems to take 
his inspiration from Schooten’s Exercitationes: 493: Problema... .Oportet...ducere [lineam], que 
curve maximam latitudinem designat; and 497-9: Investigatio Constructionis. There Schooten stated 
and proved Hudde’s evaluation of the maximum girth of the folium aed (in the first quadrant) 
normal to the axis of symmetry x = y. (This folium is, with a changed constant, Newton’s 
first example. Where, however, Hudde’s method is highly geometrical and a straightforward 
reduction of the particular case of the folium to an equation which must have equal roots (and 
to which, therefore, he could apply his algorithm), Newton’s treatment is characteristically 
general.) 


i 
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| [2] 
\ ac=x. ce=y. ab=q. 2qx—xx=yy. ed=z. 


eb=s. be=q—x. eb?=q*. eb= 4. hd 


ZX 
Path? weet 


(2) That is, the subnormal bc = y(dy/dx), where in Newton’s diagram ab = x and bd = y 
are the co-ordinates of the point d. (Newton’s calculation of v is explained generally in §2 
below.) 

vy 8x*-ay be de ds a 


(3) Having ss. oe Newton calculates the ratios ear ae ee and 
dc ds a ; 
42° S32 Sa where &, incorrectly evaluated by Newton, should 
f € be ./[(3x? — ay)? + (ax—3y)?]. Next, Newton produces the normal cd 
till it. meets the folium in the second point e; and so finds the ‘girth’ 
de = z. Further, 


2 ( = ab—de(be|de) = x—z(ds|dy) = X) 


ge = bd+de(db/dc) = y+z(ds/dx) = YJ 


are the co-ordinates of a second point (X, Y) on the folium, and so 
X34 Y8—aXY = 0. Newton, finally, begins to expand this 
second equation in terms of x, y and z, but abandons it after 
a few terms. 

Newton’s treatment in §2 below makes it clear that he 
now wishes to find the minimum girth ed = z by eliminating 
one of the variables x, y between 


x84+y43—axy = 0 = X34 Y8—aXY 


and then evaluating z in terms of the other. The value 
of z-will be minimum. when the resulting equation, 


v(x, z) = 0 


say, has a double root, and so z will be found by Hudde’s 
algorithm. 

Or so Newton’s theory would have it. In fact, cd will 
meet the folium in two other points e, and e, and the concept 
of a single ‘girth’ is possible only when one of them is at 
infinity (or cd is parallel to the asymptote), and we choose 
to consider only the finite points. It seems clear that Newton 
has not yet transcended the difficulties of what is visually 
but delusively apparent on a figure, and in particular has 
not yet appreciated the full implications of the truth that 
a line which meets a cubic in two real points must also do so in a third. 

(4) Where (e) is the circle (x—g)?+y? = q*, Newton calculates the subnormal cb to be 
q—x, and so (the radius) eb = g. Where the girth of the circle is taken to be ed = z, it follows 
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[3] 
Qrx—xe=YY. V=T—X. ba ee for x write x+z——. 
Jrr r 
6 21x — xx as for y. 


+ Goxe' = Sze Saux (6) 


ee 
rr 


for yy write 2rx—xx—4zx 


§20 
[September 1664] 


Haveing y° nature of a crooked line expressd in Algebr: termes to find 
its axes, to determin it & describe it geometrically dc. 


If fd=x. db=y. & y being perpendicular to x describes y® crooked line w® 
one of its extreames. Then reduce y* equation 
(expressing y® nature of y® line) to one side soe 
yt it be =0. Then find y* perpendicular dc w™ 
is done by finding de=v. for vv+yy=dc*. 


(In finding dc =v observe this rule. Multiply 


each terme of y® equat: by so many units as x 
hath dimensions in y‘ terme, divide it by x & 
multiply it by y for a Numerator. Againe 
multiply each terme of y* equation by soe 
«* many units as y hath dimensions in each 
terme & divide it by —y for a denom: in y° valor of v.© 


that hd= ed(cb/eb) = (z/q) (q—x) andso am = x+ (z/q) (¢q—x). There e 
Newton stops, but it follows immediately that 
md = eh—ec = (z/q)y—Y, 


and so [++ (2/4) (q—a)] [2¢—*~ (2/9) (@—*)] = [(elaly—yl, oF, ie 
substituting y? = *(2g—x), z = 2¢. 
(5) Similar calculations for the circle (r—x)?+y? = 17. 


(1) Add. 4004: 8’. A few preliminary notes, absorbed by Newton Sac 
into the present text, are omitted. 

(2) This is the earliest datable statement in Newton’s papers of this general algorithm for 
finding the subnormal to an algebraic curve. Specifically, where f, and f, are the partial 
derivatives with respect to x and y of an arbitrary equation f(x, y) = 0, Newton evaluates the 


subnormal 
gleidy ogpwoy “sinless 


Q/=) uh)" F," 
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Example, [18*.] —rx = + yy =0. 


— Irn + 2" + Oyy in y Orxy = Ore +07 + uy 
a Ya, re By, therefore 
x a =y : 
ey 
ia 
cr ane 
[24.] Also ifx® ~~ yyx—y®=0. then 
+ y xx 
— 2bxx ; 
ax i dye t 99 in y_ 
x Sxxy —2Qbxy + Qxyyty? _ : 
—B3y8+Qyyxt+yxx = Byy—Qyxt+xx 
— 
4yx3 — 2y8x + aayy ) 
d ss — age cae 
[34.] And if x4—yyxx-+aayx—y*=0. then if gat ayes v. &c 
eU  ae=y——4~. & substitute this valor of 


Then make ab=z. fe=x meany y oar 
( fe) into y* place of x & this valor of (ae) into y* place of y in y® equation® & there 
is a 24 equation. then by multiplication or by some other meanes take away 
y® irrationall quantity Jyy+v, & 
lastly take away y or x by y® helpe of 
these 2 equations, soe yt you have a 
3° equation[,] in w™ multiply it ac- 
cording to Huddenius his Method for 
a 4th equation & by y® helpe of y* 34 
& 4th equation take away y° unknowne 
quantity viz: either x or y. & there 
will result a 5‘ equation in w is 
neither x nor y, & by w® y¢ valor of 
z may be found. The greatest of whose 
valors signifies y® longest, the least of 
y™ y® shortest of all y® perpendicular 
lines ab. & if it have other rootes they signifie other lines (ab) w™ are 


It seems probable that Newton induced this algorithm as a generalization from his researches 
into the Cartesian subnormal in section 2 above. (Compare 4, §3.1 below.) 
(3) For the point a is also on the curve f(x, y) = 0, and so f(x+z(dy/ds), y—z(dx/ds)) = 0. 
(4) To find the maximum or minimum length of ba = z. 
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perpendicular to y® crooked line at both ends, a & 4; & some of these must 
signifie y® axes of y® line ifit bee of an ellipticall nature.© 


§3. Equiponderance round an axis. 
[1] 


ab=be=y. bd=x. bg=dg=b. nb=c. —-=—=ef. Then shall bg &c: be y° 


= 
axis of gravity in feb &c: & bggd. 


rT 


(5) It is a little difficult to follow Newton’s reasoning here. The normal ca at the point a 
will not, in general, be normal at the second meet e. Perhaps Newton argues that, since the 
curve is symmetrical round an axis, with the axis given as an extreme value of ea, it follows 
that ac is normal at both e and a when ea is a minimum or maximum value of the girth. 

(6) Newton’s thinking is here rather wishful. Perhaps he does not realize that a general 
algebraic curve has no axis. Certainly the calculations even in the simplest cases of conics are 
formidable, and Newton in passing to the methods of finding axes already set out in section 1 
above retreats to safer ground. As Newton soon found, the visually simple closed ovals (his 
lines ‘of an ellipticall nature’) are not at all tractable when they are investigated analytically. 
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[2] 
[ca=cg=—x. de=z. of =de=—a.] 


In y? 18* figure. 


cd x ofed 
ae 


gc:cd::¢fed:ckhg= ac = ge. 


St 203 2al ay. << = chhg. or ae — cdef. 


Suppose cd:ca::ac:bc::y* swiftnesse of de 
to y® swiftnesse of gh. 


[fig 15*] de x its swiftnes: gh x its swiftness: : ge: cd. 
de x cd: gh x ca:: de x ac: gh x be:: ge:cd. 


Fig 24, 39. 
c[k] :ca::ac:bc::nm:am::swiftness de:swiftnesse gh. 
de x its swiftnesse: gh x its swif[t]nes::ck x de: gh x ac:: de x ac: gh x be. 
de x ck: gh x ac::de x ac: gh x be:: de x nm: gh x am::ge:cd. 


In particular, the concept of the girth of a closed oval has an illusory simplicity to the eye, but 
mathematically is not definable except in a few simple cases, each of which requires special 
treatment. 

(1) Add. 4000: 87°89", dated by an examination of Newton’s writing and an assessment 
of the relative maturity of the mathematical content. 

(2) This condition for the equiponderance of (feb etc.) and (bggd) round the axis abqg may 


be stated 
| of Xb x8(eb) = | dg x db x 8(db), 
x dg x db _ bx 
ee) dale = [d(eb)]/[d(db)] oc’ 


since eb = ab = y with the subnormal nb = ¢ = y(dy/dx). This is closely connected with 
Newton’s researches on the subnormal in section 2 above, and was indeed entered in the note- 
book Add. 4000 on the immediately preceding pages. 
(3) Newton clarifies and expands his first treatment. 
(4) In this first case the curves (a), (h) and so (e) are straight lines. As before, dc is the 
subnormal at the point a, with ac = gc, so that 
be _ d(ac) _ ‘swiftness’ (or limit-motion) of gh from ¢fk 


ac O(de) ‘swiftness’ of de from ¢fk 


The condition for equiponderance, 


J eh x ge 8(e0 pat | dexed x 8(6d), 


is met if gh x gc? = de x cd?, that is, if gc:cd = dexcd:ghx gc = Cece: Ogk. 
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de x ck x cd=ghxacx gc. dexcd=ghx be. dexnm=ghx ge. 
Fig. 4 
ck:ca::motion of y® point a from ¢: motion of y* point a from m. 


[or] ck:ca::increasing of ac=ge:increasing of cd 
::motion of gh: motion of de. &c. as before. 


(5) More generally, where one of the curves (A) or (e) (and so (a)) is not a straight line, the 
equilibrium condition 
[et x ge xB ( gC) = fa x od x S(ed) 


is met if gh x ge x ac = de xcd x ck, where the subnormal bc and subtangent ck are connected by 


— Oe 


since gc = ac. 


(2, 3, §3] Problems in analytical geometry and calculus 241 


[fig 7] 


These are to find such figures cgh[/], cfed as doe equiponderate in respect of 
y® axis acf|/]. 


(6) The previous remarks will hold here likewise. Figs. 5-7 are variants on the basic 
Fig. 4. 


16 WHN 


24.2 Problems 1n analytical geometry and calculus [2, 3, §4] 


§ 4()) 
[Early 1665?] 


The squareing of severall croked lines of y* Seacond kind. 


[1] In any two crooked lines I call y*° Parrameter or right side of y* greater 
(r). but of y* lesse (s). Transverse side (q). y® right 
axis as cf x or cf=v. y® transverse axis as fe y, or fo z. 

Suppose in y® Parab: dde: ac=r. & [in] eec: be=s. 
re =2z=6f%. sx=yy=fer. Jrx—/sx=be =p 

re = 5x + pp + 2pr/sx. 1% — 5% — pp = 2pr/sx. 
rrxx — Wrsxx + ssxx — Whprx[ + ]2hpsx + p*=4ppsx. Or 
pt —2rxpp —[2|sxpp + rrxx — 2rsxx + ssxx=0. 
+ 2ryy ——— 


f poy xe oe . make cf=a. fo=6b. 


(1) Extracted from the undergraduate notebook ULC. Add. 4000: 85™-86". Around his 
text Newton has entered part of the subnormal calculations reproduced in 2, §2 above, and 
this, together with the writing style and the relative immaturity of the content, suggests the 
composition date. 

(2) That is, the quadrature of conic segments. In fact, Newton restricts himself to the para- 
bola in his first three sections—and has to since the general conic segment has no exact quadra- 
ture—though in the last section he allows an extension to the quadrature of a cubic parabola. 

(3) Or p? = (r+s—2,/[rs]) x, where the point 6 is now defined with respect to the auxiliary 
parabola cee by the co-ordinates cf = x and ed = fp. 

(4) Newton thus makes ed his second variable and the defining equation of the parabola (6) 
in his co-ordinate system cf = x, €6 = y (note (3)) assumes the form 

y? = ax (where @ = r+s—2,/[rs]). 

(5) By translating all the ordinates de in the lines def till the points e and f coincide, Newton’s 
co-ordinate system is transformed into the standard Cartesian one 
cf = x, fé = y. Clearly in this transform the magnitude of the area of 
the parabolic lunule (cdéee) is unchanged and so is equal to the area 
under the parabola y? = ax whose parameter iscy = @ = r+s—2.,/[rs] y 
(note (4)), that is P 


(cdéee) = [yds = 2(/r—,/s)at = 2(b—c)a 


since b = J[ra] andc = ,/[sa]. 

(6) Newton substitutes gn for gi as his second variable. 

(7) Much as before (note (5)) we may conclude that the area of the 
parabolic lunule (/gn) is unchanged in magnitude when the ordinates 
gn = y are translated vertically downwards till the points n and 1 are : elf 
coincident: hence x 

(ign) = I y.dx = k($x5— 4bx?), 


b 
where & = (r—s)/rs, and in particular (/gkn) = I ; y.dx = ¢kb', 
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fe=c. ceeff =e & cdbeff = . therefore 20 Pet cdbee y® square of y° 
crooked line cdd (when y® line cee is supposed to close w'® y® line cf) whose 
nature is exprest by y® foregoing Equation.© 

2 lk=b. =x. qi=y. n=z. +bx—xx=ry. 
—xx-+- bx —xx-+- bx 
ese a =. —_—__--—_—_ = 


bx — xx = SZ. : 


_ — Sux + bse + xx — brx ~y8 
rs 
zk k 
rxx — sxx + bsx—brx—rsy=0. ‘ 


xx — bx Fayre” 
8 ig=x. dg=z. gp=y. 


t 
7 = re —1z = dp*,®) re —1z+-2z2= 47.) 
Zz=rz—rx+yy. riarirxe—1Z:2z.90 
1ZZ=arxN—AIYZ. ZZ= —AZ+ AX. 
1 J 
Z=—=-a ~aa+ax. 
2 Zr 4 . 
ax—az=r1z—rx+yy. Or 


1 Pit, g 1 
— 7% —ax= —-—daa—-— aa (11) 
yy —1x — ax 54 al + ‘ gat + ax. 


(8) The curve (p) is therefore the parabola rx td = dp’. 
(9) That is, dp’ + dg? a= sp? and the angle pde i is right. 
(10) The ratio of dp to dg is therefore ,/[r/a] and hence (note (9)) 
dp:dg:pg = ,J/r:.Ja:/[r+a]. 
(11) Since (note (10)) y./a/[axr] = z = —4a+./[}a?+ ax], this reduces to 
y*—(atr)x = J[a(at+r)]y, 
which is the defining equation of the parabola p referred to the oblique Cartesian axes tg = x 


and gp = y (where tan ped = ,/[r/a]). Newton, however, does not appear to see this and loses 
himself in the useless calculation of the quartic 


(y?— (a+r) (x+}a))? = (a+r)? (Za" + ax) 


before breaking off. (These calculations are incorrect and not here reproduced.) 

Newton’s intention in this section is mysterious, and the curve gw (presumably a second 
parabola with main axis wg) is not brought into his argument. On the lines of the surrounding 
sections we may perhaps assume that Newton had the quadrature of the parabolic lunules gi 
and w& # in mind. 

16-2 
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eet 


d 
4 In y? Parabola.O* 
ch=a. be=x. [ed=y.] aa—xx=ry.% 
aay, cp=cb." eb x df=fgxc=ze. 
= 
ssi + xx = 20. x8 —rxx —aax+rcez= 0.45 Since 
Cc 0 
all eb x df@® =; all co®= ab xX ab x 7.29 ab=).08 
a8 1 a8 
all eb?= 3° therefore [c x ]bgpf[ = }4b6r+ 3 19) 
p 
g 


(12) As his analysis shows, Newton here considers the quadrature of a cubic parabola. 
(13) Newton first wrote ‘2aa—2ax —aa+2ax—xx=ed?’, Since this is equivalent to 


ed? or y? = 2a(a—x)—(a—x)? = (a—x) (a+x) 


or ce x e0 (which defines the curve (d) to be a circle of diameter co = 2a), it is clear that this 
has nothing pertinent to the following text and is here deleted. The present equation 
(a—x)(a+x) = ry (or ce xeo = r xed) defines the curve (d) to be a parabola of vertex a, axis 
ab and ordinate cbo = 2a. 

(14) Hence chp = cpb = 4m and ef = eb = x. 

(15) This is the defining equation of a cubic 
parabola (g) in the oblique co-ordinate system 
bf = J/2x, fe = z with bfe = in. Further, 
when be = x = a (or ¢ and ¢ are coincident) 
the corresponding value of fg = zis a*/c + 0, 
so that the cubic cannot, as Newton draws it, 
pass through the point f on bf. (The cubic, in 
fact, meets the line bf, or z = 0, such that 
x = O and $r+./[4r?-—cr+a?].) 

(16) Read ‘de’. : 

(17) ‘all ebx de’ or 


Me pa s[o# d = 5 [, 2 d (or all o* ) i sf (e- yore. 
ee ae 4 ~— 4, ay s See. ok F° ry) .dy = $ 
(18) That is, d = a?/r. 
a a 
(19) cx (bgpf) = [czas = I ay d+ | x? dx 
(or ‘all eb”) = }br2+44a3 since (compare note (5)) when the ordinates fg are translated 


vertically upward till the points e and f coincide, the area (bgf) remains unchanged in 
magnitude. 
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NORMALS, CURVATURE AND 
THE RESOLUTION OF THE 
GENERAL PROBLEM 
OF TANGENTS 


[Winter 1664—-Spring 1665] 


From the originals in Newton’s Waste Book in the University Library, Cambridge, 
and in private possession 


§1 ROUGH CALCULATIONS ON CURVATURE 


[Late autumn 1664] 


ag=x. bg=y. gd=d. dc=e. bo=s. de=w. gh=b. 
po=v. tf=c. 
ew + bw 


e:wiie+d: : 


=if 


yivizy tbe ay 


gh x de 
de 


[Example 18. y?=rx.] 


he hr] — 20 + EEE 


ag=x. bg=y. rx=yy. go=de= 37.0 gd=o0. dc=Nrx+r0. gh=z. 


(1) Add. 4004: 6". The date of composition is hazarded on the basis of the position of these 
calculations in the Waste Book, and because they can be little earlier than their redrafted 
forms in §2 below (dated ‘December 1664.”’). 

(2) Where the indefinitely near points b, c on the curve are defined by ag = x,gb = y = f(x), 
say, and ad = x+d, dec = e = f(x+d), the centre of curvature f is found as the limit-meet 
(when d vanishes) of the corresponding normals bo and ce. Similarly, the subnormal 
de = w = e(de/dx) is the increment as x > «+d of the subnormal go = v = y(dy/dx). To fix f 
in the normal bo its projection bh = y+b (or gh = b) is made a third variable, later to be 
evaluated in terms of x and y. The limit-equation Newton constructs is not very tractable and 
he will soon abandon it for the more usable hi = d = (v/y) (y+) — (w/e) (e+). 

(3) As Newton well knew (compare section 2 above and Schooten’s Commentari in Librum II, 
N=Geometria: 246) the parabola has a constant subnormal equal to half its latus rectum. 
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fee gel Qrzl 1% = 2rzW/ 
Site oie ON TV KK A 110K + Z2IZN/ 1X = ZZ 7X +170. 


= i= eee © 
a Ol re 


ceiver x3 
4oz/ 7x3 + roxx=4zzr0. x8=2zz2r. z= J 5, 


BT Lag ee a bf, 


[Example 2°. xy=1".] 


ee eee me Pees 
[ag=x. gh=y.| xy=rr. v= , ade” 
[1] gh=z. 
(7) ae 
prensa - on See - X—MTZ0 ow 
x? +- 30xx x+o x+o 
+rrzx—r*+rrzo oft .. 2 tT ig 
x3 + 3xx0 =Ji x8 re ha Bae 
__1r(zx—27) —A+zxrr—ox* ag 
| fea | aS 
— rrzx8 + Ax 8 — rrzox3 = 4x3 — zrrx4 + ox® + 314xx0 — 3zx8rro + 3x°00 — 2D 
a “Sere: ee ee ok, a2) 
+ 2rrzx —x4—3r=0. cle ia rt bh= ont Orr" —s toa th. 
(4) Since go = de, hi = = re. = 


(5) A numerical error is here introduced and the rest of the calculation is vitiated. Read 
correctly 53 
ae rx + roxx=zzr0. 16x8=zzr, z=4 /~ 
and so Af = 2x+4r, and bh = ,/(rx) +4,/(x3/r). 
(6) Since y:v = z:(hf—go). 


(7) That is, 


with powers of o higher than the first omitted. 


—r4 
(x-+0)° 

(8) 1 = z—r7/(x+0). (9) viy = fh: bh. 

(10) ft = fh—ih. 

(11) Equating the two values of f?, cross-multiplying and ignoring powers of o higher than 
the first (apart from the stray ‘ + 3x50’). 

(12) A numerical error enters quien s by greta and vitiates his further computation of 


> 


bf? (here omitted). Read shoeatlicn : oy até. 5 = fh. 
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[2] [fr=z.] 
go:gb::fh+go:hg. de:dce::fi+de:di. [or] 
CO a i 


de go 
MB eB av OE a 2 
xto xA+- 4x80 _ x x*" x as) nz 78 Pies 
r4 ue. xt+o x4+40x*  x® 
x8 + 3x20 x8 
ee a ee te et A 
x «x t4 x84 B0n2" xxtoxx®+4ox4 = xx+ 80x x°+ 30x4° 
2x8 +-3z0xx% +105) zx4+-ox4 + 30zx3 + xr4 + 30rt ae 
x° + 5oxt = x® + 6ox°® 
zx° + 3zox4 + rixx = 7x5 + 9x5 + 80zx4 + xxrt + 30x74. 
+ 6zox4 + 6r4x0 + 4o0zx* + 4oxr4 
9zx4 + 6x74 = x8 4+ 72x48 + Txrt. Qzx4— x74 — 2° = 0. z=2G+%. 


In general, where ag = x, gb = f(x), we have go = f(x) f’(x) and so fh = f'(«) (z—/f(x)). 
Similarly, where ad = x+0, dc = f(x+0), it follows that ft = f’(x+0) (z—f(x+0)) and so 


ih = 0 = f'(x) (z—f(x)) —f'(x+0) (z-f(*+9)), 
as oe tee poeta) rn ee feral eek Tay 


with f(x+0) < f(x). Hence a 
Sf") = FOF) PHL, or bh = 2—foe) = ALOE, 
(13) That is, where now ft = z (or fh = z+0), 


Pde me ee Z+f(x+o)f'(x+0) _ z+o+f(x)f' (x) 
is the new limit-equation. 
(14) Newton substitutes gb = f(x), dc = f(x+o); and 
go=f(x)f'(x), de =f(xto)f'(xt+o), 
where f(x) = 1r?/x. 


5 4 
(15) Since ee = 13+ 30x2, 


where powers of o higher than the first are omitted. 

(16) Newton fails to notice that the two terms on the right side of the previous equation 
share a common factor (x+30) in their denominators. The result may be obtained more 
shortly by setting slate dar 


2 r4 
x3 (x—0) +6 (x — 40) =e x6 


(x — 30). 
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ror +x. 

Pete hb. 

die ay BR Se i as i A LSI 
Artxx 4x6 4r4x6 


et* _ phan 


for]. seas: anne ae me 


x 2x — os + — + “ mg art 6x12 + 6r4x8 — 6r8xt — 6712 = 0,0 


—8=0, x4—A=0. xx—rr=0. x=r. therefore take ag=gh=r, & y° greatest 
crookednes of y® line cb@® will be found at 6. [&] bk=r=fh. bf=r,/2. 
[3] Uf=p. al=q. gh=y. go=v. ag=x. 


3 
viytig-+u—x: wre UF _ 42) [o=% | yg nee a 


Rae. Peas th pe 
| h—=p— + | pt ott — 249 = 0. isn ‘ 


as before. or q= = +3 YY as gl 1 (22) 


§2 DETAILED RESEARCH INTO CURVATURE 
[December 1664—May 1665] “ 


To find y* Quantity of crookednesse in lines. 


[1] December 1664. 

Suppose ab=x. be=y. bc=o=gh. bg=c. ed & df secants” to y* crooked line 
intersecting at d. y® angles abe, acf, egd right ones. & let rx=yy, be y* relation 
twixt x & y. soe y‘ aefis a Parab. 


(17) As before. In general the limit-equation (note (12)) yields 


2 SS a 
or S's) =A OP) and z= fx A ALOR, 


since here f(x) > f(x+0). 
(18) Applying Hudde’s algorithm to find the extreme values of bf?. 
(19) That is, 0 = 6(x4+r4) (x8—r’), where 0 = x4+74 has no real root. 
(20) That is, where the radius 5f of curvature reaches a minimum. 
(21) Since go: gb = lo:ff. 
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Then be=\Arx. bn=v=5.8 
eb: bn::eg :gd 
r cr 


bx re ft 
Ure: 5 siotalrx: oT =gd=5 457m 


cof=/rx-+r0. 
(ict ga thd 


Jrx+ro: : ie 
2 2,/rx +10 


a 
ee Ql rx" 


That is 
Qers rx + 2rn/ rrex --rrox = 21 rrxx + rrox — 40\/rrxx + rrox + 2crd/rx +10. 
Or, sq[uJareing both sides, 


4ccr3x = 1Goorrxx + 1608rrx nied rx + 4ecr8x + 4ccr8o. 
— 16crroo 


(22) Newton seems to intend the evaluation of the defining equation of the evolute (f) or 
$(p, 7) = 0, where al = gq, If = p are the co-ordinates of the centre of curvature f. To do so, 
indeed, we need only eliminate y between 


r4 


3 
Dye and g=<<-+-73-> 


3 
p= 3+ 
their parametric equations. 

In further inconsequential calculations on the same page (Add. 4004: 6") Newton tries to 
extend his methods to the general conic, but with little success. After a few lines he abandons 
them and seems to have passed immediately to the expansion of his thoughts in §2, which 
follows. 

(1) Add. 4004: 30%-33v. (2) That is, normals. 

(3) As before, the parabola y? = rx has the constant subnormal v = y(dy/dx) = 3r. 

(4) Where ab = x, ac = x+0; be = y = f(x), of = f(x+o); and bn = f(x) f'(x), 


om = f(x+o)f'(x+0), 


Newton constructs the limit equation (cm/cf) fh = hd = (bn/be) eg —gh, or by substitution and 


reordering 
= tim CAE) Pete) — 4 fe) F840, 
that is, 0 = (¢+f(4)) f"(x) + Lf’(x)]2+1, and so 


eg = |o-+f(s)| = te Hee 


Newton proceeds to work out the calculation for f(x) = ./(r*). 
(5) Newton does not notice that bn = cm = $r can be cancelled on both sides of the 
equation, but multiplies out straightforwardly by 4.,/[rx]./[rx+1r0] before cancelling. 
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that is (by blotting out 4ccr3x on both sides, divideing y* rest by 0, & then 


supposeing 0=dc to vanish.) — 16cerrx Jrx+4ccr8=0. Or c= . therefore 


makeing ab=x. bg= = gd= pas a : r+2x. & describing a circle w'® y° 


3 
Rad[:] de= J AX 4 12ex + 3rx+7,0 y® circle shall have y® same quantity of 
crookednesse w*' y® Parabola hath at y® point e. 

Or thus. If ab=x. ch=y. bd=v. cd & em 
perpendiculars to y® crooked line cma w 
intersect at y° pointe. af=c. fe=d. y° angles 
abc, baf, afe, mna right ones. 

Supose rx =yy, expresseth y* relation twixt 
ab & bc. First I find y* length of bd=v. (see 


fol: 8» hujus, or Des=Cartes his Geom: pag 
40) we is v=<. 


ch:0d:: ge : ge. 


cu+uy 
sant , 


yiviswet+y ab + ge 


=xtot+7[=f]=d. 


Or —dy+cv+vy+xy=0.% Out of these 
termes first I take away v by writeing its valor in its rome“ w in this case is 
=f & there results, 5 +2 + 2y—dy=0. then if I take away either x or y ([y‘] 
wt may bee easliest done) by y* helpe of the equation expressing y* nature of 

3 
the line w“ is now ra=yy. or ax. And there results. S +5 +o —dy=0. 
Now tis evident yt?) when y® lines em & ce are coincident y‘ ce is y® radius 
of a circle w hath y® same quantity of crookednesse w* y* Parabola mca hath 


at y® point c. Wherefore I suppose cb & nm[,] 2 of y® rootes of y* equation 
2y3 + rry —2Qdry+-crr=0, to be equall to one another.2” & so by Huddenius 


(6) That is, ./[eg?+gd?]. 

(7) Add. 4004: 8’, printed as 3, §2 above. 

(8) Geometria: Liber m: 40 ff. 

(9) This equation gives the condition for normals ec to be drawn to the curve from the 
point ¢ taken arbitrarily in fe (itself fixed by af = c). Substituting y = f(x) and v = f(x) f’(x), 
the condition becomes f(x) x [—d+cf’(x) +f(x) f’(*) +x] = 0. 

(10) Read ‘roome’. (11) This is, presumably, to be omitted. 
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his method I multiply it 2y?+rry—2dry+crr=0. & there results ey — ae ad 
: eee 1 0 


4y3 
againe otherwise 2y°+rry—2dry+crr=0, & there results 4 =e, Soe yt if 
» See, 0 —l 


3 SE °s 
b=qa=y. yr ab=", af", fe-—™ 0 then y° circle described by y* 


radius ec shall be as crooked as y® Parabola at y® point c. 
Or Better thus. Make ab=x. bc=y. cg=c. fe=d. bd=v. 


Then y:v::c:7-=ge cu+xy—dy=0. 
Or thus. Make ab=x. be=y. bd=v. bg=e. ge=f. & fy=vy+ev. Thus in y° 
former example rx=yy. v=5. fu-sry—grel= 0] 26 


Theorema. The crookednesse of equall portions of circles are as their diameters 
reciprocally.) 

Demonsir. The crookednesse of any whole circle (fd, 
gcme) amounts to 4 right angles, therefore there is as 
much crookednesse in y® circle bfd, as in cmeg. Now 
supposing y® perimeter fdbf is equall to y® arch cme, 
Then as y® arch emc=fdbf is to y® circumference cmege, 
soe is y* crookednesse of y* arch cme to y® crookednesse 
of y® perimeter cmegc, or of bdfb, soe is ab to ac. 


(12) Newton proceeds to evaluate the double root condition by Hudde’s algorithm, but in 
general and more modern fashion we may find the condition by equating the derivative to 
zero. Thus, ignoring the extraneous factor f(x), the limit-equation (note (9)) produces 


O = (d/dx) (—d+ef’(x) +(x) f(x) +*) = f"(*) +f) f'(*) +)? +1, 
or cg = |c+f(*)| = ee 
as before. 
(13) Read wee 


(14) These improvements are slight and bring with them no gain in computational 
facility. Newton began to write a further sentence ‘Or if out of y® equa[tion]’ but broke off 
to cancel the whole paragraph. 

(15) A difference in ink shows that this was a later addition. It fills in a small gap at the 
bottom of f. 30%, and seems to have been inserted there merely so that it would be with Newton’s 
other notes on curvature. Logically, of course, it is a lemma which introduces the concept 
of ‘crookednesse’ of curves as the inverse of the radius of curvature at the point (so that the 
straight line shall have zero curvature) and is so placed in the October 1666 tract (Section 7: 
‘Prob 2%’ on page 419 below). 
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To find y*° Quanity of crookednesse in lines. 
[2] December 1664. 


Suppose ndf & efm perpendicular to y* crooked line adeo, w“ intersect one 
another at fi ac=x. ce=y. cm=v. ag=ch=c. gf=d. & 
y® angles abd, ace, mag, ag f right ones. Then, 


vy —vC 


y 
=ghthf=x+2—“=d. Or dy—v +ve—xy=0. 
EJ=& y y— vy 


ec=y:cm=v: :eh=y—c:hf= 


Haveing therefore y® relation twixt x & y (as if it 
bee reo xe yy) first I find y® valor of v (see Cartes 


Geom: pag 40". or fol: 8» of this®®) (as in this example 


tis 57 ao) by w" I take » out of y* equatid 
dy —xy —vy+vc=0, (& in this case there results 
Stine: aba ike eee ee 
dy —xy 5 7 +5 re ; =, 


then by meanes of y® equation expressing y° relation twixt x & y I take out 
either x or y, [y'] w> may easliest bee done.@® (as in this example I take out 


y by writeing / nar in its stead & there results 


+d 2dq 
aa — 2xg 
r J Sarre act Le. Or req — rex = rex q —reqvq. 
ia ES oatoace —1q 
s Be + 2rx 
¢ 
(16) See notes (7) and (8) above. (17) 3, §2, Example 1 above. 


(18) Substitution of v = —y(f,/f,) in y(d—x) —v(y—c) = 0 yields (d—x)f,+(y—c)f, =0. 
Elimination with f(x, y) = 0 then produces, say, g,(x) = 0 = g,(y), either of which deter- 
mines the normals which can be drawn to the given curve from f. 

(19) For lack of space Newton in his text added this line of Huddenian multipliers above the 
equation, but they have been resited here to conform with Newton’s ordinary practice. The 
equation itself is more simply written as 


(q(2d—r) —2x(q—r))?rx(q—x) = cgr?(q—2x)?, 
(20) That is, ‘fix’. (21) Read ‘d & e’. 
(22) The equations g,(x) = g.(y) = 0 (note (18)) yield the lengths ac = x, ce = y which 
define the points d, e, h’, k where the normals from / meet the curve; and the condition that f 
be the centre of curvature or the limit-meet of two indefinitely near normals is that each of 
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& by squareing both pts 
+ 4ddq°r x — 4ddqqr xx +- 8dqqr x? — 4gqrx4 = q*rrec — 4qqrrecx + 4rrgccxx. 
—4dq®rr —8dq’r —8dqrr +8grr 
+g +4dqgrr +4987 —4r 
+8dqqrr —4ggrr 
+4q3rr  —8gqqrr 


me | ee a Ul 
—4ggr ss +- 4qr8 
—1 0 1 2 —2 —1 oC) 


Then if I assume any valors for ¢c & dy‘ is if I determine y° point f, I have an 
equation by w I can find all y* perpendiculars to y® crooked line, drawne from 
y point f. for if I tooke x out of y® equation, y* rootes of y® equation will bee all 
such lines as are drawn from y* points of intersection d, e, k, h to y® line ao (as db, 
ec, &c). but if I tooke y out of y* equation y" y* roots of y® equation will bee those 
lines drawne from a to y® perpendiculars (as ab, ac, &c). Now by how much y* 
nigher y® points d & f@» are to one another, soe much y® lesse difference there 
will bee twixt y® crookednesse of y*® pte of y® line de, & a circle described by y® 
radius df or ef. And should y* line df be understood to move untill it bee coinci- 
dent wt ef, taking ffor y® point where they ceased to intersect at theire coinci- 
dence, y® circle described by y* radius ef, & y* crooked line at y® point e, would 
bee alike crooked. And when y* 2 lines df & ef are coincident 2 of y° rootes of y* 
equation (viz[:] db & ec, ab & ac) shall bee equall to one another; Wherefor to 
find y* crookednesse of y* line at y® point ¢ I supose y® equation to have 2 equall 
rootes & so ordering it According D: Cartes or Huddenius his Method, y* valor 


of any of these 3 vb ]c[,] d being given, y* valor of y® other 2 may be found. (22) 


these equations has a double root. Newton applies Hudde’s algorithm to derive the double 
root of g,(x) = 0, but in more modern terms and more generally we may argue: the condition 
for d—x dy ff, 
(d—x)f,+(y— 6) a 0, where y—c pai ® 3 ee ae 
to have a double root in x is that : 
O = (d/dx)[(d—x)f,+(y-—e)f.] = (€-*) fay + (lex) fv) Sy 
+ (y—¢) Sent (yd) fey) +S. (4y/ 4x) 5 

or, eliminating one of d—x, y—c in terms of the other, substituting (dy/dx) =—f,/f, and 
reordering d=< gee fi + pda 


ecm 7 £2 orrrer 
= 


a result which Newton will state in all its Seaton! in §3 below. (As we shall see in the next 
volume, Newton a few years’ later was able to prove that, where f(x, y) = 0 is of degree n, 
both g(x) = 0 and g,(y) = 0 are of degree n?.) 
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(as in this example y* valor of x being given I multiply y* equation to Huddenius 
Method & it is 


— 4ddq* x + 8dqq x®+8qq x* —4qqx*+8dqq x®—4ddqq xx+4ddq* x 
+4drq® —8dqr +16qr +8qr —8dgr —8dq — 4dq°r 
—rg +493 —8rr —4rr +4? +12dqqr +4°rr 
—12qqr —12qqr +4gq°r 
+ 8grr a +8qrr —B5qqrr 
4qqrx —2q°r 4qrxx —4qqrx + q°r 


Then by divideing both y* numerators by x & y® denominators by 2qgrx—gqqr, & 
soe multiplying y™ in crucem® & ordering y* product it is. 
4ddqg* —4q*r d +¢rr a2 0) 
—16qx + 8g*rx 
+ 16q°rx — 8q*rrx 
+ 249%xx + 12q*xx 
—24gqqrxx —36q*rxx 
+ 16qqx* + 24qqrrxx 
+ 16qrx3 — 24¢3x8 
+ 56qqrx® 
— 32qrrx8 
+ 16qqx4 
— 32qrx* 
+ 16rrx4 


Now considering, y* if g, r, & x bee knowne, y' is, if y® ellipsis eak be deter- 
mined, & y line ac given, there are onely two points in y® line (viz: e & k) to be 


(23) That is, evaluating c? from the original equation. 

(24) ‘Crosswise’. 

(25) That is, [(2d—r) g—2(qg—1) x] [(2d—r) q? — 69?(q—1) x + 129(q—1) x? -—8(g—r) 29] = 0. 

(26) Newton’s point is that, since each value of ac = x determines two points e and k on the 
ellipse, the condition that g,(*) = 0 have a double root is satisfied by two different situations. 
First, the condition can determine the point m which is the limit-meet of two normals to the 
ellipse, one indefinitely near to ef and the other indefinitely close to kq (where, as before, the 
points e and k share the same abscissa ac = x). Alternatively, the condition can determine the 
limit-meet (fand q respectively) of all normals indefinitely near to ef or to kg. As Newton goes 
on to remark, the problem of finding the centre of curvature at a point is concerned only with 
the second interpretation, and it is his immediate worry to eliminate cases of the first. 

(27) That is, ac-+cm, where cm = 4r—rx/q is the subnormal at e. 
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considered. And y° valors of (d) are (gf, am, sq) [y* is] such lines as are drawne 
from y* line gas to y® points where y*® perpendiculars 
efm|,| kgm intersect (as m) or to.such points where two 
perpendiculars (as ef & df) ceased to intersect at theire 
coincidence into one (as f & q).@® Therefore since I 
seke not y® first sort of roots I get y® valor of y® line 


am=x-+ 5 _ : =d,2 & divide this equation by it, y* is, 


by d—x+ a Or 2dq—2qx-+ gr —2rx = 0; And 
there results 
+ 2dq° — g®r — 6q?x + 6qgqrx + 12qquxx — 12qrxx 
— 8gx> + 8rx? = 0. 
That is dividing it by 29°; 
—3rx—6xx +6rxx+4x3 47x? 

q 99 = 
Which Equation expresseth y® length of y® lines (qs=d, & gf=d) w* are drawne 
from y° line sag to y® points q & f at w™ y* coincident perpendiculars last inter- 
sected one another before theire coincidence. Now haveing y® length of gf or 
sq it will not be difficult to find, c=ag=ch, or, as=cl=c; for it was found be- 


d=5+8x 


fore yt dy—vy—xy+uc=0. Or c= wha . Likewise it will not be difficult 


to find ef or kg, for (supposeing 1g=d—x; hf=d—x; lc=+¢; he=—c3 ec=+y; 
me = a; (kg x kq 
ck=—y. ef=e. or kq=e.) it is yy — Rey +-ce-+ a8 — dx + dd=ee={ 2% , Lastly 


y° circle described wt y® radius ef shall have y® same quantity of crookedness 
w ye Ellipsis hath at y® point e. 
Example y¢ 24. Were I to find y® quantity of crookedness at some given point 


of y® line®® exprest by rx-+ aS =yy; I might consider y* it differs from y* former 


i 


(28) Read ‘d—x— 
(29) A hyperbola. (Newton draws only one branch of it in his figure.) 


+720, Or 2dq —2qx — qr + 2rx=0.’ 
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Example onely in y‘ there I have ** or 


=a here =a y' is in y® former q was 
negative [&] in this tis affirmative. Soe y‘ 
this operation will bee y* same w"" y® former 
y® signe of g being changed[,] soe y* it will 
be found gf or sgq=d= 


r + 38rx+ 6xx + 6rxx + 4x3 + 4rx3 
Sof Be nee 
q 919 q 


&c as before. 
Example y* 34. In y® Parabola, rx=yy. 
Po 


& v=>5- In y® above mentioned equation 


dy —xy —vy+vc=0 I take out v by writeing 5 


in its roome & it is dy—xy =n =0. ge | 
take out y by writeing J/rx in its stead & there 


results —2dJrx+2xJ/rx+r/rx=re. & by Ging 
both sides, 


4ddx — 8dxx — 4drx + 4x3 + 4rxx + rrx=ree. 
] 2 1 3 2 i 0 


Which is an equation haveing 2 equall roots & 
therefore multiplied according Huddenius his 
method soe y* rec be blotted out, & the result 
divided by x it is, 4dd—16dx+12xx=0. Now tis 
—4dr +8rx 
+rr 
evident yt x=ac being determined. there are 2 points (viz: e & k) from w™ 
perpendiculars being drawne they intersect one another in y° axis at m, where- 


fore am =x-+5 [=d] is one of y® rootes of y* equation & therefore it being 


divided by d—x5"=0, or by 2d—2x—r=0 there results 2d—6x—r=0. Or 
Quire —2dVirxtrlre 
r 


3 


d= st +3x=sq=gf. Then into y* above found equation 


(30) That is, (r+4x)#/2,/r. (31) That is, of Hudde. 
(32) Ignoring y = 0, the equation of the axis am. 
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I substitute this valor of d & there results 


= 


ME ewig sili ipf Soe yt I 


— 


have eh=Jrx-+ . And hf= st +2x. & therefore ef= Ja —rr +- 37x + 12x%x% +-— 


~ Jrr+4rx.80 shall be y® Radius of a circle w*" is as crooked as y° 


Parabola at y® point e. 


Or it might have beene done thus, 
haveing y® equation dy—xy = 5 Bc “=, I 
might have writ = " 17 in stead of x, & soe have 
had sPaE-0 wh must have 2 

2. 


wail me & therefore by y° ~~ de 
re 3y° —TY 4 a 

max: et min:® [ blot out = & there results, , ae me 0. Or, d= =a (82) 
makeing ad=y, de=x. cm=v. gf=d. ag=fp=c. now if ad=y bee aD 
it is manifest yt there is but one point 
of y* Parab: (viz: e) to bee considered[, | 
from w® y® perpendiculars w® are 
drawne doe noe where intersect one 
another & therefore this equation hath 
noe superfluous rootes like y* former. 
Example y* 4**,8%) If it bee supposed 
yt y® nature of y* line is conteined 
in ry—yy—rx=0. & if tis ad=x. 


ed dt 
ig »={ i! fe, & gk 2 perpen- 
diculars to y® crooked line, f, & q two 


points where y® coincident perpendic- 


ulars last intersected. d= - a. 
Sg 


_$Pq s — (35) ch 
é= fe Then is v= ae by w2 I 


take v out of y° das named equation 
dy—xy—vy+uc=0. & y® result being 


(33) A second parabola (y—4r)? = r(4r—x). (34) Read ‘dk’. 
(35) Compare the general subnormal rule given by Newton in section 3, §2 above. 
17 WHN 
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dr—rx--cr 
Ted ox" Then I 
substitute this valor of y into its place in [y*] equation rx+-yy—7y=0 & there 
ddrr —2drrx + rrxx + Qderr —Qcrrx+-cerr +-rrx—drr—crr__ . bee 
rr — 47x + 4xx + 4dd+ 4dr— 8dx T+2d—2x y 
ordering it, it will bee 4x%3— 8dxx-+4ddx—ddr=0. Which Equation must have 
—5r +6dr +cer | 
+2rr —drr 
—crr 
3 2 ] 0 
two equall roots & therefore ordering it according to Huddenius Method de 
Maximis & Minimis I blot out y® last term & y° result is 


6xx —8dx+2dd=0. Or 2dd+ 3dr+ 6xx=0.°% 
— 5rx+ 3dr — 8dx — 5rx 
+i ard 

By what was said before tis evident y‘ the 
perpendicular (rm) drawne from y® line asg 
where y® two perpendiculars [ef, kq] intersect is 
one of y® rootes of this equation.®” 

And y' I may have a generall rule to find y° 
line rm (or had there beene 3 or more perpen- 
diculars, to find all those lines w“ are drawne 
from y* line acrw to every intersection of y® per- 
pendiculars) I consider y* if (ac—Av=6@b=c.) be 
not drawne from y¢ line (aé) to y® point of inter- 
section (m), y2 d hath two valors as (ve & bc). but if they bee drawne to y® point 
(m), y* is, if they be coincident w‘t nm; y™ y® two roots of d are equall to one 
another, being y® same wt y® line rm. Likewise if (aA=cu=wz=d) be drawne 
from y® line aw to y® perpendiculars fe, gk, but not from y* point where they 
intersect; then hath (c) two roots (as Av, Az) w will also be equall to one 
another & coincident w'® y* line mn, when (d) is y® same w‘" (rm). this being 
considered; if I would have y* valor of nm, I must order y* affore found equation 
(in wet x was supposed to have 2 equall roots) according to c & it will bee 
ree —rre—drr + 6drx—8dxx=0. w» must have 2 equall roots & therefore by 

—ddr + 4ddx-+ 4x° 
+ 2rrx — 5rxx 
preg 0 0 0 


divided by y, it is, ry+2dy—2xy—dr+1rx—cr[=0]. Or y= 


results, rx+ 


(36) Or, (2d—2x+r) (d—3x+r) = 0. 

(37) In fact, as Newton will show generally, since dt = v = ydy/dx and nm = ar = }r, then 
nt = 4r(r/[r—2y]); so that d = rm = ad—nt+dt = x—4. It follows that in seeking g and f 
we need consider only d—3x+r = 0. 
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Huden* Meth: de Max: & Min: I take away y® last terme & soe I have 
2rcc —rrc=0, or, ¢=5=nm: But if I would have y*® valor of rm I order y° 


equation according to y* letter d & it is, 4ddx—drr +ccr =0. W“ equation 
— ddr + 6drx —crr 


— 8dxx + 2rrx 
— 5rxx 
+ 4x3 
2 1 0 


must likewise have two equall roots & therefore takeing away y°® last terme by 
Hud: meth: de Max: et min: there resulteth this, 8ddx—drr =0.°9 Or 
— 2ddr + 6drx 
— 8dxx 


d =*—5=m. & this (x57) is one of y* rootes of y® equation 


2dd + 3dr+ 6xx=0, 
— 8dx — 5rx 
+rr 


wh was required, therefore I must divide this equation by d —*+5= 0. y' is by 


2d—2x+r=0, & there will result, d—3x+r=0. That is d=3x—r=fg=gqs. 
Whence it will not be difficult to find y* points g & f & consequently y* lines gk, 
fe w® shall be y* radij of circles w have y° same quantity of crookednesse y° 


line (aek) hath at y® points e & k. Makeing o={e 


Note yt these equations have not (rm) or (ar) for one of theire rootes unlesse 
when y? axis of y® line is parallel to x (for y® onely a circle whose center is at y° 
intersection (m) can touch y® crooked line in both k & e together.) & then 
perhaps they may easlyer bee found y" by y® foregoing rule.®*) 


[3] Feb 1664. 
The Crookednesse in lines may bee otherwise found as in y° following Examples. 


In the Parabola aeg suppose e¢ y® point where the crookednesse is sought for, 
& yt fis the center & fe y° Radius of a Circle equally crooked w'" y® Parabola 


(38) Or d(2x—r—2d) (4x—r) = 0. 

(39) This, though true in the conic (the only curve here considered), does not hold in 
general for higher curves and is rightly cancelled by Newton. 

(40) That is, February 1664/5. 


17-2 
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ate. Then naming y* quantitys ce=y. ap=d. 
pf=—e. ef=s. Bly] y® nature of y® line 
ac ce-+pf=ch=y—c. p= —d=hf. 
ch? +hf*=ef*. That is, 


y* — 2dyy Ss. 2 
oe + yy ee es 


4 2. , 


W equation must have 2 equall rootes 
that ¢f may be 1 to y® Parab: & therefore 
multiplyed according to Hudden’s Method 


ae 
it produceth os +y—c =0. Which 


3 ] ee 
equation hath soe many rootes as there 
can be drawne perpendiculars to y* Parab: 
from the determined point {42 And two of these rootes must become equall, 
yt f may bee the center of y* required Circle, therefore this equation is to bee 
2d 


2 
multiplyed again,“ & it will produce % “1-0, that is !#45—d. Or 


oA SD cree, 
a ie 


— 


-_ 


Bx+5= d; As was found in y® 3° precedent example.“ 


Here observe y* in y® 15t of these 3 equations y hath 4 values gl, ec, hs & kv. see 
fig: 24. when d, c, & s are determined. But d, c, & y=ec being determined s hath 
but one valor=ef. And if d, s, & y=ec bee determined y" c hath 2 valors pf & 
pm. And c, s, & y=ec being determined d hath 2 valors an & ap. as that first 
equation denotes by y* dimensions of y* quantitys in it. 

By the 2° of these equations 2 of y® valors of (y) are united by y* increasing or 
diminishing y* valor of d=[ap] &c. first suppose y® circle soe little as noe where 
to intersect y® Parabola, it being increased gradually will first touch y® Parab: 
at r (fig 34)[,] then ceasing to touch it intersect it in 2 points g & & (fig 2¢)[,] w™ 
two points grow more distant untill it touch y® Parab: in ¢ (fig: 3°)[,] w being 
divided into two intersection points ¢ & hf (fig 2°) the points g & e draw neerer 
untill they conjoyne in y° touch point w & soe y° circle ceaseth (by still increasing) 
to touch ye Parab: or intersect it unless in h & k. Whence from one point fmay 


(41) Where ac = x say, Newton constructs the circle s2 = (d—x)?+(y—c)? of fixed centre 
fand radius ef = s. He then eliminates the variable x between this and the defining equation 
y? = rx of the parabola, and so finds the meets of the circle and parabola. 

(42) This gives the condition that the circle s* = (d—x)*+(y—c)® be tangent to the 
parabola, or that ef through the fixed point f be normal to the curve. 
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be drawne 3 perpendiculars fr, fw, ft to y° Parabola twar.4 And therefore in 
this 24 equation (y) must have 3 valors we, il, & ur, when ap=d, & pf= —c, are 
determined [&] then also hath (s) three valors /r, fu, ft. 

By the 34 equation Two of the valors of (y) in y® 24 equation are united by 
increasing or diminishing y® length of #f=—c. For begining at the point 
(from w y¢ 8 perpendiculars fall upon y, a, & f) if y* point f doth gradually 


| ft Y a 
move from f, the perpendicular | fl moves from {a} towards 4; Soe y* y® two 
fr B A 


perpendiculars wf & ¢f will at last conjoyne into one EF, which shall be y* Rad: 
of a Circle as crooked as y® Parab: at £. 
This 34 operation might have beene done by making pf determined & by 


rope in stead 


increasing or diminishing ap=d. That is by destroying y° terme 


of —c in y® 24 equation. And so might y® 24 Operacé [have] beene done other- 
wise by determining y° circle egk, Or taking c or d out of y® 18t equation instead 
of ss. | 


(43) This further restriction is now one on the position of f: namely, it fixes f as a point 
from which two coincident normals may be drawn to the parabola, and so as the limit-meet 
of normals indefinitely near to ef, or as the centre of curvature at the point e. 

(44) See [2] above. 

(45) The fourth normal being the diameter through f, perpendicular to the parabola at the 
point at infinity. 
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Another way. There is another way of finding y® crookednesse in lines & y* is 
not by supposing two perpendiculars (fig 34. wf & ft, or wf & fr) but 3 inter- 
sections of a circle w" y* figure, (fig 2%, A, e, 


g; or e, g, & k). And then shall "| have 3 


al, ac, as. ac, al, av 
equall valors ae - or - me res As if 


(in y® last example[)] I had this equation 


i ae 


a 


/ 


y* * — 2dryy + rryy — 2cyrr + cerr + ddrr—ssrr=0. 
3 ] 1 0 —l -l1 -l 
Supposing it to have 3 equall rootes by 
Huddenius his method tis 


3y* « —2dryy + rryy —ccrr — ddrr + ssrr=0. 
4 2 2 0 0 0 


6y4 — 2dryy +rryy =0. 
(Which equation doth not determine y° 
Qy> —2dy 

perpendiculars to (eag) as ate aaa Sf 
doth for by this I can find y® valor of ¢ (y 
being determined) but by it I can neither 
find y? valor of ¢ nor [d] u[n]till one of y™ is taken out of y® equation.“ That 
equation multiplyed according to y® dimensions of y produceth 


6y? —2dr+rr[=0].49 Or SW mx toad. 


(46) Newton is misled when he considers this method intrinsically different from the previous 
one, for definitions of f as the centre of a circle meeting the curve in three coincident points or 
as the limit-meet of the normals to the curve at points indefinitely near to ¢ are strictly equi- 
valent (as the similar application of Hudde’s algorithm for triple roots reveals). The differing 
final equations result not from a difference in method but merely from a different choice of the 
multiplying Huddenian numbers in the two cases. 

(47) That is, ignoring the factor y?. 

(48) Since they vanish in the limit as o - zero even when first divided by 0. 

(49) A simple variant on Newton’s first arguments. Where x = f(y), and since an = d 
(or cn = gt = d—x), then bq = f’(y) (d—f(y)), and so 


bi? = [f’(y) (¢@—f(y)) P +l¢-S(y) }? 
and its incremented value pi? = [f’(y+0) (d—f(y+o))]?+[d—f(y+o)]?. Thereupon Newton 
introduces the centre of curvature ¢ as the limit-meet of the (equal) normals bi, pt and so 
derives 


O= lim [(1/o) {1 +Lf(y+o)}) d—fly+0))*— 1+ LF WF) dF) 
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The same way may be done thus. Ifa circle touch a crooked line in one point 
& intersect it [in] another[,] when those two points come together y* circle is as 
crooked as y* line at y® touch or concourse point. 


As ifbe=y. ac an=mt=d. pu=o. r=e8=s. 
7 Wy 7... Ua Yy .2dry—2y* 7, 
cn=d ce = bq. gory 
og YY — oy , 2dry + 2dro—2y?— boyy _ 
Se aS - = pg. 


(0, 08, of &c: may ever bee omitted.@®) Then 
since bq?+ gf? = bi? = pi? = pg*+ gi*. Therefore 
6y*0 — 8dryyo + rryyo + 2ddrro— dr’o=0. 


_ 8dryy +dr[—]yy —3y4 
Or, dd= Qrr 2 2 rr 
_ 2yy 7 yi +yy rr Byy +r 
22. . 3 2 ae 


oe id 


or 


as before. Or else d =# w“ cannot bee.“ This is rather done by y® convening 


of two perpendiculars but it might have beene done by supposeing y° circle 
described by y[®] Rad: dt to intersect y* crooked line in p, & y" y® lines pi & bi 
to convene. 


~ [4] May 1665. [Notes on the evolute.] 


1. Note that y® crooked line ¢fyqm (described by 
y® points g & f,) is always touched by the (perpen- 
dicular) line kg; & that in such sort as to bee 
measured by it. they applying themselves the one 
to the other, point by point; soe yt if ay=€ the 
shortest of all y* lines gk, be substracted from qk, 
there remaines gf =qy.69 By this meanes y® length 
of as many crooked lines may bee found as is desired. 

2. Also if y* line gk is applyed to y® crooked line 
gy point by point, every point of y* line gk (as k) shall 
describe lines (as akw) to w“ q&k is perpendicular. 


or 0 = (d/dy){(1+Lf"(y)}*) (¢@—S(y))"} 
= -2(d—f(y)) f(y) 0+ LEI) + (4—FW))*- 2") FY), 
and finally qt = d—f(y) = A+ LF 


f"(y) 
as before but with x and y interchanged. 
(50) For, since gf is tangent to the arc mqy at q, the limit-increments of g§ and gy will be 
equal, with both zero at y. (See section 7, Prob. 9 below.) 
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3. The line gmyfd is y° same (if wka be a Parab:) w™ y' whose lenght Heuraet 
found.©» 

4. If bc is a perpendicular to the line efb, & abd a tangent & y° position & 
distance of the point a, or h &c. in respect of 
y® tangent ab & perpendicular dc bee given. 
that is if those points move w" y® tangent (as 
if they were inherent in y® same body) while 
y® tangent glides over y*® crooked line ef, soe 


y* y® point describe the line te then from 


y® point a (or [A], [)] draw perpendiculars to 

y® line dag (or s[h]r). then shall the point c, 

where those perpendiculars intersect, be y* 

point of y* Engine abdgch wis in least motion, 
ac 


& y® lines {bc } shall bee y® radij of circles 


[hc 
dag a 
wh are as crooked as { feb} at y® points 4b;. Soe y* the point c determines y* 
shr h 
perpendiculars to & crookedness of an infinite company of given lines adg, ebf, 
rhs, &c.©2 


(51) Newton refers to the semicubical parabola ky?=«* which Henrik van Heuraet con- 
sidered as the prime example of his Epistola de Transmutatione Curvarum Linearum in Rectas 
(published by Schooten from his letter of 13 January 1659 in Geometria: 517-20). An equivalent 
rectification of this cubic by William Neil appeared simultaneously in John Wallis’ Tractatus 
Duo (Oxford, 1659: 90). Where f is the curvature centre of e(x, y) on the given parabola 

2 — rx,on making yp=z and pf=v (here added in broken line to Newton’s figure) we deduce 
from the preceding pages that z = 3x and v = 4y3/r?, so that the evolute (/) is 16z* = 27rv’. 
Evidently the general arc fy is equal to ef—yp = $r[(1 +4x/r)t—1] = 4r[(1+42z/8r)#—1]. 

(52) Newton’s figure has two points g while the point d is taken to be both on the curve ag 

and the tangent ab, but there should be no confusion. The ‘Engine’ adgh is a structure (fixed 


in its parts) which moves so that ab is instantaneously tangent at 5 to some given curve ef. 
Newton argues that, where c is the centre of curvature at the point } (and so always in bg 1 ab), 
the point c is the instantaneous centre of motion of the whole Engine, and in particular 
therefore of any point (as a or h) in it: hence, that c is the centre of curvature at the points a 
and h on dag and rhs respectively. The argument is subtly fallacious. In fact, c is not momen- 
tarily at rest in general but will pass into c’ in the indefinitely small interval of time in Which 
points a, b, g and h pass into a’, b’, g’ and h’. It follows that, where cC = cc’singch and 
cC’ = cc’sinbca are the projections of the increment cc’ in the directions of the curves rhs and 
dag at the points A and a, then the centres of curvature y, y’ at A and a are fixed in the normals 
hc, ac by the proportions hy: cy = hh’:cC and ay’:y’c = aa’:cC’. Clearly the curvature centre 


[2, 4, §2] Normals, curvature and tangents 265 


[5] December 1664. Haveing found (by y* former rule) an equation by which y* 
quantity of crookednesse in any line may bee found to find y* greatest or least crookednes 
of that line. 


In y* 4 Example I had found gf=qs=d=3x—r. And by a rule there 


shewed viz|[:] =} =e TW, It was there found 
4x8 — 8dxx + 4ddx—ddr=0. 
—5r +6dr + cer 
+2rr —drr 
—crr 


y coincides with c in the limit as c’ > ¢ only when cC = 0, that is when gh = 0 and the point A 
coincides with g. In that case h will develop one of the family of involutes to the evolute of the 


curve ebf (which is itself the member of the family for which bg = 0). 


The curves (h) produced by the Engine seem not to occur in subsequent mathematical 
history. Analytically, if we suppose bg = a, gh = b and determine the point (x, y) to be in 
the known curve ebf by the rectangular Cartesian defining equation f(x, y) = 0, the Engine 
constructs for each point 6 a corresponding point A(X, Y) of the curve F(X, Y) = 0, where 
X—x = a(dy/ds)+b(dx/ds) and Y—y = —a(dx/ds) +b(dy/ds): we may easily show that the 
three equations f(x, y) = 0, (X—x)?+(Y—y)? = a? +6? and 

(X—x) (a—b(dy/dx)) + (¥—y) (a(dy/dx) +6) = 0 
define F(X, Y) = 0 parametrically in terms of x and y. Further, on taking the element of 


arc bb’ = ds and the increment cc’ = dp (of the curvature-radius bc = p), it follows that y 


is fixed in the normal he by (p—a) seca 


1 —}(dp/ds) sin 2a’ 


where gch = @ = tan-!b/(p—a). Newton’s accompanying figure appears to illustrate the case 
of the parabola y? = rx, in which (A) is a double-looped 12-degree curve sharing a parabolic 
point with (8). 

(53) That is, in [2] above. 

(54) That is, the parabola rx = y(r—y) in [2] above. 


hy = 
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Now by writeing 3x—r in stead of d & ordering y® product according to y® letter 
c it is ccr—crr+16x? =0. Or extracting y* roote it is 


—12rxx 
+ 3rrx 
= oe 
c=" y,/12x—3re+2—16~ =\o0 
2 4 r ag. 
Also by y® nature of y° line 
el als [tan 
ed} 473 4 
Therefore 
kd—sa 
kh=el=| 0, A 


rr rr 16x83 
oh SHPE = fe ee 
- ret | 12xe B8rx +7 - 
Also gh=le—fg=r—2x. And since 
kh? + gh? = qk? 


Therefore 


: ie Se ae 
SP — 8rx+ L6xx———* +2,/ 1202-34716 x [Z-n=¢ x gk=22; 


Supposing gk =z. The roote®? of y* Surde quantity extracted[,] the equation is 


3 
= 4+ 24xx—12rx+Qrr=zz. Or 16x®—24rxx + 12rrx—273+7zz=0.69 In 


w* equation y® least valor of z=fe is to bee found & should happen when x hath 


(55) Orc = 4(r+V[(r—4e)%/r]). 

(56) Which reduces to (r—2x) /[(r—4x)/r]. 

(57) $(r—4x)?. (58) Or rz? = 16(4r—x)%. 

(59) See note (65) below. 

(60) In fact, x = 4r—(7erz*)tw, where w is one of the cube roots of unity. 

(61) Correctly }(r?+(r—2y)?)? = (r?z)®. (62) Read ‘ —20ry*’. 

(63) This should be }(2y—r) (r+ (r—2y)?)* = 0. (Newton has divided through by 12y.) 

(64) Read ‘4y4—8ry3 + 8rryy —4r5y + 1+ = 0’. Newton’s result, 472x2+ 4r°x—1r* = 0, follows 
by differentiating 16x3 + 247x%— 12r2x — 273+ rz? = 0 and omitting the factor —rdx/dy = 2y—r. 

(65) With typical acuteness Newton picks up an apparent failure of Hudde’s rule for 
maxima and minima, but he fails to trace the error to its true source. The application of 
Hudde’s algorithm is strictly equivalent to differentiating an algebraic function and equating 
the derivative to zero, and the condition that f’(a) = 0 does indeed demand that f(x) have 
the factor (x—a)*. Further, at a true extreme value f(x) = 0 must have two coincident roots, 
despite Newton’s assertion to the contrary, and Hudde’s algorithm will find all double roots 
of f(x) = 0. In his tract, however, Hudde tacitly admits that his rule yields the condition for 
f(x) = 0 to have a multiple root of any order (equivalently, f’(2) = 0 is the condition for 
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2 equall valors or rootes.©® But because fe =z being determined x can have but 
one valor =ad y* other 2 rootes being imaginary[, ]© tis impossible y* it should 
have 2 equall rootes: Therefore I take away x out of y® equation by substituting 


its valor — 4 in its stead & there results 
16y8 — 48ry5 + 24rry4 + 32r3y3— 36r4yy + 12r5y — 278 + r4zz = 0,60 
6 5 4 3 2 if 0 0 


In w* equation z or ef=qk being determined y hath 2 valors de & dk[,] y° other 
foure being imaginary. & when ef is the longest or shortest that may bee then 
these two valors become one & then is y® line aek most or least crooked. If 
therefore (yt y’s valors become equall) this equation is multiplyed according to 
its dimensions there will result 8y° — 20y* ©? + 8rry3 + 8r3yy — 6r4y + 7° = 0.) wis 


divisible by y 5 =0, or by 2y—r=0 (for there results 
4y*— 8ry> + 4r3y — 74 = 09), 


And ify=5, y" is x3. Therefore I take ad=" & de= = & at y® point ¢ shall bee 


y® least crookednesse. 

Here may bee noted Huddenius his mistake, y* if some quantity in an equa- 
tion designe a maximum or minimi y‘ equation hath two equall rootes w™ is 
false in y® equation 16x? — 24rxx+ 12rrx—2r2+7rzz=0. & in all other equations 
which have but one roote.® 


f(x) = 0 to have a factor (x—a)*, p > 2) and his only way of deciding the form of the multiple 

root is by further application of his rule (or, equivalently, by considering the pth order 
derivatives successively, p = 2, 3, ...). Thus, if we apply the algorithm to Newton’s first equa- 
tion above (note (58)) we find equivalently that 


(d/dx) [rz?-—-16(4r—x)*] = 48(¢r—x)? = 0 or x = hr 


is the condition for the expression to have the factor (4r—x)?: substituting, we may find 
z = Oand so the condition yields a triple root x = 4r. The error, then, lies not in application of 
the algorithm to the finding of maxima or minima, but rather—as Newton seems not to realize— 
in the illusory nature of the ‘extreme’ values of the radii of curvature which he seeks. 
Implicitly, Newton allows into his argument radii of curvature only at real points of his 
curve, but his analysis covers all radii of curvature defined parametrically in terms of the 
co-ordinates x or y. In the present example, the radii z do not reach an extreme value when 
the ordinates of the parabola become imaginary, and, accordingly, Hudde’s rule does not 
reveal one. If, however, we restrict our attention to real points on the parabola both 


rz* = 16(4r—x)® and riz? = }(r?+ (r—2y)?)8 
yield the same apparently extreme values for z. In effect, since Newton demands that we take 


a positive value for the radius of curvature, then z > 0; further, real points on the parabola 
rx = y(r—y) are given only for x < 4r. Geometrically, if we represent both equations as 
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May 1665. Another way. 


Or because y° lines fn & qn described by y® points f & g doe touch one another 
in y® points n from w* points onely lines drawne perpendicular to y* croked line 
kea will bee perpendicular to y® point of greatest or least crookednesse: And 


also since all those are points of greatest or least crookedness to w such 
perpendiculars are drawne: The difficulty will be to find y* point n. Now 


Cartesian curves we restrict ourselves only to one quadrant of the plane. Specifically, 
rz? = 16(4r—x)8 is the defining equation of a semicubical parabola, where ab = x, bc = 2; 
and in the quadrant z > 0, x < }r be reaches an apparent minimal value at BC = }r 


(or aB = }r). Likewise, where ab = y, bc = z, then r4z? = }(r?+ (r—2y)*)? is the defining 
equation of a sextic; and here it is visually obvious that z takes on a true ‘Huddenian’ minimal 
value at BC = 41 (or aB = }4r) in the permissible quadrant, and therefore that this value may 
be evaluated by application of Hudde’s algorithm. (Compare note (70) below.) 
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Plate II. Extremes of curvature in the parabola and ellipse (2, 4, §2.5). 
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suppose y* am=d be determined y" ¢ hath two valors|,] for : =c. And alsoe y 
hath two valors[,] for a} =y. Alsoe (when am is not parallell to y® axis of y° 


line x hath two (or more) valors A =x, w valors of c, x, or y become equall if 


am=an: by w*» meanes y* point n may bee found: Excepting onely when jm, mq, 


are parallel to y® crooked line at n ([or] un), y‘ is, perpendicular to y® streightest 
or most crooked ptes of y* line aek. But if as=c be determined, then 


jx S oh = 
= Se I \ed. 
(but if (as) is parallel to y° axis of y* line y® two valors of y are equall & soe not 
usefull). Which valors of d, x, & y become equall if as=dun: excepting onely 
when 4s is perpendicular to y® most streight or crooked pts of y* line ake. 
As for example. In y* precedent example it was found d+r—38x=0. But 
because am or x is parallell to y® axis of y* line.©® Therefore substitute either y® 


‘7-3 
r 


valors of d or of x into their stead. As if I substitute y* valor of x= into its 


(66) Newton has cancelled ‘in yt equation x hath but one dimension’. 


270 Normals, curvature and tangents [2, 4, §2] 


uy =iOe (ie 3ry + rr+ « 


h 
pry =0. w must have 2 


place it will bee d+r—3y+—= 


equall roots & therefore multiplyed according to y’s dimensions tis 6yy — 3ry = 0. 
Or y=5 as before. But if I had substituted d’s valor into its stead” it would 


have beene 16x? — 12rxx + 3rrx — err +ccr=0. Which having 2 equall roots being 
3 2 ] ee 
rightly ordered is 48x3—24rx?+-3rrx=0. Or 16x?—8rx+7r=0. Or 4x—r=0. 


Or x=7 as before. 


In y° first example“® of finding y® quantity of crookednesse in lines it was 
fou nd ne — 4x3 — 6rxx + 6xx+3rK | 
q° 79 
3 3 2 2 if Se 
& therefore by Huddé method it is 4rxx—4gxx—4grx+4qqx+ qqr—q?=0. 


3 = +d=0. w must have 2 equall rootes 


Or,©) 4xx—4qx+qq=0. That is, 2x=q. or x=f. The nature of y® line was 


(67) That is, ind = (xy+vy—vc)/y (pp. 265/6 above) with rx = y(r—y); or in 
— (8d + 5r) x2 + (4d? + 6dr + 2r?) x—r(d?—c?) —r?(d+c) = 0. 

(68) The ellipse y? = (r/q¢) *(q¢— x) in [2] above. 

(69) Dividing out the factor r—g. 

(70) Once again Newton is visually misled by his figure into thinking that the radii of 
curvature at real points of the ellipse take on true maximal or minimal values. Representing 
d = f(x) = $r+(1/2q*) (¢—1r) ((2x—¢)?+4 9°) as the Cartesian plane curve (c), where ab = x, 
bc = d, we must restrict ourselves to the region 0 < x < gq, the only values of x which yield 
real points of the ellipse. An application of Hudde’s algorithm gives a double-root condition 


EA =o - a (2x—9)?, or x = 4g. 


Y 


| 
yy 
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Jay, Soe y* rf fT ay Soe y', IfI take as=f. ala, 
at y® points f, ¢ shall bee y° claleih or least crookednesse of y® line apeo.“ But 
there are two other points a & p of either greatest or least crookednesse w“ were 
not found by this method.) 

These Equations may have superfluous rootes soe often as any of y® perpendi- 
culars (as ho) are parallell to either x or y.“ But there is a way pag: 48°73) woh 
concludes, w*out any superfluous rootes. 

The points of greatest or least crookednesse may bee yet otherwise found by 
an equation of 4 equall rootes, As in y* example of y* 2¢ way of finding y® 
quantity of crookednesse in lines” it was found 


y* — 2dryy + rryy — erry + cerr + ddrr —ssrr=0. 


W* being compared w'® an equation like it y4— 4ey? + 6eeyy — 4e8y+e4=0. by 


 y® 2¢ terme tis 4e4y=0, or y=0, & HW —o=%. Soe yt y® Parab[:] at y® 


begining is most crooked (at a). 


For this value, however, d?f/dx? = 0 also and so this yields not an extreme value for d but an 
inflexion point (at C, where aB = BC = }q). On the ellipse itself Newton’s calculations, 
rather than maximizing or minimizing sf = d, find the points un, given by ab = 3g and 
bun = 4./(rq), at which d = f(x) has a turning value. It is not at all relevant that the points 
un are (apparently) the centres of minimum curvature at the corresponding points o and J. 

(71) These apparent extreme values of z (here minimal) Newton seems to wish to calculate 
in similar fashion by ‘minimizing’ as = ¢ (expressed parametrically in terms of y) by an 
application of Hudde’s algorithm. Such an application would, in fact, yield the points n, but 
as turning values of ¢ = g(y) and not as points of maximal curvature corresponding to the 
points a and # on the ellipse. 

(72) Thus, in Newton’s third figure, as = c would have a double root where oc touches the 
evolute, but this would yield none of the points n or un of apparently extreme curvature which 
Newton seeks. 

(73) Add. 4004: [48"], printed in §3.2 below. 

(74) That is, in [3] above (where y? = rx is the defining equation of the parabola 
considered). 

(75) Newton applies Descartes’ technique for finding quadruple roots by comparison with 
(y—e)* = 0 as a variant on the application of Hudde’s algorithm. (See Geometria: Liber m1: 
45 ff., and compare Schooten’s Commentarii in Librum II, N=Geometria: 246 ff.) It is interesting 
to compare Newton’s present researches in the theory of conic evolutes with the wholly in- 
dependent and rather earlier investigations of Christiaan Huygens into the same topic from 
about 1659 (Cuvres completes, 14 (The Hague, 1920): 387-406, especially 391-6). Huygens’ 
approach is essentially that of Newton (see note (4) above). In his Avertissement Huygens’ 
editor Korteweg traces his inspiration to his 1658 researches on the pendulum clock, but this 
cannot have been Newton’s impulse: perhaps we may find that in his work on the theory of 
refractive surfaces (3, Appendix 2: especially note (25)). 
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§3 THE GENERAL PROBLEMS OF TANGENTS AND 
CURVATURE RESOLVED FOR ALGEBRAIC CURVES 
[May 1665] 


From the originals in the University Library, Cambridge, and in private possession) 
[1] May 20° 1665. A Method for finding theorems concerning Questions de 
Masximis et Minimis.? 
And 1st Concerning y® invention of Tangents to crooked lines. 


Suppose ab=x. eb=y. bd=v. be=o. cf=z. & ed=df. y® nature of y* line 
ax +xx=yy. Then is ac=x+o0. ax+ao+xx+20x + 00=2z. 


vv + yy =ed* = fd? =zz+ vv — 200+ 00. 
Or yy=00—20v+2z. Or yy=00—20v+ax+ao+xx+20x-+00. & since 
ax =YY — XX. 


(1) As Newton wrote them, these papers formed a continuous sequence in Newton’s Waste 
Book (Add. 4004): ff. 47" —50", but the two sheets ff. 48 and 49 were detached about the time 
of Newton’s death and passed into William Jones’ possession. 

(2) The similarity between this and the title Hudde gave to his tract (Geometria: 507-16: 
Epistola. ..de Maximis et Minimis) can hardly be accidental. 

(3) The incremented value of eb = y. 

(4) The hyperbola y?— («+ 4a)? = — ja. 

(5) Newton applies Descartes’ method for finding the subnormal to a canonical example. 
(The notation of o for the increment bc is introduced for Fermat’s E£, or rather e as Schooten 
expounded Fermat’s method in his Commentarii in Librum II, O = Geometria: 253-5.) In general, 
where y = f(x) Newton equates [f(x)]?+v? = [f(x+0)]?+(v—o)?, using the geometrical 
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Therefore, 0=200—2vo+ao+2x0. Or 2x0—2v+a+2x=0. Now y‘ ed may 
bee perpendicular to y® line tis required yt y® points e, & f conjoyne, w™ 
will hapen when dc=o, vanisheth into nothing. Therefore in the equation 


2xo—2v+a+2x=0, Or v=o a +x, those termes in w“ (0) is must be blotted 


out, & there remaines y=x+5—bd. w determines y° perpendicular ed. 


Observation 18*.6) Hence it appeares y* in such like operations those termes 
may be ever blotted out in w*" (0=dc) is of more y® one dimension.“ 

As if y® nature of y® line was x?-+-xxy+xyy=ayy. Then since ac=o+% it is 
x34. 3x29 + 3x00 + 03+ xxz+ 2Qxoz-+ 00z +xzz-+0zz=azz. That is® 


x3 + 3x20 4+ xxz+ Qxoz+xz%+ 0227 =az*. 
Also vv -+ yy =vv —2v0+00+2z. or® yy+2vo=zz. Therefore 
ayy — xyy — xxy (=x) + 8xx0 + xxz-+ 2x0z + 0zz(+xzz—azz=) 
+ xyy + 2vox — ayy —2voa=0. 


That is xxy —3xxo —2x0z—0zz-+ 2voa—2v0x = xx/yy +200. That is (both pts 
nedao) & those terms left out in w°" o is of more y" one dimension) 


x4yy + 2xxy in 2voa— 2vox — 3xx0 — 2xoz — 0zz = x4yy + Qvox4. 
Or y in 2voa—2vox — 3xx0 —2x0z—0zz=voxx. That is 
— 3xxy — 2xzy — ZZy = xx + Quxy — 2vay. 
Now if bc=o vanisheth y" is z=y. And consequently 


— 8xxy — 2xyy — y? _ day + 2xyy + y® 
xe+Quy—Qay = = Lay—Dxy—xx © - 
Observacon 2°. Hence I observe y* if in y® valor of y there be divers termes in 
wt x is then in y® valor of z there are those same termes & also those termes 
each of y™ multiplyed by so many units as x hath dimensions in yt terme & 


equalities ed? = eb?+bd?, fd? = fc*+cd? with ed = fd (since they are radii of the circle whose 
centre d is in the abscissa ab). The condition that ed be normal to the curve at ¢ is that the 
points e, f coincide (that is, that the increment bc = 0 vanishes, or that the circle be tangent 
to the curve at e). Analytically, after division by 0, the condition is that 


O= lim [(1/o) (Lieto) Lila) + @—0)?—0*)] = 2(f(*)f'(x) -2). 


It follows immediately that v = f(x) f’(x) = y(dy/dx). 

(6) Newton has cancelled ‘Theoreme 1*t’. 

(7) For even after division by 0, 0(p > 2) remains indefinitely small and so vanishes in the 
limit as 0 > zero. 

(8) By ‘Observation 1**’, (9) Substituting z = ./[y?+2v0]. 

(10) Read ‘squared’, 


18 WHN 
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againe multiplyed by o & divided by x. As if x8+ x*xy+xyy—ayy=0, Then, 
+ 3x30 + 2xx0z + xozz 
x 
veniently symbolized by (ordering y® equation according to y® dimensions of 
y &) making some letter (as a. ¢. m. n. p.) to signifie a terme, & y°® same letter 
w‘h some marke (as d, é, é, #, m, vi[,] p &c) to signifie y° same terme multiplyed 
according to y® dimensions of x in it. as in y° former example (suposing x —a=m. 
xx=n. x8=p.) The nature of y® line is 


x34 xxZ+KXZZ— AZZ =(. Which operacon may bee con- 


3 +x0ZZ+ 2xx0z+ 3x80 __ 


in letters xyy — ayy + xxy+x8=0. xZZ—az*+x°z+x - 0. 
& ; F 
in their symbols myy+ny+p=0. mzz+nz+p ha =O. 
oS at +- ax? + bbx* —abbx=y?. 3aox? + 2bbox — abbo+ ax? + bbx* —abbx + a*=2z". 
o¢ if CT) ae 
m se mo + m Zz, 
x 


[y* is] — +m=z',av 


And as any particular Equation may be thus symbolized so divers equations 
may bee represented by y® same caracters. as, 0=a-+cy-+yye may represent all 
equations in w® y is of one & two dimensions.” 

Now if a generall Theoreme be required for drawing tangents to such lines, 
it may bee thus found. eb=y, bd=v, ab=x, bc=0, fc=z, by supposition, & 
a+cy+eyy=0. Then by observation y® 2%, a-+¢z+ezz BB nl 5 OE <=0. Or, 
— cyx —eyyx( = xa) +ezx-+ezzx-+do+éoz+éozz=0. Againe eb?+ bd?=cf?-+ cd?. 


(11) Where 0 = f(x, y) = )(a;(*) y*) with the a, functions of x, Newton considers its limit- 
i 
increase (as x > x +0, y > z), that is, 0 = }\(a,(x+0)z‘). Expanding the incremented function 
i 


a;(x-+0) as a series in o and omitting powers of o (by ‘Observation 1*’) he concludes that 
0-= >) (a(x) z) +> (72) 1) é 
4 ¢\ 
In effect, Newton makes use of a first mean-value theorem a,;(x +0) © a;(x) +0(d;(x))/x, where 
di;(x) = x(d/dx) (a;(x)) is an homogenized form of the derivative. 
(12) The ‘caracters’ a, c and e¢ are each, of course, functions of x. 
(13) Omitting the term ‘oo’ by the first Observation. 
(14) Cancelling the term c*x*y? and dividing through by 2cxo. 
(15) That is, in the limit as o > zero. 
(16) More generally, where 0 = 3) (a,y*) passes into 
% 


0 = 2 (a2!) +03) (2, 
it follows that 0= lm p> E (= — ) | +2 (“2')\, 


o-zero \ i 0 
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that is,@®) yy + 20v = zz. Which valor of zz put into its stead in y* termes ezzx & 
czx in y® former equation the result is 
+ cyx — do — Coz — €0ZZ — 2eovx = cote! yy + 2ov. 
And both pts squared it is (by y® first Observacon) 
ecyyx® — 2cyxdo — 2cxytoz — Wwxyéozz — 4cxyeovx = c*xxyy + Acxxov. 
W* rightly ordered is — dy —éyz—éyzz=2exyv+cxv.2 And since y® points ¢ 
& f conjoine to make ed a perpendicular therefore is z=y.95) & consequently 
— dy — tyy — ey? 
Cx + Zexy 

required to draw a perpendicular to y® line whose nature is 


=v. W* is the Theorem sought for.2® As for example were it 


x oo ba] os 
(lye aay Gayo. Then is ee AE gy Se 
cx + Lexy + Qxxy —2axy 
a-+cy +eyy=0. 


Bxxy + Qxyy +? a7) 


ee 2ay —2Wxy — xx 


and since z = ,/[y*+20v] = y+vo/y (ignoring powers of 0), then (z'—y‘)/o = iy‘-*v; so that 
0 = E(aiv'-) 045 (Zy'), 
4 4 \* 
—y> (d;y') 
v= ——+ ° 
xd (a;ty*) 
i 


(In its modern equivalent, y(dy/dx) = —y(f,/f,)-) 

(17) The conclusion—that the tangent is to be drawn perpendicular to the normal to the 
curve at the same point, where the subnormal v may now be constructed and so also the 
normal—is delayed for a few paragraphs while Newton expands his argument. 


and finally 


18-2 
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In like manner to draw tangents to those lines in w“ y is of 1, 2 & 3 dimensions, 
suppose a+cy+eyy+gy*=0. Then is by [y*] 2° observacon 


— cyx — eyyx — gy>x( = ax) + do+czx+ Goz+ ezzx + ézz0 + gz*x + gz30 = 0. 


& by writeing y° valor of z( = yy + 2vo) in its stead in those termes in w“ 0 is not 
(viz[:] czx-+ezzx-+gzx) there results 


cyx + gy3x — Go —ézo — ez®o0 — gz3o'®) — Qexvo=cx+-gyyx-+Qvogx in VJyy+2vo. 

& both pts 0%, by observ: 15 it is 

gates in aad pie adam —Smee gm aes 

=cx+gyyx in cx+gyyx+4vogx in yy+2ov. Or 
— Qdéoy — 2éozy — 2éozzy — 2goz®y — 4eouxy = 2cxov + 2eyyoux + 4vogxyy. 

That is a an tit 

By y° same proceeding were y of 1, 2, 3, 4 dimensions as in 

a+cy +eyy+ gy? +my*=0. 


— dy — éyy — éy® — By* — my? 

“ox + Qexy + Bgxyy+4mxy> &c.29 Hence 
x wh is perpendicular to it.2 & yt line v w® w' the perpendicular to y° 
crooked line &c maketh a right angled triangle) this Theoreme may bee 
pronou[nced trew of a]ll lines in generall. That 


it would be found (calling y* line 


Anuniversall theoremfor | Having y* nature of a crooked line expressed in 
tangents to crooked lines Algebraicall termes w are not put one pte equall 
when y 1 x. to another but all of y™ equall to nothing,@» if each 
of the termes be multiplyed by soe many units as x hath dimensions in them. 
& then multiplyed by y & divided by x[,] they shall be a numerator: Also if the 
signes be changed & each terme be multiplyed by soe many units as y hath 
dimensions in yt terme & y" divided by y they shall bee a denominator in y® 
valor of v.@?) 


(18) Read ‘ —éz0—gz°o’. 

(19) Compare note (16) above. 

(20) That is, to the ordinate y. (The emphasis on perpendicularity is essential.) 
(21) That is, when the algebraical form f(x, y) is equated to zero as 0 = f(x, y). 
(22) Newton evaluates the subnormal to f(x, y) = 0 as 


|, Ault) (of) 
(—1/y) (uf) 
(Compare 3, §2, note (2) above.) 
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Example 1st, If rx+ . —yy =0,) Then 


1 260 


re+oxx—yy in © ry +2~xy — 
eas eee. oe ae See © Paes 


r ~ 2y 2 q 
— 7X —-—xx+ yy in — 
q o y 


0 ae 
Example 25, If x8+-xxy+xyy—ayy=0. Then 


3 in 2 
ae ay oe sy 


Acs Qay —2xy—xx © 


— xxy — Qxyy + 2ay* in : 


Exam: 39. If x8 —bxx—cdx-+ bed+dxy=0. Then 


3xxy —2bxy—cdy+dyy 2hy —3xy +cy —yy | 
— dx ——“¢ <¢ # 4 


And by taking y out of Rs valor of v y®, 


_ 2x8 —3bxx + bbx —2cx + 2be + bee —bbcc 
v= i I “ar a Ge 
See Des Cartes his Geometry, booke 24, pag 42, 46, 47.04 


(23) The hyperbola y? = (r/q)x(q++). 

(24) That is, Geometria: Liber m: 42, 46, 47. The curve (x — 6) (x*—cd) = —dxy is, in fact, the 
parabolic cubic first constructed on Geometria: Liber 11: 36—7 as the meet of a rotating line and 
a continuously translated simple parabola. (Newton himself a little later when he came to 
enumerate cubics was to name it for all time ‘Descartes’ trident’ from its visual form of a three- 
pronged fork. In fact, he called the whole species ax° + fx?+yx+0 = exy the ‘trident’, but no 
new curves are introduced in the extension since, by the simple translation 


ad 
is = ue pe 


(+6) (es8) = Sa 


The present parametric expression v = k(x) for the subnormal (with x and y interchanged) 
appears on Geometria: 42, where Descartes finds the condition for the ‘subnormal’ circle to 
meet the trident as a sextic in y (with v included in its coefficients). The condition for the 
circle to touch the trident is then had by equating this sextic with 


(x—e)? DY (ex*) = 0, 
1<i<4 


from which Descartes derives the result here stated by Newton. (Newton’s v is, however, 
Descartes’ v—y.) 


the species reduces to the form 
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Or thus, x? —bxx—cdx + dyx+ bed [=0.] 
ee 0 0 —1 


Qxuxy —bxy + bedy ee bey by 2xy __ ») (25) 
air Kae rx a =U. And re | a es 


Note. That haveing tat given, it will be often more convenient to find ¥ } 


by y® equation expressing y® nature of y* line & y" having x & y to find v by them 
both, Then®® to take = out of v’s valor & soe to find it by 4 alone. 


The Perpendiculars to crooked lines & also y* Theorems for finding 
them may otherwts more conveniently be found thus. 

Supposing ab=x; ch=o0, db=v, eb=y, 
cf=z,@ And if y® distance twixt fc & eb bee 
imagined to bee infinitely little, yt is if y® 
triangle efr is supposed to bee infinitely little[, | 
then be:bd::bg:be::re:fri:y:v::0:z—y. That 
is yz—yy=vo. Or —- 

Now suppose y® nature of y® line bee 


—T** —yy = 0.2 Then is 


1X 


— 7xx — 2r0x — 700 3 
ES Se a en —Z 


[q] 
In w® equation instead of rxe( =" + vy) & z2(= yy + 2v0 = write their 


=0. 


rx +170 


—2rox—2voqg—roo vvoo 


] & It 1 =0, Or 
valo[r]s & y® result 1s ro : yy | 
ee 
q yy 


(25) Newton uses a set of Huddenian multipliers to derive an equivalent form for the sub- 
normal v. (This is a later marginal addition.) 

(26) That is, ‘(more convenient) than’. 

(27) It remains essential that the co-ordinates ab = x and be = y be perpendicular, and 
Newton’s figure (which represents the more general case below where the co-ordinates may 
be oblique) should be slightly redrawn to make this clear. 

(28) Newton calculates the basic relation z = y+vo/y in a more direct form than his 
previous equivalent one, z = ./[y?+2ov]. 
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vy aro a 
but these two termes 79, = are infinitely little, y' is if compared to finite termes 


they vanish[,| therefore I blot y™ out & there rests oS a5. 


The two former observations may be made in this Operacon, viz: 1** to blot 
out those termes in w“" 0 is of more y" one dimension, & 24!Y yt y2 y® termes in y® 
valor of z are y® same w' the rectangle of x & the termes in y* valor of y & o 
multiplying those same termes multiplyed by soe many units as x hath dimen- 
sions in each terme. By these observations y* former theorems might be thus 
found. 

Suppose y° nature of y* line be p+ qy+ryy=0. Then (by observation y* 2°) 
it is —gyx—ryyx(=px) + fpo+ qzx+ gzo+rzzx+7zz0=0. Then writeing y* valor 


of z( = y+2) in its stead in these termes gzx-+7zzx, There results 


po+ 7 + zo 4-2rxvo +7zzo=0. 


by + qyy +iy? _ 
—gqx—2Qrxy 


An unwersall theorem for And though y® angle ebg made by y° intersection 
drawing tangents to crooked of x & y is not determind whither it [bee] acute[,] 
lines when x & y intersect obtuse or a right one, yet may y° line bg bee found 
at any determined angle.©» after ye same manner[,] wt determines y® position of 
y® tang™ eg. For suppose bg=t. ch=o. eb=y, 

ne fc=z, ab=x, & y* z\|ly. Then (supposing y* 
distance of f¢ & eb to be infinitely little) it is, 


Or because y® difference twixt z & y is infinitely little it is 


tysittoryt2=z, Now if y*® nature of y® 
line is p+ qy+7y?+sy?=0. Then is 
— qyx —ry?x — syPx( = px) + po gxz 
+ goz+-rxz* + foz* + 5xz3+ foz?=0. 


And by putting y* valor of z into its stead in 
those termes in w™ o@ is not, there results 


3 
fo sate joz — 4 F022 ame 4 §023 
=. 


(29) An ellipse. 
(30) The general argument is the same as before (note (16) above). 


Roe That is, the angle between the co-ordinates may now be oblique. (Compare note (27) 
above 
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Ocsatts Qrxyy — 3sxy 
B+ gy + iy? + sy" 

variation in y* length of y® line dg.” 

Note y' y® foundacon of this operacon & of yt by w™ Florimond de Beaune 
(in his notes on Cartes pag 131) found tangents are almost y* same.®* 

But since an equation is the same when multiplyed by soe many units as the 
unknowne quantity hath dimensions, y‘ it would bee if multiplyed by any other 
Arithmeticall progression (as if x?+ xxy+aax-+a?=0. Then 


=bg. Soe y' y® variation of y® angle ebg makes noe 


3x3 + Qxxy + aax = 2x3 + xxy—a® =x? —aax—2a°. &c:) 


this Theoreme may [bee] better pronounced thus—. Multiply the termes of y° 
equation ordered according to y° dimensions of y, by any Arithmeticall progres- 
sion, w= shall bee a Numerator; Againe change y® signes of y® equation & 
ordering it according t[o] x, multiply y® termes by any Arithmeticall progression 
& the product divided by x shall bee y° denominator of y* valor of v.8 


[2] 
May 21%t 1665. The Invention of Theorems for finding y° crookednesse tn lines. 
Suppose ac=x. cd=o0. ce=v. df=w. ch=y. ds=z. pm=be=d. pe=bm=c. And 


if ay=xx. Then, v=ce= 4, AZ =Xx + 2x0. wae by y*® precedent 


(32) Newton at last strikes on the superior method of finding the subtangent bg = ¢ to 
determine the tangent rather than using the devious method of calculating the subnormal. 
Further, he notes correctly the immense gain in generality, since the method is applicable to 
a general oblique Cartesian co-ordinate system. The technical aspects of the argument proceed 
much as before: substitution of z = y+ (oy/t) in the fundamental limit-relation 


om sim (e[«(*)] +2 (%)}, 
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theorems. Supposing (m) to bee y® point where y® two perpendiculars msf 
& mhe intersect when their distance is infinitely little. Then is y:v::c—y:d. 


& z:w::c—z:d+o. that is ya: Be:re— ys ad, And, 


gs chet 220, 


sa: Qx-+20::¢—z:[d+o=] PPE cm 


Whence 2cx— 2yx-+ ao =2cx + 2co—2zx —2z0.89 Or ao—2yx=2co—2zx—2zo. 


a? vo eS 
In the former operacons it was found z= ote: That is in this example 


we y+ 0 Which valor w{[r]itten in stead of z in y® last equation it 


produceth a0 —2yx= 260 — Bary —“*? —2zo0. That is, a=2e——*_ 97. Or®) 
a 4xx 1 
C= 5+ + dy = 54+ By. 


where z'—y' = oy'(z/t), with powers of o deleted, yields 


: —x* > (a,ty’) 
0= Z(aiy’) +E (iy), of t= 


Say 


Equivalently and in modern terms y(dx/dy) =—y(jf,/f,). (In the particular case where 
ab be, v:y = y:t, or v = y?/t in agreement with note (16) above.) 

(33) See Florimondi de Beaune in Geometriam Renati des Cartes Note Breves (=Geometria 1: 
107-42): 130-3: Ad [Geometrie] paginam 40 et sequentes, de Modo Inventendi Contingentes Linearum 
Curvarum. De Beaune, however, there restricts himself to the particular case where the co- 
ordinate axes are perpendicular, using the proportion t:y = y:v. 


(34) Where 0 = f(x,y) = p» (a;y') = ~ (b; x’) 
with the a,, 6; functions of x and y respectively, then, since 
* (Jo;x) = af, = af, +Af = ~ (J+A) b;4), 
and similarly B (iay') = uf, = B (+H) aw’) 


F —L(iajy'))x —Y (Atm) ay')x 
tiiode tas oe be 
dy Si 2 (95 ;%") 2 (H+) bx?) 


Newton therefore has omitted the essential restricting condition that the two arithmetical 
progressions (A+772, 4+7)) have the same constant difference 7 and increase in the same 
sense. In practice, however, he always observes this limitation and indeed will note it speci- 
fically a little later. (See note (86) below.) 

(35) That is, observations 1 and 2 on p. 273 above (which find v/y = dy/dx). 

(36) Incrementing the former equation by *—>x+0(d—->d+o0) and yz, and then 
substituting the previous value of d. 

(37) That is, (¢—z) (2x+ 20). (38) Since v/y = 2x/a. 


(39) For lim (z) = y. The following should read ‘c = ine Se 
o-zero 2 a 
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That this manner of proceeding may bee reduced to y* finding of Theorems it 
will bee convenient to let this marke (.'.) signifie yt each terme must bee 
multiplyed after this manner —1x0. 0x1. 1x2. 2x3. 3x4. That is 

x 


x Xx. XX. x, x*. &c. 


0. 2. 6.12. 20. 30. 42. 
x. xx. x8, x4, x5, x8 x7, &c. as if (p) signifies at— 3abbx + 5bbxx + ax? — 2x4, 


0. 0. 2. 6. 12 
Then (f) signifies at. —3abbx. +5bbxx. +ax3. —2x4=10bbxx+ 6ax8 —24x4. 
let also (. .) signifie each terme of yt quantity to bee multiplied by soe many 
units as x hath dimensions in yt terme. 
Then suppose y' ac=x. cd=o. ch=y. 
ds=z. c[ f|]=v. d[b]=w. Then (ifhs & 
cd have an infinitely little distance[, | 


Rl © 


otherwise not) z=y a ZzZ=yy + 2ov. 


23 = y8 + 3yov. &c: Forvry::y: ct. & 


yxot" ov 

teth:std:ds=z= =y+—, 

C vy y - 
v 


(wh operacon cannot in this case bee 
understood to bee good unlesse infinite 
littlenesse may bee considered geome- 
trically). Now if y® nature of y® line 


is p+qy=0. Then is Wr &; 


p +f +qz+ ve =0.4D by y® seacond 


pe PE feet 


pt Pet Gazz + poz+ gozz 4 
— gx — Go — qxx — Gox Y 


observation. Also the 


Theorems of Tangents. Againe y:v::y—c:d ese And 


VY — VE WZ—CW VY—veC—oOY 


- 


ZiwiiZ—e: (=d)—o. ‘Therefore 


(40) In general, if p is a given function of x, and f are the homogenized first and second 
derivatives x(dp/dx) and x?(d*p/dx*) respectively. 
(41) The incremented form of +qy = 0 with powers of o ignored. 
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And by writeing y® valors of v & w in their stead in this Equation there resulteth 
pxz-+ Gxzz+ poz+ gozz—pxc—Gxzc—poc—goze _ py + yy —pe—qyc+oqx 
+ qx + Go q 
That is,,; multiplyed in crucé,,* 
pqxz-+- Gqxzz + pqzo + dqozz —c§xzq —poge — 4goze = 
by qx + qyy9x — qycgx + qrox* + pygo + yy go — pogo — gycgo. 


& by substituting y® above found valor of z (- y+) into its place in those 


termes in w“ (0) is not there results, (those terms which destroy each other being 
neglected) 


pqx . + 2gqxov + pgzo+ gqzzo— a —pqco — Gqcoz 
= qgoxx + pqyo + Gqyyo — pgco — Ggcoy. 
Now writeing y instead of z because they are equall if compared to finite 
( Ge in) 
— qx 


quantitys, also writeing y*® valor of v in its stead, & dividing y® 


whole equation by 0, & ordering it, it is 
+Bp+ 4bay + 34¢yy + qaxx—hay—dayy _,_ b+ dy x b+ 3dy —b—dy x gy + ggax 
2bG + 2gqy —bq— day b+ yx 2G —p—qy xq 
TPP + 2bgy + GGYY + I9EX yng 
2G + 2gqy —fq— 4qy 


Pp + 2bGy + G9YY + 99*X cay 
2g + 24qy —bq—4ay 


That is c=y 


The same may bee done more conveniently thus. supposeing as before, yt, 
G6==%. 0a=0. ch=¥y, ds Zz. ce. df=w. kp=¢. pm=—[ a]. (By how much y° lesse 


y® line 4d is, soe much y® greater is y* disproportion twixt y® lines (0b) & (os), soe 
y' (0s) is infinitely lesse y® (0b) when 0b & hb are infinitely little (unlesse when od 


(42) The incremented form w = z(dz/dx) of v = y(dy/dx). 
(43) And cancelling the term —qcx on each side. 
; + 4y)? + (9x)? 
(44) That is, c—y ain accel ge 
(B+ 4y) ey —2(5+ du) 
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toucheth y® crooked line ahs). y* is if hh =o, y® 0b == , & ==, &c:) soe yt 


os vanisheth if compared to ob when 00 is infinitely little, therefore if I consider 


he & od to differ & y* but infinitely little, I may consider do & ds as equall & 


having noe difference at all. therefore) Yi—vit0 — =op=bs. sq=c oe : 


(45) Where the curve (h) is defined by y = f(x), then, since 
ad=x+o, sd =f(x+o) = f(x) +o0f’(x) +40°f" (x) + 0(03). 


However, bd = he = y = f(x), 0b = hb(ob/hb) = of'(x) and so sd—(0b+bd) = so = }0?f" (x) 
when 0 is taken indefinitely small. Newton takes therefore a/b = f'(x) with a = 2/(f"(x)). 
(Compare Newton’s Philosophie Naturalis Principia Mathematica, London, ,1687: Liber n, 
Prop. X.) 
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sd=z=y +7. Z=y?+2o. z=y>+3ovy, &c. Also —yvicd=— And 


oyz-+ovw 

sage: Jaa 
Now suppose y® nature of y* line is p+ gy =0. Then is px + fo+ gxz+ goz= 0.4” 

re py+ yy _ eS pxz+ poz+ gxzz+ gozz _ 


—ziwire—Tid—0,4 [soe y'] cuz+oyz=cyw—vow. Or, —vz+yuw= 


w.48) Wb valors of v & w substi- 


— xx — Gox 
tute into theire places in y* termes (—vz+yw) of y°equation —vz+yw= yee ; 
And the result is p + vy ae ey pen met ie aoa Then put y® valor 


of z(— y +3); in its sii in those termes in which there is not 0, And reduce the 
quantitys on y® same side [of] y° equation to a comon denominator & y*® result 
xv ; 
eee ae 
bo +9ay— ql] P49 109 w+w ag 


+ qgux cyy 
bee made equall after y® equation is divided by o. Againe substituting y* valor 


of v into its stead & ordering y® equation it will bee 
Qbge + 2WGgcy —pqe— dqy[c] =pp+ 2Abgy + ddyy+qqxx. Or 
PP + APU + FGYY + I9XX (50) 
2hG + 2Gqy —pqa—4ay 


Note y‘ y® crooked line hs is y® line at w all y° streight lines (Ac) or (re), (ec) 
r (hr), (ph) or (mn), hn or (pm) have their begining, soe yt if hp & hn are 
affirmative then is hc & hr negative in this posit.6» 
Haveing thus found c tis easy to find, 


2 se ee 
7 2bgq + 24¢qy —f9q— 9agy [in x] 


is For nowv & w, & also y & z may 


(46) The incremented form of the preceding equation. 
(47) Since p+ (p/x) 0+ 9z+ (G/x) 0z is the incremented form of the preceding. 


pz+ (px) oz + Gzz + (4/x) ozz 


ss —(qe+(jjajoxr) 


the incremented form. 
(49) Newton has silently rounded off the denominators ‘ gqxx+ qgox’ and ‘cyy+ cov’. 


ot wy Pee eee 4 
= 4 (B+ 4y) y —2(b + ay) &y eae 


(51) Read ‘position’. (52) That is, c(p + gy) /qx. 
(53) Read ‘gq?x?y’. 
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By y® same manner of proceeding may there be found a rule for those lines in 
w“ y is of 2 dimensions. as if, »p + qyy =0. Then px-+ fo + qxzz+ gozz=0.°% And 
b+dyy _, g, Pxtbo+duzz+ qo2z _,, 54 

— 2gx — 2qux — 2qox 
subrogating these valors of v & w into theire stead in y* before found equation 


ovw + oyz : 
wy —vz= ee , The result is, 


by y® Theorems of tangents.) Now 


poy + gozzy + pxy+ Gxzzy +pz+qyyz _ovw+ ovw + 0yz 
— 2qxx — 2gox 2qx C 
Or, 
poyq + gozzyq + pxyg + gxzzyq — pxzq— Gyyzxq — pzgo— Gyyzqo 
__ = 2gqgqxxovw — 2qqxxoyz 
ea ama ae ga 
Againe by subrogate[i]ng the valor of z= uy into its place in those termes in 


w 9 is not, there results, 


vib 2 aeitatgay 2g 
poyg + gozzyq + gqxyou — Bax" — Bago — qyyoz = 


- ae : — 2qqxxvvy — 2gqqxxy? 
Or, bay + dqy*—Payy — day + dqxy?— pqxo = IEEE | And by Sub- 


rogateing y* valor of (=) into its place, the result is 


Le pay — Agu = _Lby — 2bay* — 4a? — Alaa lacy" 
55S —- ggy* = 
boyy + day*+ shh — bayy — 5944 - — 


; 2pgy? + Gqy? + 4qqxxy® ; 
That is, FO aa i a = ae 68) Haveing thus found y® valor 
3qqy* + 2bgyy — bp — 2paqyy — 2gqy* “3 * 
of c, y® valor of d may be found by makeing 


_ vO) _ Php + shpqyy + 3hggy* + Gddy® + 4hqquxy? + 4gqqxey* 


y 6gqqxy' + 4pgqxyy — 2ppgx — 4pqqxy” — 4dqqxy* 
(54) The incremented form of the preceding. (55) See pp. 279-80 above. 
(56) Orc = (p+ Gy*)* + (2gxy)? 


4 (B+ dy?) 2qy® —2 x 2ay?(P + Gy?) + (P+ Gy?)* 


(57) That is, (PF 2 +). 


ng wp ee Et 

(98) OF PR IF ays) Bqy?—2 x BI(b + Hy) +210 + a) 
ss Ds 5d ly 

(59) Since pm = d aa = o( te). 
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al 
WW 


By y* same meanes it may bee found y‘ if + gy3=0. Then is 


a bpy + 2pgy* + Gy" + 9qqxxy? 68) And,@® 
Aggy + 2bgy® — 2pp — 3hqy*® — 3qqy® 
q— PPh + spbay*+ 3pqqy* + aqy* + 9pagxxy* + 9gqgxxy? 
Lagggxy’ + 6pgqxy* — 6ppgxy — 9bqqxy* — 9gqqxy” 
Also if y® nature of y® line bee p+ qy4=0. Then is 
_ bby + 2p dy" + dy + Leqgxsy" = a) And on 
5gqy° + 2pqy* — spp — 4pqy*— 4gqy® 


_ P+ dppay + 3hqgy* + Gy? + Lepqgxxy' + L6gqgexy'? 
20Ggqxy” + Bhgqxy® — 12ppaxyy — 1 6pggxy® — 16ggqgxy” 


(+ gy")? + (Agxy?)* 
oe Ce Ws Hey OM tak AY TS We eG TUT TG 
(60) Ore =—9 (ET Fy) dqyt—2 x ddy*( b+ dy®) +3 yO? 


; ee ass fae) 
(61) Since d =—" = e( ar): 
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As for example if y® nature of y® line be rx + xx — yy = 0. Then 1s p= 1x + xx. 
ee i 0 
p=rxtaux=Qex+re. p=Wxx+rx=Qxex. q=—1l. G=—1=0=¢. And conse- 
quently?) 
gab + Bbbay* + 3pday* + Py? + sbagxxyy + 4gqguxy? 
6ggqxy* + 4pgqxyy — Bppqx — spqqxy?— 4gqqry* 


_ 8x8+ 12rx° + 6rrxtt 73x34. 8x4 yy + 4rxeyy 
8x5 + Sra + Qrrx8 — 8x8 yy 


“ by writeing y® valor of yy in its place & ordering y*® equation the result is 


d=or+bx + (64) 


But were both the unknowne quantitys of divers 
dimensions the valors of ¢ & d might®®) bee found 
after y° same manner. As if y® nature of y® line 
was x°—axy+y>=0.09 Then is 


x® + 30xx —axz—aoz+z?=0.89 And 


__ 3xxy— ayy __ 8xxZ + 60xZ — azz (68) 
ax — 3yy ax + ao — 32ZZ 


Which valors of v & w being substituted into their 


as ovw+oyz . 
places in this equation wy —12 = , in those 
termes (wy—vz) in w® 0 is not there results 


3xXZY + Boxzy —azZZyY —3xxZy+azZxY oVW-+0YZ 
ax + ao —3zz xno, 


3xx + 60x —az —3xx-+ay ovw-+oyz 


ax-+-ao—8zz ax—3yy — cyz ae 


3aoxx — aazx — Ixxyy — 18oxyy + sazyy + aaxy + adoy + 9zzxx—Sazzy _ovw + ovw + oyz 
aaxx + oaax — 3axzz — 3axyy — 3aoyy + 9zzyy CYZ 


(62) ‘Example y® 2%’ in §2.2 above with g = 7. 
(63) Since p+qy? = 0 (p = x*+1rx,q =-—1). 
(64) For 


8x8 + L2rx5 + 6r2x4 + 13x38 + 8x4 (rx +7) + 4x3 (rx +x?) = 16x8 + 24rx5 + 10r?x4 + 73x3, 
and 8x5 + 8rx4 + 2r2x3 — 8x3 (rx+x7) = 2r2x3, 


(65) Newton has cancelled ‘as easily’. 
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That is®® 


3aoxx — 1 8oxyy + aaoy — aazx — 9xxyy + 3azyy + aaxy + 9xXXZZ — 3ayZZ 


EUNNES i) pai 2 Baxyy) + 9zzyy. 
cYyz 
Then writeing y* valor of z( soy ne in those places in w™ o is not, there 
results,» 
3ao0xx — 180xyy + aaoy Soe 3aovy + 18xxov 
ee in aaxx—3axzz— 3axyy + 9zzyy. 
And lastly writeing y* valor of v ae in its stead, the result is, (o bein 
Sy ax — 3yy g 


put out’) 


_ Ox + Sax? — Baaxty + axyy — Saaxxyy — 27x"yy + 18axay?— Say" + 2axy!—27y" ogy 
* Qa8xy + 54x4y — 54axxyy + 54xy* ' 


But from these & such like consideracons may bee pronounced a generall 
Theoreme whereby y® crookedness of any line may be readily determined.‘”4) 
To w™ purpose let mee suppose LC to signifie all y° Algebraicall termes (express- 
ing y® nature of y* given line) when they are considered as equall to nothing & 
not some of y™ to others. Let SC signifie y° same termes ordered according to 
y® dimensions of x, & y® multiplyed by any Arithmeticall progression. let OC 


(66) Descartes’ folium. (Compare 1, §5 ‘Example y* 2%’ and note (31).) Note that, 
probably for the first time, Newton has extended it beyond the first quadrant. 

(67) The incremented form of the preceding. 

(68) The incremented ‘valor’ of v. (Compare 3, §1.1 above.) 

(69) Omitting, as always, powers of 0. (70) Read ‘ —38axzz—3axyy’. 

(71) Since aax(z—y) = aax(ov/y); 9x*(z?—y?) = 9x?(2ov); and 


3ay(z?—zy) = 3ay(2ov—(ov/y)y) = 3ay(ov). 
(72) And y written for z. 
(73) Or 
ee (y?(3x? — axy)? + x2( — axy + 8y*)") (—axy + 3y") 

y (3x8 — axy)? 6y8 — 2(3x° — axy) (—axy + 3y*) (—axy) + (—axy + 3y*)? 6x?" 
Newton will reduce this unwieldy expression in his concluding note. (Compare note (87) 
below.) 

(74) That is, the general forms which Newton now presents are induced from the previous 
particular cases (p+qy* = 0, k = 1, 2, 3, 4, and p+gy+ry® = 0 with g = —ax and r = 1) 
above together with other examples, presumably worked out similarly, which Newton has 
not here noted. 
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signifie the same termes ordered according to y* dimensions of y & then multi- 
plyed by any Arithmeticall progression. let 3C signifie those termes ordered 
according to x & multiplyed by any two Arithmeticall progressions[,] one of 
them being greater then the other by a terme. Let UE signifie those termes 
ordered according to y® dimensions of y, & y" multiplyed by any two Arithme- 
ticall progressions differing by a terme. let SC signifie those termes ordered 
according to x & multiplyed by y® greater of y* progressions w“" multiplyed 2C, 
& then ordered according to y & multiplyed by y* greater of y* progressions 
w multiplyed 06.) 


Theorems whereby to find the quantity of 


crookedness in any parte of any given line. Then will the Theorems bee 
a CMG yy + DWI xx ae WC yy + GWICxx dahp 
= DOCS y + 2ICIIy — DEVE Ry — — y-+29C3Cy—OGACy 
a COC yy + DOC xx Arata MC yy + DIC xx _— 
— DOVE x + 2ICOIEx — DEI 9098 x + 20 xe — 


— LX yy + xx in JOC yy + Wee, cag 
OE ka ay 


(75) In an extension of Hudde’s scheme of multipliers, Newton defines operationally the 
homogenized first- and second-order partial derivatives of OC = f(x, y) = 0. Specifically, 
X= xf, C=yf,; LM = Af, L = xyf,, = xyf,, and = y*f,. (As Newton himself 
notes below, the arithmetical progressions must have the same constant difference.) 

(76) Though Newton does not do so, these theorems are derivable by following through 
the structure of the previous arguments on the arbitrary algebraic function 


XC = fle, y) = 0 = Dip), 
where the p; are functions of x. Immediately 
IC = 2 (Piy®)» J = wi (Aidiy™); X= 2 (diy), 
= Xi (Aibiy’s) and W& = BAAD) pry). 


poe 


x 
Also, where | increase into | Zz } OC = 0 will increase into })  ( Pp; +08) 2] = (. Then, 
v w . 


dividing the increment of OC by o and considering the limit as o > zero (or in effect finding 
dXC/dx), 
0 = 3 (-| (2408!) 2s—p.ys ]) 
%i \0 x 


= 2 (4 ys) > Ober), 


x 
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Example y* first. Suppose the crookednes 
of some parte of y® Parabola was desired, 
The terms expre[ss|ing its nature being 
rx —yy =0. Then by this Rule I put 


ce 
C=rx—yy. D=rx—yy. [or] D=r. 
2.9 
OC = —yy+rx= —2yy. Or w" is y® same 
0 —1 
0 —2 —1i 0 
OC = —yy t= —2rx. B=rx—yy=0. 
3x4, 0x1 
=—yyt me =—Qyy=—2m. 
since - fae z— yrs z—y)\. 
lim ( 9 ) = tim, ( zZ—y ) tend en, 
SS. eon 
and so = ( Z) Ely" 


‘Differentiating’ again we have 


0 Lolo) 
= 3 [ (nese) +2)" (veel) 
- 3 (Bed one(neet)aor 


and, substituting Zs y+o, 


0 = [LEGasxEAsar) 245 E(6.9% | 
+2[SAer) +E AA -Dps) 2425 se) | 


(F402 +0 =)+ (= +0 ie =). 


eae © yo ooyy x 

It follows finally, on substituting v/y = —9C/x/OC/y, that 
» Clemo Se ay 
zis OF ie EO 6 


Sly —0 (se rs 
y— Sly 2 xy 
Where now ac = x, ch = y, ce = v, pe = ¢ with the incremented forms ad = x+0, ds = z, 


19-2 


292 Normals, curvature and tangents [2, 4] §3 


Oxl 2x0 
OC = rx —yy=0. Now were it required yt c=hp be found Then substitute these 
valors of SC, OC, BC, WE, DC into theire places in y® precedent rule And there 
2 
will result ae. oe —y—4x/rx" —¢, But if d is to be 
—I17TXX X —2rxy oad y 
— 27x 
ae 
found then by y* 2¢ rule i Geecas Ss 
the radius of a circle as crooked as y* given parte (h) of y* parabola bee required 


then by the third theorem 


ey er yar 
Jada = + 4rrx* in J dai +4rrxt _r+4x ie 
+ 2rrxxxy? x 2r 


+2x=57+2x—d. Or if, hm=Jcc +dd 


~ As if y® latus rectum of y® Parabola (r) is an inch;“® &, ac=x two inches; 


then is y=ch=J2 inches =\/rx. hm Ir arn = inches, that circle 
therefore whose radius is 13; inches is as crooked as y® Parabola at h. but 


df = w, Newton’s first limit-relation (as cd = o becomes indefinitely small) fixes the centre m 
of curvature at h in the normal hm by 


w v 
o(e-2) =2 (y—0)—0. 
(Equivalently this may be obtained by noting that m is instant- 


aneously at rest, or (d/dx) (x+(v/y) (y—c)) = 0.) Substituting 
z = y+o(v/y) in this and rearranging, we have 


c= ie E (2-") y-o+(1+2) ], 
o>zeroLO\Z2 Y ¥z 


or hp = y-—c = 


(Newton’s alternative limit-relation c(yw—vz) = o(yz+vw), where y—c >c, does not differ 
essentially from his first, but merely finds ¢ = lim (o"5) directly. Clearly 

o»zero \(1/0) (yw —vz) 
where the defining equation is given explicitly by y = f(x), this yields the familiar result that 
hp = (1+[f'(«)]*)/f’(«).) Finally, on substituting for v/y and w/z their above-found values, 


Newton’s basic result, 
ia SE /y ((IC/x)? + (OC/y)*) 
(SE /y)? BC /x? — 2(9C/x) (OC /y) DE /xy + (IC/x)? DE /y?? 


follows immediately, with pm = hp (") = hp (S74) ’ 


and the curvature radius hm = ,/[hp?+pm?]. 
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would I find y® crookednesse of y® parabola at its vertex [a] then is x=0. 


4 > : é 
an * rr 49x =5 —hm =5 an inch, soe y* y® Parabola is 27 times more crooked 


at its vertex y" at y® point (2), when «= 27.80 
Example y¢ 25, Were y® nature of y® given line x3 —axy+y?=0=.® Then is 


3 i 3 eee |, 
OC = x3 —ayx+y8 = 3x8 —ayx, D=y?—ayx+x3 = 3y? —ayx. 
Sx2° i KO -Ox€ I sae tA OX ST 


C= 8 —ax+ x =68. B= x8 —ayx+ x =6y'. 
8x0 1x1 0x3 

OE= x8 — ayx + y® =—ayx. 
Then to find the valor of ¢, by y® first theoreme 
= 9x8yy — 6ay®x* + aay*xx + 9y®xx — Bax8y* + aax*yy 
~ —9x8+ 6ay8x4—aay*x®) . oy 2 ‘ he F 

Sf — ous in 6y4, — 6ay?x* + 2aay®xx— 18x°y* + baayyx*. 
Bee 27x4yy — 1 8axxy? + 3aay* + 27y8 — 27axy* + Yaaxxyy — 9ax° — a®xyy + Baayx? — a®x3 
"185 54axxyy — 54x4y — 54xy*—2a®xy : 
Example y* 35, Were y® nature of y® line x8 — axx + yxx—aay=0) = 0C. Then 
1 0 0 -—2 
is 00 =x8—axx+yxx—aay. D=x3+ aay. 


C 


1 0 0 —l 
OC =—aay +23 =xxy—aay=xxy +23 © CW=axx—x=xxy—aay. 
+xxy —axx —aay —axx 
Lx 0x —-1 —2x —$ 1x0 0x —l 
SC= x8 — axx —aay =—6baay. D= xxy +2 =0. 
+ YXxx —aay —axx 


1x0 0x0 0x1 —2x1l 
OC= x8) —axx +yxx —aay =2aay. 


so ey - 9 +4 +4 
(77) Read —y ax, . (78) Since arial ahi 


(79) Newton has cancelled ‘As if r is a yarde’. 

(80) For, when x/r = 2, then y/r = 2 and so the preceding calculations hold with 
x—>x/r,y > y!r. 

(81) Descartes’ folium yet again. (See note (66) above.) 

(82) Read « — 9x8 2 ns Lil 

y® — ayx 

(83) This is the degenerate cubic locus (x—a) (x*+xy+ ay) = 0, and for values of x other 

than a Newton’s procedure finds the curvature of the hyperbola (x+a)(a—x—y) = a. 
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Then subrogating these valors of SC, OC, 3C, &c into theire places in y* 1* 
Theoreme the valor of ¢ will bee found 


_ x8yy + 4aaxty® + 4aty* + xyy — 2aaxtyy + atexyy 
4x°qayy + 8aty® + 6aaxxy® — 6aty® 


2x° + 4aax%y + 4atyy — 2aax4 + atxx (4 


<<? ee 4aax' + 6aaxxy + 2aty 


Observe that I have rather choose[n] to find the valor of ¢ in this last example 


then of d or /dd+cc because I could make 06 =0, by w meanes y® terme 

— DO 
is 

multiplication, which I could not avoyde in finding y° valors of d, or vce + dd.®°*) 

Note [15*] yt all y® arithmeticall progressions made use of in this rule must 
have y° same difference of their termes. as if they be, )—2a, b—a, b, b+-a, b+ 2a, 
b+3a, b+ 4a, b+5a &c. c—2a, c—a, ¢, c+ a, €+2a,¢+3a &c. d—2a, d—a, d, 
d+a,d+2a,d+3a, &c. Or if they bee some pte of this —3, —2, —1, 0, 1, 2, 3, 
4, 5, &c. 

Note also yt y® progressions must proceede y* same way (from lesse to more) 
in respect of y* dimensions of y* unknowne quantitys, & not some one way, some 
another. ® 

Note also y* y® valor of ¢c in y° 24 Example may bee (by y® equation 


would vanish, & thereby save me the labor of a superfluous 


x3 —axy+y3=0.) 
QTxxyy—2Tx%y | Mxyy _ Oxx—Oxy xX gn 
reduced to ee v5 y=c=hp. 


(84) That is, when x + a, —(x+a)((2x+y)?+ (x+)?) /2a? since y = —x?/(x+a). 


(85) For d and ,/[c?+d*] have the terms — and — OCC in their denominator, 


each of which requires a triple multiplication. 

(86) Compare note (34) above. These two complementary remarks are crucial for the 
successful application of Newton’s algorithm. 

(87) For the denominator of c in Example 2 above (compare note (73)) is 


54xy (x8 — axy +y?) + 2a®xy = 2arxy, 
while its numerator is 


27x8y8 — 27x44? + Gaxty +- 6a2xby —9a2x2y? + a3x3— 2a%xy?, 
since 27y® —2Taxy* = —27x8y8, —18ax%y? —Yax® = —Qax*y? — 9arxsy 
and 6a*yx8 — a®xy? + 3a2y4 = 3a2x5y + 2a%xy?. 


(88) This last, mostly cancelled passage carries on the theme of [1] above, attempting to 
employ a general method of tangents in a bipolar co-ordinate system. This was not the first 
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[3] To draw Perpendiculars to crooked lines in all other cases.®® 

Although y* unkno[w]ne quantitys x & y are not related to one another as in 
the present rules (that is soe yt y move upon x in a given angle) yet may there be 
drawne tangents to them by the same method. 


As if efm is an Elipsis described by y® thred aen (as is usuall®®) Then make 
gh=v. ae=x. en=y. an=a. And let y° relation twixt x & y be x+y=0,00 
ab=z. Then is bn=a—z. eb? =xx—zz=yy—aa+2az—zz. And consequently 


Ee gic And 


2a 
oe egy — Bexaa— + Baa gale Bega Sxxaa-+ Qaayy—-x'— 9" a 
4aa i Gape aetd daa 
= ae? — ab. 


time that Newton had faced the problem of limit-increments in bipolars. About September 
1664 he had become immersed in the mathematical theory of the refraction of white light at 
a point, and inevitably came to consider the curves (Descartes’ ovals, for which x + (d/e) y is 
constant, where x and y are bipolar co-ordinates of an arbitrary point on the curve), which 
refract all rays within a determinable range from one fixed point to a second for a given 
refractive ratio. Having made a deep study of what Descartes, in Geometria’s Liber 1, had said 
about them, and particularly their subnormals, he went on to widen the topic but abandoned 
his work when it was far from complete. (See the concluding appendix of this volume, on 
geometrical optics, section 1, especially notes (13) and (15).) Newton here takes the topic up 
again briefly, restricting his attention to the ellipse x+y = 6 for simplicity. Later, when he 
returned a third time in November 1665 to the consideration of tangents in bipolar systems 
(6, §3: Example 2 below) he abandoned a fully analytical treatment, preferring to expound 
the easier semi-geometrical approach by the limit (‘differential’) triangle at a point. 

(89) This ‘gardener’s’ construction for the ellipse was widely known at the time, and goes 
back in its mathematical theory to Apollonius (Conics: 3, 52) and in its explicit enunciation as 
a construction to Anthemius of Tralles. Newton himself had already noted it down in his 
earliest mathematical notes, probably from Schooten’s Exercitationes (Liber rv, Caput rv: 
325-6) though he must previously have known of Descartes’ description of it in his Dzoptrique 
(= Dioptrice (1650): Caput mr: 142-3: u, Quid sit Ellipsis, @ quomodo sit describenda.) (See 1, 
(90) The constancy of the sum of the focal distances (at an arbitrary point on the ellipse) 
expressed in bipolar co-ordinates. | 
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Againe suppose af=s. fn=t. bc=o. Then is 


XX—YY +a SS—UTAA w 


ac=z+o=o-+ 2a Sa 


That is 2a0o+«x—yy+itt=ss. Alsoe vig: worg +S =f. And 


2870 sstt+Qssaa+ Atiaa—s4—t*—at 
Vi pp we 
Je= set v 4aa 


Making eb=g. And consequently 


Qxxyy + 2xxaa + 2aayy — x*—y*—a’ i 2g°0 _ 2sstt-+ 2ssaa+ Qaatt—s*—t— a 90 
4aa v 4aa 


Or A = 4aoxx — 4aoyy 


=e + 4aayy — 4a°0 — 4aatt= 0.) Lastly by the nature 


of the line b—t=s. And b[b]—2bt+ tt=ss=2a0+xx—yy+itt. Or 


—2a0—xx+yy+bb 


— .(94) 
= t. 


x—>S 

(91) The increment, as f >t \ of z = aisle EE 

2a 
Z>Z+ 0 

(92) The value of g* is not substituted in the term 2go/v since it is already multiplied by o 
and therefore its increment will not affect the calculation (by the first observation on p. 273 
above). 

(93) That is, substituting for s? its equal t?+*?—y*+2a0, with 

s4— x4 = 2x2(t2—y?) + (t2—-y2)? + 4a0(x? + 2 —y?) +.40%0?, 
— 2 (5242 —x?y?) = —202(t? —y?) —2x2(t2 —y?) —4aot? 
and —2a?(s*—x?) = —2a?(t?—y?) —4a%o, 
It follows that 
(54+ ¢4+ a4 — 257t? — 252a? — 2a?t?) — (x4 +44 + a4 — 2x2y? — 2x2q2 — 2a?y?) 
= —4a0(y? — x? + a) +4a7(y?—#) = 4a%o( 
where the term 440? containing a power of 0 is ‘blotted out’. 

(94) That is, since —x?+(b—y)? = 0, t = y—(a/b)o. Newton, not realizing this, falters in 
his further calculations, then flounders with an ugly equation and so cancels the whole 
paragraph. 

(95) Newton here cancels his whole calculation, though little is in fact needed to complete 
it. Since t = y—(a/b)o (note (94)), 


0 


-2(a-2)), 


Pia —25 y: further, Bato(&) = 4a7(t? —y*) + 4a0(y? —x*+<a?), 
€or oj not) Re 2 Fe 8 ee 
or - =4 lim ( gd 5 ees = oy rene Sy ee, 
2 
and finally jj. - 


(a/b)x—z 
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re “Se a ‘ 
And oi See ee Sata We valor substituted into 


y® Equation A, the result is 


8aaggo + 4a°bbo — 4a5o — x4a? + 2xxyyaa + 2aabbxx — aay* + 2aabbyy — bta* 
v bb 


e As if@® 


[=0.]°© 


(96) Newton begins to redraft his previous calculation, but immediately leaves off. It 
seems clear that in his scheme eg and ea are respectively tangent and normal to the curve at e, 
with eb1gban and n the further focus. Adding therefore the second focus m, we may easily 


outline how Newton could have completed his general investigation of the tangent and normal 
in a bipolar co-ordinate system in the following way. Suppose, much as before, that me = x, 
ne = y, mm = a and mb = z with s, t and z+o the increments of x, y and z respectively. 
Following Newton’s previous argument almost through, we may show that 


A py ae 
pats Ee. (or az = YF +") 
2a 2a 
and, where eb = g with subtangent gb = v and subnormal ba = u, 
2 8.4 29\8 
f= a= a_ (Ct) > 


so that ultimately 
a y? dy 
= ae 


2 
Bessa ap + lim ( 
U o->zero o->zero 0 


)+a-z, or an = a—(u+z) =—y lim ( 
Finally, since 
—— + EE (—*) (=*)] - Mai dy 
+o = = ? as 4 
es ; Fc Peo 0 "dz 4a dz’ 


or on substitution ma = u+z = x(dx/dz). Alternatively, a = (dx/dz) (x—y(dy/dx)) and so, with 
this substituted in the preceding, ma = u+z = ax/[x—y(dy/dx)]. (Compare the concluding 
appendix on geometrical optics, section 1, note (15).) 
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THE CALCULUS BECOMES 
AN ALGORITHM 


[Middle? 1665] 


From the originals in the University Library, Cambridge 


§1 APPROACH TO THE FUNDAMENTAL 
THEOREM OF THE CALCULUS 
[1]® An equation given; if both x, & y, [be of] divers dimensions, try if y* 
roote of one of 7) may be extracted: & If a quantity wherein y is not is 
divided by x in y® line equall to x. yt crooked [line] cannot be squared. 


To Square those lines in w* 1s y onely. 


If y is in but one terme onely of y* Equation (as xx=ay. or, a?=xxy) resolve 
y* Eq: into y® proport™ y:a (as y:a::xx:da. or, y:a::aa:xx.) If y® line hath 
Assymptotes®) 


(1) The dating is hazarded on the basis of an examination of Newton’s writing. His testi- 
mony, published and unpublished, at the time of the fluxion priority dispute half a century 
afterwards affords loose confirmation. (The strong basis of Newton’s testimony about his 
early papers was his own reappraisal of the documents here printed, backed by an often 
blurred memory of his early years of discovery. We need not stand by it rigidly.) 

(2) Fragments from Add. 4000: 92”, 94” respectively. 

(3) Read ‘y™’, 

(4) Newton first continued with ‘whereby y® =, may often be reduced to fewer termes & 
sometimes to fewer dimensions: if it cannot y® line [? may not be squared]’. (As Newton 
writes elsewhere on the page ‘[For] =, [read] equation’.) 

(5) Read ‘y’. 


(6) In general | RP dace Fal x?+1 but, for p = —1, | «de = logx is not quadrable. It 


follows that, where y = >) (a;x‘) has the non-zero term —, then | y.dx ‘cannot be squared’. 
; | 


(7) ‘Proportion’. 

(8) Newton breaks off in mid-sentence. A ‘line hath Assymptotes’ when x, y are not 
simultaneously infinite in its defining equation, and for the simple lines here considered this 
condition selects the general hyperbolas x/y% = a*+#, with | 


[yds = a »(p/2) ax = ee. 
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[2] The line cdf 1s a Parab. 
4ac=2ad=r=2Qna=2ge.0 ce=x. 


he 


j=—y. re=yy. gerefirgrivrx::e0:ap. 


co=z, ap=a. Sra=zlrx. Srraa=122 
: =2. ap=a. sra=2 rx. Frraa=rz24. 
= 2ee. @) or supposeing ed=y.0 

1 raa 1 

-, : a ae Se - h 

: : *=Y + 4" & Z zzy + goer we 
S shews y® nature of y® crooked line po. 
now if dt=ap. y® drst=eoap. for sup- 
. poseing eo moves uniformely from ap, & 


rs moves from dt wt® motion decrease- 
“ ing in y® same pportic@ yt y® line eo 
doth shorten. 


Suppos aq=ap= 5 =a" & eq=—y. 
r 1 
a: = en (17) 
Koy ir then — 16 
suppose Z=a+y. y” Le = aax + Zayx + yyx. 


Bs ata yey 09 
Or aax + 2ayx + yyx+ yar gay +499" = 76: 


Or aax+ 2ayx + yyx— jaar _ Sayr am “uyr= _ f (20) 


(9) Add. 4000: 93", 94". 

(10) The lines na and ge respectively are the subnormals (of constant length }r) at the 
points d and f on the parabola. Since ac = }7, then ad = $r also. 

(11) That is, where ce = x and eo = z, the defining equation of (0). 

(12) A new variable, not to be confused with ef = y above (or q=y below). 

(13) Since ec—ea = ac = }ra*(1/a?) = tr. (14) Read ‘ proportion ’. 

(15) Since z/a = dy/dx (and so, where ¢ is an independent variable of ‘time’, the ‘motion’ 
a(dy/dt) = z(dx/dt)), therefore 


(copa) = [i za = [’ a.dy = (rstd). 
+ ir 
(16) Read ‘Suppose aq (= 5) =ap(=a)’. (The subtangent to the parabola y? = rx is of 


length 2x, with aq subtangent at d where ac = x = }.) 
(17) es x = y— fr in fra? = por? = 2x. 
(18) Read sur (19) Where x > x+4r. 
(20) Where x > x—}4r. 
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Or suppose z=y—a. y™ T= aax—2ayx + yyX. 


oe 1 = 18) 1 iss (19) 
Or aax—2ayx+yyx+ yaar ayn + ayy =5 6 


Or aax— 2ayx + yyx— jaar +. Sayr® — yy" = i (20) 
Or, if x=a—x.@) [y"] P =z2a—z21. 
& a+ aay + ayy —aax—2ayx—yyx =. 
Or, a? — 2aay + ayy — aax + 2ayx— yyx= 7, 
ov2 = 227.23) mp=l. mq=a+l.) mo=y=a+l—J/2zz. 
pq(=4) :aq(=37) :0g(=x+2):mv=y + 2zz. 


-. _ + 4zzr (26 


Zay + 22/2aa _ 
r 2 16zz 


ay +a/2zz= ae a 512.09) 
32zzay + 32.23,/2 — 8z3r— rt — 4zzrr= 0.29 


[mp=¢.] mi) = § =a+l—z/2. eae zm 


[3] 
By y* Squares of y® simplest lines to square lines more compound. 
Is[t] those whe[re]in is y. find y® valor of y. If y* number of y* termes in y® 
denom: thereof be neither 1. 3. 6.10. 15. 21. 28. &c. y*line cannot be squared.) 


(18) Read ay? , (19) Where x > x+4r. 
(20) Where x > x—}r. (21) That is, if x >a—x. 


(22) Using the substitutions z = a+y, z = a—y respectively. 

(23) That is, ve = eo and so, since ap = aq = $1, voe = $m = vgm. 
(24) Newton now takes pq = a = }r,/2 or r/,/2. 
(25) Or, since r = a./2 (note (24)), y/2+z =x. 

‘ | 3 q 
(26) Read correctly Bay AEN axa , that is, 16z7(y/2+z) = r(r?+42z?). 
(27) Correctly deduced from the previous line and so vitiated. Read 


1623+ 16V2 yzz—4rzz—r3 =0’. 
(28) Read ‘mo’. 
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If it have but one terme tis squared by finding y® square of each particular 
terme in y® valor of y & y® adding all those squares together. Example 1*. 


A 
— & Hs = mes 


. Then makeing y equall to each particular 


3 
terme. aot ny. [&] — =y. or 38xx=ay. whose 0 is =. & a?=xxy. whose 0 is 


4 
are the O of y® line 


3 4 
=: Ad those two os together & they (viz: a 


1: Obih din? 
3x4-+a*=ayxx. Againe 2a’—2bx§+ x7 =a8x5y, Or cinta y" dis- 
; 2a‘ x — 2bx* = 

€ =— =— == i 4 — 
joynting y° valor of y. y Oh See Ue eee ae Or x’y = 2a*, whose 0 is re 

4° — xb ; : 
ya® = x4, whose O 508° ya® = —2bx°, whose 0 3,5 . which 3 0’s 
(viel: se te aly 
10a°xx 


taken together are y* square sought for. And these lines may be ever squared 


unless in y® valor of y there bee found = : cc-+de 


, &c. for y® squareing of 
y' line depends on y® squareing of y° Hyperbola.®*) As in y® line 


axxy = x* + a8x + ate 


(29) Newton changes his scheme slightly, replacing y by &. 
(30) The remaining calculations, lengthy and erroneous, are omitted. Essentially Newton, 
having calculated z* and z’, eliminates z from his cubic 


(32a /2 —8r) 23 + (32ay —4r2) 22-14 = 0 


in favour of € and €. (The resulting cubic, if his transformation scheme were correct, would 
have been the transformed defining equation of (0).) Newton makes heavy weather of what 
should have, by now, been a simple reduction of z?(x—4r) = z¢r° by the transform 


[> = +5 (6+8)] 


|. = +4 ic-0| 

(31) Add. 4000: 95’, 96". 

(32) Newton’s criterion is thus that y = [f(x)]/[g(x)] is squareable only if g(x) has, in 
general, 3n(n+1) terms, n = 1, 2, 3, .... What he means is not clear. Perhaps he wishes to say 
that a minimum requirement for y = [f(x)]/[g(x)] is that g(x) be expressible as the square 
(A+Bx+Cx?+Dx3+...)%, At any rate Newton’s criterion excludes, for example, the 
quadrable y = (1+.)~ (k = 3, 4, 6, ...). 

(33) That is, defined in Cartesian co-ordinates by xy = k. See also note (37). 

(34) Or y = x?/a+.a?/x+a°/x*, where the term a?/x is not squareable. 


r 


8° 


with a= 
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one or 


Qdly, If it have 3@5 termes. See if it may be reduced to 
fewer 


dimensions 


by adding or subtracting a knowne quantity to or from x. 
Example. 2bax-+axx=bby + 2bxy +xxy.8® wh (makeing x-+5=z) is thus 
a he ie 
Z 


reduced zzy= —bba+azz. Or ; 


[4]85 
A Method whereby to square those crooked lines w** may bee squared. 

That a line may be squared Geometrically tis required y‘ its area may be 
expressed in generall by some equation in w® there is an unknowne quantity, 
so yt this quantity being determined y® area thereof (comprehended by y* 
crooked line, y® two lines to w™ all y® points in y® crooked line are referred 
[& y* base]®) is limited & may bee found by y* same equation. Also every 
such equation must be of two dimensions because it expresseth y* quantity of a 
superficies.@» 

That an equation? expresse y® area of a crooked“) line tis required y* y* 
superficies increase in an unequall proportion, when y® line (considered as 
unknowne) increaseth in arithmeticall proportion,“ wherefore (supposing x 
always to signifie ye unknowne quantity: a, b, c, &c; to signifie y* quan|t]itys 
given) ax, or xx either alone or added to any other supperficies, serve not to find 
y® area of any crooked line w“ may not be found wout y™. 


Prop: 


Haveing an equation of 2 dimensions to find w' crooke line it is whose area it 
hare ; , 
doth expresse. suppose y* equation is —. nameing y® quantitys, a=dh=kl. 


3 
bg=y. db=mk=x=gp. y° superficies dbg=—. supose y® square dkAl is equall 


(35) Newton has cancelled ‘6, 10, 15, 21,’, and so has already rejected his criterion for 

quadrability (note (32)). 
_ a[(o+%)?—57] 

(36) Ory = sear 

(37) Newton begins to generalize on the particular derivatives he obtained (in section 2 
above) by repeated application of Cartesian subnormal techniques. He shows both a willing- 
ness to formulate hypotheses about quadrable algebraic integrals and a readiness to reject the 
hypothesis when it fails. He remains, however, more than a little shaky in his control of signs 
and continues to accept that the ‘square’ of a’+1/x” (r = 2, 3, 4, ...) is 

be 
pod et 

(38) Add 4000: 120° — 133v. 

(39) Newton first wrote ‘[y* two lines] whose intersections describe y* crooked line, & 
another streight line w“ guides these two lines in their motion w® they describe it’. 
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3 
to y® superficies ghd; y™ dk=2z=bm=lh=— , & aaz=x3, w is an equation 


expressing y° nature of y° line fmd. 
Next makeing nm=s a line w cutteth dmf at right angles. nd=v. 


(40) That is, determined. 
(41) Newton, of course, presupposes that the defining equation of his curve is homogeneous, 


that is, of the form 0 = > (a, xy’), 
© ee 


where the coefficients a; ; are of the order n—(i+)). 

(42) Newton has cancelled ‘super[ficies]’. 

(43) Newton first wrote ‘streight’. (44) Newton has cancelled ‘equally’. 

(45) In the accompanying figure Newton has two points p, while the point n denotes the 
meets of both vay and the normal to the curve at m with the base rdh. There should be no 
confusion, however, in identifying the required points as occasion demands. 
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w is an equation haveing 


x6 
SS— UU + 20% — X% a mb squared. 2 equall rootes & there- 


3 4. ee. fore multiplyed according 
6 to Huddenius his method, 
6x 
20x = 2X + ar produceth another. 
3x® 3x° 


y=z+——. & nb=v—x=-{. 
a a 


5 x8 ie 
Now supposeing mb: bn::dh:bg. that is, aa = ye. { coe 2y Which is y° 


8 
nature of y® line dgw. & y® area dbg = dklh=— , makeing db=:x. dh=a. Or. 


3 
diw = deoh=—, determ[in]ing (dz) to be (x), &c.@® 


» The Demonstration whereof is as followeth. 

Suppose wIlIQQ, 94mz, zfv &c are tangents of y* line dmf. & from theire 
intersections z, §%, v, w draw va, zg, Sis, wx & from theire touch points draw fw, 
mg, II & all parallell to kp. also from y*® same point(s] of intersection draw va, zA, 
Kv, 06.49 And mb:nb::bt:bm::Q2:Pm::kl:bg. wherefore {Uf x bg=fm x kl. 
that is y® rectangle klyu=bdpsg. And mps 8 =Odvy. in like manner it may be 
demonstrated yt agnn=Olop, & puxy?®)=ydvh. &c so y' y® rectangle pshd@) is 
equall to any number of such=like squares inscribed twixt y* line ny® & y° 
point d, w squares if they bee infinite in number, they will bee equall to y* 
superficies dnywg§.© 


(46) Much as before (in section 2 above, especially §2) Newton finds the subnormal 
nb = v—x = y(dy/dx) and we may deduce immediately z/a = dy/dx, given ay = | z.dx. What 


is new here is the geometrical proof by inscribed and circumscribed mixtilinea which follows. 

(47) In Newton’s figure, with the tangent wd at d coincident with the axis rdh, w€ (parallel 
to rdh) is coincident with rdh and so ¢ with h. In an original, cancelled version of the figure, 
however, wd is drawn distinct from rdh and w€ a little above rdh. 

(48) Read ‘pwxy’. (49) Read ‘pohd’. (50) Read ‘ny’. 

(51) Read ‘dnywgt’. The result is that used, many times over, in the preceding pages of 
the notebook Add. 4000 (here transcribed as section 2 above), but what is exciting is the 
structure of the proof now supplied by Newton. Formally, this derives from the similar 
structure used by Heuraet in his letter, of 13 January 1659 to Schooten, on rectification 
(printed almost immediately by the latter as Epistola de Transmutatione Curvarum Linearum in 
Rectas = Geometria: 517-20) and Newton’s figure is essentially a copy of Heuraet’s. Where, 
however, Heuraet had used the structure in his development of a general rectification proce- 


dure, constructing geometricall 2 
aa 


and considering as examples the general parabolas ay’ = x’+1 (r = 2, 3, ...), Newton here 
applies it to the allied quadrature problem, constructing 


] 3 ayes. 
7 | ede where z = a7. af (x). 
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This being demonstrated that I may shunne confusion in squareing y* lines 
of every sort I shall use this method in distinguishing y™. viz: 

first. such lines whose area is exprest by equations in w y® unknowne 
quantity is numerator, & y‘ 18‘ all y® sines® being affirmative, 2°'Y mixed. 

2¢ly, lines whose area is exprest by quantitys in w“ y* unknowne quantity is 
divisor, & those 18t under affirmative sines,©?) 24 under mixed ones. 

3. lines squared by equations mixt of y® 2 former kinds, whose quantitys are 
all 15[*] affirmative[,] 2% mixt. 


The squareing of those lines whose area is exprest by affirmative quantitys in 
wh y? unknowne quantity is numerat’ ®) 


The equations expressing the nature of y° lines. Theire square. 

x3 

3xx=ay. Parab: ———_____— _ 
x4 

ae a ccaecuan a 
4x° = aay. a 
xb 

Sxt==gn". —————_ 3 
x6 

6x° = ya'. a 
“ft 

Iie. =F 


We may, if we wish, see either as a geometrical proof of the fundamental theorem of the 
calculus: that, where F’(x) = G(x), then } G(x) .dx = F(x). (Indeed James Gregory’s re- 


formulation of Neil’s equivalent rectification procedure in proposition 6 of his Geometrie Pars 
Universalis (Padua, 1668) has in recent years been presented in a similar capacity, and 
H. W. Turnbull in his printing of a revised form of the present proposition ([5] below) in his 
Correspondence of Isaac Newton, 2 (1960): 164—7, especially note (2), strongly emphasized this 
aspect.) Perhaps to our modern taste certain inadequacies mar Newton’s proof, but they may be 
remedied by applying rigorously a full-blown exhaustion procedure. To that end it is necessary 
that the areas (pahd) = (wnawq 8 syx) be bounded by those of the inscribed and circumscribed 
rectilinea; that any interval nz, 7p, pw, wd be made arbitrarily small (by suitable subdivision 
of the curve fmIId) ; and finally that the difference between the inscribed and circumscribed 
rectilinea (less than ny x 7p, where 7p is the greatest of the subintervals:of nd) also be made 
arbitrarily small. Clearly all these conditions may be met on the present model. (Compare 
D. T. Whiteside, ‘Patterns of Mathematical Thought in the later Seventeenth Century’, 
Archive for History of Exact Sciences, 1 (1961): ch. rx: 331-48.) 

(52) Read ‘signes’. 

(53) For the first time Newton begins to draft a set of tables of standard forms of integrals 
(or rather derivatives, since the integrals are defined merely as the inverse of the derivatives 
and the operation of differentiating, in the modified Cartesian form which requires prior 
finding of the subnormal, is clearly the more fundamental). 

20 WHN 
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& soe infinitely. 


4x3 +. 3bx? = bay. eis 
5x4 + 3b7x? = bbay. a+ as ; 
6x® + 3b3x? = dF ay, = s 
7x8 +. 3b4x? = btay. = 5. 


Soe yt y® nature of every crooked line, whose area is compounded of y° area of 2 
or more of y® former lines, or of y® difference of y® area of 2 or more of y* former 
lines, is exprest by an equation compounded of y* equations expresing y® nature 
of those lines. 


weer 
4x3 — 3bx? = bay. — ¥ 
5__ x8 
sit ah524—bbay. — 
er 
6x° — 33x? = bay. 5 —= 


The squareing those lines whose area ts exprest by an equation in w% y? 
unknown quantity 1s denominator. 


The equations expressing ye nature of y* line. The square whereof.) 

8 
xxy =a, ee om: 
x 

at 
3y = 2at., a 
x®y = 2a . 
a 

4, 975 

x*y = 3a”. —————————————— —. 
x3 


(54) Newton has cancelled ‘when x [is] greater then a. x lesse then a.’ It seems that he 
intended to distinguish these two cases in parallel integral columns, but soon changed his mind. 
There seems little advantage in so doing. 


grt? qgrt2 
(55) [eS =- (r= 1,2...). 


r+1 


Here, as regularly below, Newton omits the necessary change of sign, and indeed it is 
difficult to control the sign of the derivative when one has each time first to calculate the 
subnormal. 
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x5y = 408 . 
'y = 408, sat sale ccealcsiostck <i team ae re 
Ror Ra? a’ 655) 
y= Ga". SI EIEEEEEEEEEEEEEEEEREEEEEEEEEEEEEED mt 
4yy=-Oax: Parab: 9 ——————____— xJlax. 
4ayy = 25x, —..-—___-——- = ax. 
i 
aa 
4 
4a°yy = 81x". EE “5 Jax. 
5 
4a"yy=121x49,.§ ——____________ - ax, 8) 
4xyy =a’. on a ax. 
ee ee a. 
x 
8 
4x5y2— 9a’, ee) 
xx 
4 
kiya Bindi nash Ag dees ci econ alge, 
x 
a /- 
aya, a 
ax? + 12aax+ 403 = 4yyx+ 4ayy. | x Jax-+aa. 
_ eee Ss 
25x4 + 40ax3 + 1 6aax? = 4axy? + 4aay?. = Jax + aa. 
8 
49x84 84ax°+ 36a2x4 = 4a3xy?+ 4aty?. = Jax + aa. 
4 
81x°+ 144ax? + 64aax® = 4a°xy? + 4a%y?. _ Jax +aa,©® 
2r+1 Hers) xt 
(56) {( mn )«(%) dx = iJ (ax) (7 = 1,2,...). 
ig 9r—3 4(2r—1) r 
(57) -{FF)e (2) dx = (ax) (r= 1,2...) 


(Newton artfully bypasses the difficulty of the sign change by squaring the derivative.) 
(58) | y.dx = Varta") where 2a’-$y,/[x+a] = x7-1[(2r+1) x+2ra]. 
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a® = 4xy" + 4ayy. a/ax-+aa. 
a°x? + 4a8x + 4a" = 4x°yy + 4axty?, - Jax +aa. 
3 
9a’x? + 2408 + 160° = 4x7y?+ 4axSy?, — ax -+-aa. 
4 
25a°x2 + 60alx + 3604 = 4x9y? + dax8y?. 3 Jax + aa.) 
9ax* — 12aax + 4a3 = 4xy?— 4ayy. x Jax —aa. 
2 
25x4 — 40ax3 + 1 6aax? = 4axy? — 4aayy. = ax — aa. 
a? = 4xy? — 4ay?. a./ax—aa. 
a°x* — 4a%x% + 4a" = 4x°yy — 4ax4yy. = Jax —aa. 
Qax* — 12aax + 4a3 = 4ayy — 4xyy. x/aa—ax. 
2 
25x4 — 40ax3 +- 1 6aax? = 4a?yy — 4axyy. = Jaa—ax. 
a® = 4ay*— 4xy?. a/aa—ax. 
a°x — 4a®x + 4a’ = 4axtyy — 4x°yy. = Jaa — ax.(80 


Note y‘ the lines whose nature is exprest by y® 4 latter sets of equations are y® 
same w' the lines of y® 2 former sorts. Doubtfull.6» 


Qaax + 24axx + 16x3 = 4xyy + 4ayy. lax + x2. 
25aax® + 60ax* + 36x° = 4aaxyy + 4a8yy. = ax+ xX. 
3 
49aax® + 112ax6 + 64x? = 4at*xyy + 4a®°yy. ~— ax + xx. 
4 
8laax’ + 180ax® + 100x9 = 4a®xyy + 4a°yy. 3 VAX+KX. 


(59) — [yds ro Svar tat] where 2x’y,/[x+a] = a’+4[(2r—3) x+ (2r—2) a]. 
(60) In general, 


fy.as sn 0+ (ar—a)] where 2a’-ty,/[+(x—a)] = +27-[(2r+1) x—2ra], 
and 
— [y.ds wae V[+(ax—a*)] where 2x’y,/[+(x—a)] = + a’*4] (2r —3) x — (2r —2) a}. 


yrl 


Sal 
q’—1 


(61) In fact, with a few sign changes the derivatives of ——./[ + (ax +a*)] are ‘y® same’, 


and so for av [ + (ax +a*)]. They are, however, far from being identical. 
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a* + 4a°x + 4aaxx = 4axyy + 4xxyy. 
a® = 4ax®yy + 4x4yy. 
9a® + 12a’x + 4a%x? = 4ax®yy + 4x®y?. 
25a10+ 40a°x + 1 6a8x? = 4ax"yy + 4x8yy. 
Qaax — 24axx + 16x° = 4ayy — 4xyy. 


4x4 + 4aaxx + a*=xxyy + aayy. 
9x6 + 12aax* + 4atx? = aaxxy? + aty?. 


16x§ + 24aax® + 9atx4 = atx?y? + a®y?. 
25x10 + 40aax8 + 1 6a4x® = a®x2y? + a8y?, 
AAXX = AAYY + XxXYY. 
a’ = aax*yy + x®yy. 
4a) + 4a®xx + a&x4 = aax®yy + x8 yy. 
9al2+ 124) xx% + 4a8x4 = aax®y? + xl yy. 


4x4 — 4aaxx + a*=aayy —xxyy. 
aaxx = aayy —xxyy. 


a® = aax*yy — x®yy. 


ae 


AN AX+ XX. 


— Vax HR. 


3 


a 
— Jax+ xx. 
xXx 
4 
a 
—3N ax + Xxx. 
x 
x Jax —xx.62) 


x Jaa + xX. 


= Jaa + XX. 
2 
x4 
WBN aa xx. 


aJaa+xx. 


— Jaa ax. 


x3 
2 aat- xXx. 


ae 
— /Aa+ xx. 
Xx 


4 


~3Vaa + Xx. 


X/aAa— xXx. 
Ans aa— XX, 


aa aa — xx 
x 


See 
, [00 
x 


(62) [y.ae = lax + 2] where 2a’-ly,/[ax+x7] = [(2r+1) ax + (2r+2) x7] x7-1, 
and — | y.as = oa Vleet 2 where 2x’y,/[ax+x7] = a’[(2r—3) ax+2(r—2) x*]. 


(63) { y.ax = 5 J[a?+*?] where a’-ly,/[a?+x7] = x°-[ra? + (r+1) x*], 


i \[a2+%7] where x’y,/[a?+x?] = a’[(r—1) a? + (r—2) x?]. 


(Note that a J —“] me © atx], 


and - | y.de = 
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at + 3a*bx + 4aax? + sbba® + 6bx3 + 4x4 = a?y?. x J aa+bx-+xx. 


+bx 
+ xx 


aabb + 4aabx + 4aaxx = 4ccyy + 4bxy? + 4xxy". alcc-+ bx + xx. 
Ja? + x4, 


a4 + ax’, 
9ax* + 6a8x? + a5 = 4aaxyy + 4x%yy. Jabx + ax3, 


3 
a 


a® = bby +-2bxy+-xxy.—©§ ———_—_—_——_——————- 
2b4x + b4a = xty + 2ax®y + aaxxy. 
3b5x + 2b5a = x5y + 2axty + a®xy. 


4.58x + 3b8a = x*y + Qax®y + a*xty. 


(64) The corresponding entries for the derivative have been omitted—perhaps because they 
are contained in the more systematically arranged tables below? 


prt2 
(65) — [y.de = Sey where sy(ata)* = b[re+ (rl) 
_ ee r—1 2 — yrtl f 
and [ud ” Flees) where a’—ly(b +x)? = x"+1[(r+1) «+ (r+ 2) 5]. 
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aab = bby + 2bxy-+-xxy. ———-_ 5; = 
Qbax + axx = bby +2Qbxy+xxy. § ——————_. ,- —..) 


Qat*x = bty + 2hbxxy + x4y. 


> 
ei 


b3 + x25 ° 
x6 
b4 + bbx?° 
a «* 
5 + f3lx2° 
ax 
bb + x?" 
aAaxx 
bb+- xx’ 
.. 
bb+ xx" 
- fy. dx = nae $x) where x’y(b?+.x?)? = a’+3[(7r+1)x?4+ (r—1) 67], 


and 2 (though Newton makes no entries in the derivative column) 


r+3 
{ y.dx = aa +8) where a’—ly(b?+ x)? = x7+#[ (r+ 1) x? + (r+3) 57]. 
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29 A me 
27x°y8 = 8a’, aa/¢: aaax 
x 
3 
27x8y8 =125a4%, = ——_—______—_—_—_—_ « ¢:aax. 
x 
4 
27xllys — 51244, —_—_——_______—_ “3 Vez aan. 
27xy2=8at, § ————_____—__——_ ac. axx. 
278 =a,§ ———_—_—___—__—_————_- = C2Axx. 
3 
27x7y8 = 64q©,§ ——_________—_ —e: aR. 
27x10y8 = 343@38, © ———$________ i -axx 9 
27y* =64aax, $= ———_—_——___———___ *N€: ax. 
a = /¢3 aan. 
27a*y® = 1000x?,. $3 ————___—___ © Jesaax. 
27y8=125ax2, §$ ——___—__————_ xe: axx. 
24; =-6ie ee = CLaXxX. 
3 
ef -i1e. — Jezax.69 


[.. .Je 


(67) — [yas = i (a2x)$ where (3y)3x9-1 = (8r—4)8a9r+?, 
and ~ { y.dx = os (ax?) where (8y)?x9"-? = (8r—5)8a?+1, 
(68) | y.ds =, (atx)t where (3y)8a®-5 = (r+ 1)2*-8, 
and | y.dx = ma (ax?) where (3y)8a®"-4 = (8r+2)8x3-1, 


(69) In a similar way Newton here enters on the right the integrals 
__ gif ea oe mae 2 
eae +a) and ao (8+ x3) (r = 1, 2,3, 4) together wit Bax 


(s = I, 2, 3, 4), 


but gives no entry in the corresponding column of derivatives. 
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256%°y4=a?,§_§ ——_—____________—__- a/qq:aaax. 
2562';4=8la2,  ——_—____—__—_ = qq: aaax. 
25644y4=2401e5, ——______—_—_ tx] qq: aaax. 
256xy4=81a5,_§ —————____—___ a qq: a". 
256x544 = 2, ———_<__—_—_—__—___- << qq:ax®, 
a? 

-e a qq:ax3. 

13,4 17 at 3 (70 
age ieee.) a eee ee rae a oe “aN 99: 4x — 


[5] A Method whereby to square such crooked lines as may be squared. 


If ye crooked lines cha & ad are of such a nature that (supposeing (gh) 
parallell to (qa), & (bh) perpendic: to cha & (an) a given line) gh:bg::an: ge 
Then y° area (age(7®)) = (gina) y* rectangle made by (an) & (gh). 


Demonstration. 


Suppose a7, id, de, &c; are tangents of cha, from whose intersections or 
ends are drawne ec, df, iz, gw, &c & from whose touch points are drawne £0, 
hd, Au, &c: all parallell to av. From y° said intersections draw sw, tk, dm, es, &c. 
parallel to bn. Since gh:bg::pd:ip::an:ge") pdx ge =ir xan. that is 
opkmt=curfs. by y® same reason [O]émso=[O]rrey; & [Olupkw) =[0 ]euze. 
&c: Thus also it may be prooved yt y® Guwna is equall to any number of such 
like Os inscribed twixt y* line Cw & y® point a,“ w“ if they be infinite are equall 
to [y*] superficies Caw=vwna. also gnud=qlIISi. &c. 


(70) — | y.dx = i (a®x)t where (4y)*x47-1 = (4r—5)*at+8, 


and a y.dx = = (ax8)t where (4y)4x4’-3 = (4r—7)*a¥+1, 


(71) Add 4000: 134°-186", partially printed in Correspondence of Isaac Newton, 2 (1960): 
no. 190: 164-7. (The diagrams there reproduced are, however, incorrect in several important 
respects, and unnecessary transliterations have been carried through in the text.) 

(72) Read ‘g@’. (73) Read ‘ag@’. 

(74) Here and above Newton misreads his diagram, for the point is not on the curve. 
Read correctly, perhaps, ‘ha’. (The line ea is tangent to the curve fha at a.) 

(75) Read ‘ow’. 

(76) Read ‘g@’, (77) Read ‘ip’. (78) Read ‘upkw’. 

(79) At infinity in Newton’s second figure. 
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erent 


g v w 

2 Gewese 

ie ea 

—_ SEPT ERS | 

= 

A enn) A TEve Col eS 2% I 

a cacented STE 5 ek Se ; 
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Prop 1®° 
To find ig line whose area is exprest by any given equation. Suppose x 


x8 
equatid is— — = nameing y* quantitys a=an. x=ag. —=qlna=gda. gh=qa= S. 
bh=s. ba= “9,62 

6 
ss —vv + 20x — xx = “4 . w°) equacd hath 2 equall rootes & is therefore multiplied 


rl 
6 
o> tse according to Huddenius his Meth: mae, 


5 3 9x5 | 
gb=v—x= — . Wherefore if =: oa <2 si = g[9].©9) therefore adw is a Parab: 


& ag[ 9} =" = gina, 
Also if y° Equation be = —, Then makeing a=an. x=ag. © = qlna= g[F]a.6% 
qa==gh. bh=s. ba=v. 


ss 00+ Doan w% multiplied by Huddenius his method by reas6 
a 4 4 

. of 2 equall rootes [is] —20x+ x=, =a. 
ge 00 


: mgt a g[v]S)=y. & a®=xxy. w last 


at 
x—v=gh=—4. Lastly “ 


8 
equation expresseth y* nature of y® line a9o,® whose surface a[ 3] g°*) = glan =< 


Note [y‘] I call yt line (x) to w both y® lines cha®® & adw have respect as 
ma, ga, &c. but y* line to w™ but one line hath respect I call (y) as gd, mu [&c): 
or (z) as gh, mA, &c. 

If ax™ = by". (m & n being numbers y* signifie y° dimensions of x & y), then 

nxy = 
n-+-m 
of y* line.6” 


=agd, y® area of y® line av}. And ifa=b x x™ xy". y® is eee ad y® area 


(80) This proof, likewise modelled on that of Heuraet’s rectification method (note (51)), 
follows much as before in [4]. 


(81) Which Newton will suppose equal to ay = | z.dx. 
(82) That is bh is the normal and bg = v—«x the subnormal at A. 
(83) At each of these places Newton wrote ‘e’ instead of the correct ‘3’. 


(84) More correctly, —a°/xx. 
(85) Read ‘a@w’. (86) Read ‘ha’. 


LM one n =< 
(87) Where ax*™ = by", then fund ane 
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The squareing of y* simplest lines in w% y is but of one dimension. 
Equations expressing y° 


nature of y* lines. | Theire squares. Lines. * ae 
a® 
3xx=ay. Parab: ———— —. | xy=a. ————————__ —. 
a x 
x as 
4x3 = aay. ————_———-_ —.. | #*y=2a*,. —————————___ —_.. 
aa ax 
x a® 
wim oil 44, — 345 ; = 
5x8 = ya". at x*y == Ba?. 3 
2 ae 
bal By — 48 : ee 
6x° = ya*. 7 xy = 4a". : ai 
&e &c, 9) 


The square of y° Simplest lines in w%" y is of 2 dimensions. 
The lines [to be] 


squared. Theire Squares.| Lines [to be] squared. Os. 
4yy=9ax. Parab: —— xJax. 4xyy=a®, ———————_ aWaax. 
4ayy=25%°, —————_ = ax, | 4x°yy=a, —————_—_—— = Jax. 

3 5 x 5 7 a° Jas 
4a°yy =49x°,  ———_—— ma ge Lok ee erg eepenee ioe aN 

is at 
4a°yy=81x', ————— a vax. | 4x"yy=25a°, ———_——— gai 
&c &c.0% 


(88) Read ‘Squares’. 


r+2 
(89) [ana = = where a’y = (r+2)x"H, 
qrt2 
and -[y.d eters where x7tly = ra? (r = 1, 2, 3, 4). 
(90) | y.as = 5 [ax] where Qar-hy = (2r+1) xt, 


and ~ | y.dx = a5 J[ax] where 2x*-ty = (2r—3) a4 (r = 1, 2,3, 4). 
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The square of those lines where y 1s of 3 dimensions onely. 


The lines squared. Their squares.| Lines squared. Theire Squares. 
27 xy? = 8at. ————-._ avc:axx. | 27y3=64aax. ———— xc: aax. 
2-2. au craxs | Diay=O40e4 eee = C:aax. 
3 
27x'y® = 64a™, — Je:axx. | 2'7a4y3=1000x7, ——— me; : ax. 
a A 
27 xiy8 — 343a18, —— «Nc:axx. Sea 210Ie. oh, C:aax. 
x a 
&c. &c. 
27xxy? = a>, —————  aNc:aax. | 27y8=125ax7, ———— x01 aX. 
27 = 382°, < c:aax. | 27aay?=512x°. Jeane. 
8 8 
27x8y) =125a4. —— © Jezaax. Rey —133i".—— * Jeraxx. 
ax aa 


4 
= Ve:aax. Sy ees oe ~Noraxx. 
x a 


2744? — 512e". 


(91) “ee [ya = (at) where (3y)8x9"-2 = (3r—5)8 a9"*}, 
[y-d = Ss ax) where aya a (87+ ree, 


—|y.dx = — (ax) where (3y)8x'r-l = (38r—4)?a*r+?, 


and finally 


[u.ae ‘5 (ax) where (3y)?a%—-4 = (3r+2)8x3-1_ (r = 1, 2, 3, 4). 
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[6] 
A Method whereby to find y* areas of Those Lines w can bee squared. 
Prop: 18. Ifab=xLy=be. ch=z. bd=v. secant®) =cd. m & n are numbers 
expressing y® dimensions of x, y, or z. a, ), 


c, d, &c. are knowne quantitys, & aa am 


k 
y" —— oe =y, And in generall oa 
what ever y° relation twixt x & z bee, make 7 
all y® termes equall to nothing, multiply I See ee 
each terme by so many times zz as x hath b 


dimensions in yt terme, for a Numerator: 

y™ multiply each terme by soe many times 

—x as z hath dimensions in y‘ terme for a 

denominator in y® valor of v.@ é 
Prop: 2°, Ifhi=r. & rv=zy.©) y® hi & be 

describe equall spaces higk, or hiak[,]©9 & 

abef. that is abef=aikh. 


Prop: 39. If atx™ = by", Or aie yy” 18 
nxy nxXax cn 


na” ie 
line abef. And if a y: y" Is 


xn 7 k a 


= 


ae ee abef 


sae —n+m 


n—m 
n—mxbx n 


) 


eicae n 


nee m—n 


n—mxbx n 


(92) Add. 4000: 147", 148", 149", printed in the Correspondence of Isaac Newton, 2 (1960): 
no. 191: 168-71. Newton revises his previous drafts and presents a finished version, in eight 
propositions, of his approach to the derivative by the subnormal. (Note that the first accom- 
panying figure has two points k.) 

(93) That is the normal to the curve at c. 

(94) Newton inserts his general algorithm for evaluating the subnormal v = z(dz/dx), at an 
arbitrary point of the curve whose Cartesian defining equation is 

> (1z*.a;, ,x!z/) 
0 = a; ,x'z/), in the f rt a ns 
2 (a; ,x'z/), in orm v » (—jx.a,, ,x!z4) 


by 
(Compare 2, historical note and §2; and 4, §3.1 above.) 
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Demonstracon. 
m+n 
yj nax ee 
For Suppose akhz is a parallelogram & equall i —— . Be ag 
mtn ™m m 


ayn m 
——— = = =v. & (prop 2%) n=zy; y* is oe ay, 
axmtl = fyntl 
met he ee 

And in generall if y* valor of y consists of severall termes so y* x is not of divers 
dimensions in y® denominator of any terme, y" multiply each terme by x & 
divide it by y° number of y* dimensions of x,® all those products shall bee y* 
area of y* given line:4© supposeing also y* either none or all y* signes of those 
termes are changed by this operation. For ifsome bee changed & others bee not 
they pro[c]eed divers ways & joyne not & y" y® quantitys y or x must bee 
increased or diminished or otherwis altered.@° 

The reason of this prop: is, yt y* area described by y is also described by its 
parts[,] yt is by y® termes of its valor, & w* areas those termes describe 


appeares by prop 34. 


& (prop 1) 


Prop: 4, If y=ax™+bx". y® is 


(95) That is, if be:bd = hi:be or y = r(dz/dx) (with r = 1 in Prop: Ist). 
(96) In the upper and lower figures respectively. 


(97) That is, [y-as 
(98) Together these two results state the fundamental integration rule that 


[xt dx = ae ett 


(with p, implicitly, not —1). 
(99) That is, by the new index of x (increased by unity from the old). 


(100) Or, where as 2 (a;*"); fv. = (957): 


(101) Newton here seems to require that one of the integral bounds be 0 or 00 and the 
other x (freely variable). Then, since integration maintains or changes the sign of a term 
according as the dimension of the bound variable is positive or negative, such an expression as 


{ : (ax' + Bx/).dx (where i and j are of different sign) will usually be infinite: for if 
0 


lim (<5 xt) 
20 \t+1 
is finite it must be zero and so 7+1 positive, but correspondingly 
lim (; aS x +s) 
20 \j+1 
is infinite unless —1 < 7 < 0 when1l >72 0. 


(102) Or fz (a5j2h) dae 3S ( fax.as). 
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Prop 5‘. The progressions in this Table may bee designed by these geomet’: 
b b b lines. Whereby also any interme- 


a 

es : : ee ee od ee diate termes may bee found. 
—2. = 1201 28, 4.5, OF 78, 9, wxey. 

3. 1.0.0. 1.3. 6. 10. 15, 21. 28.36. ~+xx—x=2y. 
—~4, —1. 0. 0. 0. 1. 4. 10. 20. 35. 56. 84. ~x®—3xx4+2x=6y. 

5. 1.0.0.0.0.1.5. 15. 35. 70. 126, ~x4—6x9+ Llxx — 6x = 24y. 

~6. —1. 0.0. 0.0.0.1. 6. 21. 56, 126. ~x5—10x4+35x8 — 50xx + 24x = 120y. 

7, 1.0.0,0.0.0.0. 1. 7. 28,84, ~x°— 15x54 85x4—225x8 + 274ex — 120% = 720y. 
—~8, —1.0.0.0.0.0.0. 0. 1. 8 36. ~x?—2Q1x8+175x5—735x4+ &c: =5040y. 


The distance of y® terme ) from y* terme a being called x. & the quantity of y* 
terme being y. & each terme being distant an unit from y* next.4%) The nature 
of w table is such yt y® sume of any figure & y® figure above it is equall to y*® 
figure after it.2%) & y® nature of y® lines are such y‘ any figure, multiplyed by 
y® number of dimensions of x in y® first terme, being substracted from y® figure 
following it, is equall to y* figure under y‘ following figure.2% And yt‘ y® 
numbers of y may be deduced hence 1X2x3x4xX5x6X7 &c.0) 


Prop 6. If ~ =x. This Progression 


nmxmxXm—nxXm—2nxm—3nxm—4nxm—5n 


a%2 xX Ta =x 2 Se ee ce 


gives all y® quantitys downward, in y® preceding table.2 As ifm=3. n=1. the 
quantitys downward are 


1 m mxXm—n mxXm—nXm—2n mxm—NnXm—WXmMm—38nN ae 


1’ n°’ nx On” ax Ga x Gh} 86x Oe Meee ee 
tj 1 m_i_ n a ese i — ae 
y' is 1. 3. 3.1. &c. so if — 5% ¥itd. 5° 8° 16° 198° 256" . &c, are ye terms 


downward.) 


(103) Newton tabulates y = (*), gma 2 a 1 OT, i, Ore = G, 1, 33, 1. 


(104) Since (*) +( . . ‘ee. 
r r—1 r 
(105) Where (x), = x(x—1) (x—2)...(x-—n+1) = ioe (a, ;x') (with the coefficients a, ; 
<n 
‘Stirling’ numbers of first order), we derive the coourive scheme (x—n) (x), = (*),4, and so, 
comparing coefficients, a, ;14—4,,; = @n44, 7° 


(106) (2), = nly since y = (*) 


(107) Newton expands the general binomial coefficient e 4 as a product. 
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Prop 7, 
re b m m—n_ bb m m—n m—2n $F ™ 
ator =an +" x= = x anf Kage Re a ag RK eage hg Xo. &c. 
As may bee deduced from 

m mb. m—nb  m—2nb  m—3nb m—4nb 

an X —— X ——— X —— XK ———_ X ——_._ &. 


The truth of this Prop: appeareth by compareing it w"® y* two former as also 
by calculation if ~ is a whole & affirmative number, or 3 lesse y® a. 


Prop 8. 


1 

= ee Ke XK 
——,m m m 3°* m 
a+b}n an an an = = van 


m =m—n —m—2n 58 
n 


&c. As may bee deduced from 


1 —mb —mb—nb —mb— 2nb — mb — 3nb 
—i— os i KS SCE. 


= na 2na 3na 4na 


The truth of this appeares also by y* 5t & 6' propositions, or by calculation 
ial oe 


SR 
The truth of these two prop: is also thus demonstrated. If a+ }101% = I 


a j , ; bin 
divide 1 by a+4 as in decimall fractions & find y*® quote ee me Fe eee 
&c. as appeareth also by multiplying both pts by a+0. So I extract y* rote of 
a?--b as if they were decimall numbers & find /a?-++-b=a+ eo + —— &c, 


as also may appeare by squareing both pts.41 


(108) Propositions 4-6 are summarized versions of his first investigations of the binomial 
expansions in the winter of 1664/5. (See 1, 3, §3.2/3.) 

(109) Read ‘Ifa is greater y" 5’, a crucial restriction. The symbol [ isaslight modification 
of Oughtred’s, but Newton may have become familiar with it indirectly, through his reading 
of Barrow’s edition of Euclid, where it is extravagantly used. 


¢ sh 
(110) That is, a+b}* . 


(111) This seems Newton’s first completely general statement of the binomial expansion: 
in modern terms 


mora ee 


21 WHN 


“<1, 
a 
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§2.©0 ALGORITHMS FOR CALCULATING THE 
SUBNORMAL AND ATTEMPTS AT INVERTING 
THE PROCEDURE 


[Autumn 1665?] 


Ne 
J. #8 eee 
~_ One a 
8 446 1 Qy10 4 
7 =y 5 et saticagt ek psn 
a a aa aa 
mi? eee ae eee eee ee. ae 
ae :2bg7: gh?::a*+9x*:a aKa ga 
a®x + 9aax® in Ja*+9x4 _ 


plant hacen: <* bene Bacio 6 
a®+-18atx4+ 81x8 q6- 


[2] 
ec=x. de=v. ea=y. da=db=s. fb=y+a.™ [1] x, potters 


aca, fe f-v-* 
— 4vay — 2aav 

ayy ae eee 

+ 4aayy + 4a°y + a4 

ee rr 


20, «Sebo __2ayr _? 
+8 6vyya 2ay rr 
dl i Se : Bes 2 2a — 2 = y= — & 
[2cly,] x. vww+yy=ss=yy + 2ay &c: +00 &c. ayy v 3 
rr 


(1) Add. 3960. 12: 206, 199-202, partially described by Alexander Witting in ‘Zur Frage 
der Erfindung des Algorithmus der Newtonschen Fluxionsrechnung’, Bibliotheca Mathematica 
312 (1911-12): 56-60. On the wrapper of the manuscript Brewster in 1855 added the 
judicious description: ‘An early paper on deducing the subnormal in a curve from equ°™* 
connecting x & y rationally, & the converse operation’. 

(2) Extracts from a preliminary draft at the foot of f. 206. 

(3) As before v = y(dy/dx) = 4(d/dx) (y*) with s = ./[y?+7] = y(ds/dx). It follows that 
mi = a(s/y) = a(ds/dx), ‘whose v’ is the subnormal of the curve whose ordinate is a(ds/dx), or 


b(d/dx) (mi*) = $(d/dx) [a°(1 + (dy/dx)*)]. 
(4) Read ‘mi*: ge*=aa’. 
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Rule 1st. having y® valor of x in whose ratio Denom™ y is not unless it have 
but one terme, to finde v: Make yy y° Numerator & y® valor of x multiplied 
according to y* dimens: of x in each terme, y® denom: in v’s valor. 


As in this IY __ 9, Phe, 
r PLL 2 
r 
Se Tk Oe Te ee He ¢ 
So in this eo ee ay 
rr 
a Sry aS eee 
r+y r+y+e rt+y rr+2ry+ra+yy+ay 
cn ae SO 
~ Aayr + 2ayy 2ry + yy Qrty * 


rr + 2ry + yy rr + 2ry + yy 


Rule 24, Ify is in y® rationall denom: of x consisting of many termes, for y° 
Numerat: in y* valor of v multiply y by y° denom of x.squared. for y* denominat" 
mu[l]tiply ye Num: of x according to its dimensions & y* product by y* denom:. 
againe multipl[y] y° Denom: according to its dim: & y® product by y* numer’ & 
substract y* less from y*® greater & divide y® diff by y.0 


(5) Newton’s text has no clarifying diagram and there seems no unique way of restoring 

one. However, the analysis is clear, requiring that 
Se a 3 
= with _ Dee tale 

(6) Add. 3960. 12: 206, Newton’s first extended draft. 

(7) That is, Newton denotes by a the limit-increment (bf—ae) of the ordinate ae = y. This 
variant on his more usual Cartesian denotation ¢ is reminiscent of Fermat’s use of E in then 
unprinted manuscript, but it is improbable that Newton knew that. (Apparently, Newton’s 
only contact with Fermat’s infinitesimal researches was through Schooten’s inadequate 
exposition in Geometria: 253-5, where the notation e for the increment of y is used.) The use 
of a is a natural alternative for e and we should not make too much of it. It is possible, how- 
ever, that Newton here wishes to distinguish the increments of x and y by choosing the 
respective denotations ¢ and a for them. 

(8) Much as before, Newton applies Descartes’ method to the invention of the subnormal 
v = y(dy/dx) in the curves y* = rx and y® = r°x—r°, 

(9) Read ‘rationall Denominator’. 

(10) The rule calculates v = y(dy/dx) from x = f(y) in the form y?/[yf’(y)], where 

F'(y) = d/dy. 
(11) Neglecting powers of a. (12) Since v = 2ay/2(ef). 
(13) More generally, where x = f(y)/g(y), Newton finds the subnormal as 


y.[e(y)?? 
(1/y) [uf’(y) .e(y) —ye’(y) Sy) 
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Example. ae ee dl He = Ew 
Qyy in r+y, son in yy 4 
mere ee 


3 73 3 1.27097 &C 31 Qauy &c 13 
Pas, e{—a)=/E. fe [etsy Se. ge ¢ teat e 


3 -- 3ayy 3 3 3 
vu + yy = yy + 2ay &o-+w— 20, [PTS 9» [ zay +20 [2 = 2 [+ 3auy, 


2,/¥ : 
becca [f+ v7 = at. oe 1 [f= soa remesaa ; See a 

gt 

T 


Rule 18. If y is not in y° denom: of y* valor of xx. unlesse y* Denom: have but 
one terme double y* valor of x & x @5 it by y for a Numer": Then mult: y® valor 
of xx according to ys dimens: in it & divide it by y for a Denom: in y* valor of v: 


ay, [2 aft ‘ 
r 2/ry tiie 2rY (16) 
= =p = ==aNTY. w=. 
3 WY 3 3 3 4 3 
r r 


3 
Exa|m| ple. Cas = tt 


rey reyt+a Nr+y’ rps ee 
# _o, /P+3ayy [+= 218? y+ 3ayy) | 
2ay + 2v rey = av rtyta’ catia rey ry Te r+y+a 


(14) Ignoring the term ‘aayy’. 
(15) Read ‘multiply’. 


(16) Read a, 


(17) Since v?+y?+5? = y?+2ay+v?—2vx(ef), with powers of a and (éf) omitted as 
infinitesimally small. 


“a 4r8y + L2rryy + 12ry? + 4y"" : 
2y + 3r 
(19) Read ‘Denominator’. 


(18) Read 
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eay PP try? _ ry + Bvayy 
rtyrt+y eas 


2r+2y in Vry?+y4 ee Ee l2rryy as) 


2yy + a 2y + 37 


os 
Qrry + 4ryy+2y® in i fotaterty in 3vyy. 


Rule 2°, Ify isin y° Denom: of xx w% D:@ hath many termes, Then multiply 
y° valor of 2xy by y° Denom of y* valor of x* for a Num: inv. And for y* denom: 
Multiply y® numerat' of xx according to its dimensions & y* product by y° 
Denom: y" multiply ye Denom: according to ys dimensions & y* product by y° 
num!: & substract y® less from y® greater. & make [y°] difference divided by y y° 
Denom: in y* valor of v:@% 


Fr rr+ 2ry +yy in 2y,| 
Example. yo oe ee ae 
y Sees ae! 
ee in 2 /—— 
oat Qr+2y in Vry+yy 
3r-+ 2y 2y + 3r 


Or. Multiply y* cube of y® Den: of xx by four times y* Num? of xx & y° 
product by yy for a Numerator in vv’s valor; &c:@ 


4 “a eee oe Se Se mae ae 
Y _ x3. = JeL: ia Ba. 
r r r r 


gt Aayd 9A 
0— Bay — 20, |e: tar" +20,/eL a 


(20) Where x? = f(y)/g(y), Newton’s rule evaluates the subnormal v as 
Se. eee... C's 
dx|dy — (d/dy)(x*) — (1/y) [e(y) -wf"(y) —fly) -¥8"(¥)] 


(The former ‘Rule 1**’ is the particular case where g(y) = 1.) 
[g(y)]*. 4f(y) -yy 


2) ELEN, ES TATE) F) Fy) 
since x? = iy ; 


3 fy 3 3 
(22) And so yt [E =» eeeet 


326 The calculus becomes an algorithm [2, 5, §2] 


8 
~~ apes pee 

14 acta wl PO say, chao, ~ 

+3ayw fof: © &c+v —— . Sayvv or Av ae iv ==), 
r 

att? a hee ae 

4yy is — C. YY. =64y" 


Rule 18t. If y is in y® Den[:] of x* unless it bee but of one terme make 3x°y 
y® numerator & multiply y* valor of x according to x’s dimensions & divide 
it by y for a denom; of v. as 


les 
a 3 
eae <—o 


a 


Rule 24, I[f] yisin yemany termed Denom: of x? Then make 3xxy multipl[ye]d 
by y® Den: of x® ye Numerat*. & Multiply y* N: of x’ by its dimensi6 & y* product 
by y® D: of x8; againe Mult: y[*] D: according to y’s Dimensions & y* product by 
y N: & nabbteact y’ lesse from y* greater & divide y* rest by y for a Denominator 
in y® Valor of v,@%) 


y4 " rr ary + yy in ay, | siete: _3rt 3y in Ve: ryy ry? 
r+y 3y° + 4ry* 3y + 4r 
y 


[3] 


cd=v. da=x. ch=s. bd=[y.] ”2=Numerator. D=Denominator. #, D, 
A, [B, €,] a, [b, é, &c sig]nifies ytevery terme in y* Numerator, Denominator, or 


(23) Where x? = f(y)/g(y), Newton’s rule evaluates v = y(dy/dx) as 


fe Se... See [g(y) }?. 3x%y 
dxjdy — (d[dy) (x*) ~~ (1/y) [g(y) uf’ (y) Fy) ye") 
(The first rule is the particular case for which g(y) is unity.) 
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Quantity signified by [A, B, C, a], b, c &c must bee multiplied by soe many units 
as y° unknowne quantity x, or y hath dimensions in y‘ [ter]me.@ as if 


x — + 
ee [+ ]x°+ axx— boa e+ ——— &c then must it bee 


A= + axx— bbe oO EM 3984 any bx £4 = (26) 


3 2 1 0-1-2 4 


Haveing y° rationall valor of y, yy, y® &c to find v, vv, v3 &c. When x is not found 
in B, unless B have but one terme. 


s A — a 
Rule 1*, Brie. ie 6 U. 
Be ee OS oe 
Example. 1%. rx=yy. Go =g=0. 2 ed) ee @ ae 
1 
-¢ 
A x 
d —————| = — = P 
Rule 2°. BY 79 Sv 
5x° 
x 1x 5xx 
st —_ = 4 = a ee an 5 
Example. 1%. og : r ae v 
r 
—1a® 
‘ ing xinx a3 
jf 4xJax 
4/— 
x 
7, 
Rule 3° ae 6 ee 
‘ZB * Gya 


(24) Newton’s revised draft (on f. 199) of [2] above (p. 322). 

(25) Newton’s earliest use of a dot-notation for the homogenized derivative: thus, where 
A = f(x) and a = g(x), then 

dA , a ee 
A ae Sent () and d=x7 = xg'(%). 

Whether this precedes his similar use of dots in May 1665 to represent the homogenized partial 
derivatives of the 2-valued function OC is not clear. (See Add. 4004: [48, 49°] = 4, §3-2 
above.) 


(26) Read = 


The calculus becomes an algorithm [2, 5, §2] 
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7x! 
x TX 1&2 
Examp: 18t. —=y8 = §v. = 
P , os BV C2 1xx 
7 
— 2a8 
a® a a’ 
Qa, —— = y8 __“__— y¥y, —_-_ =, 
xe? a Bxn/¢: axx 
ar 
le 
A x 
Rule 4*, Bava". Bye on 
9x9 
: x? 1K Oxx 
Exam : 1st, —_—=> 8 = Vv. ooo — U-. 
P ae we 6 qq: rx3 
8 . 
— iA 
a® XX ae 
Qd. — —y8, —______ = %y, —_—————— =v. 
7 "a 8x/ gq: xa? 
84/19: Se 


(27) 


Haveing y? rationall valor of y, yy, y® &c: to find v, vv, v® ke. 
3 ABR AB 
at+-axt+- x4 


Ss A paren x = 
Rule 1s‘. If Buvy =e: then ae Example, ao 


+ 4x8 & 4x4aa 4 3ax® ¥ 3a8x3 


Qx8 Q 1x54 Q lxxat 
x Se: 3x5 + Qax4+ 4a2x3 + 3a8x? — atx 
2x*+- d4aaxx + 2a oes Qx44+ daaxx+2a4 


(27) In general, where y®" = C, a rational function of x, Newton’s table evaluates 
d ld 1/x) € ] dC 
v= y= as 5 eo") = aah since Pig wer 
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% ABR AB 
A Xx a® + x5 
. —— = iis 4 
Rule 2°. B =y'. 4yy B? v. Ex. hg y 
¥ Oa5a Q Oa5x ¥ Bax? Q 5x! 
Q Oaa® Q Oax® ¥ 1lxa® 8 1x8 
ee 
4aa—8ax-+4xx in fo 4a—4x in Va8+ax®—ax— x6 
a—xX 
BABR AB 
d — x 
Rule 3 Bry 652 ». 
8 ABR AB 
A x 
"Ege ce a aeeas oe eee 
Rule 4%, B ¥. 38? v. 


a x 
~=y; = 
4sb,/2 


8 db Q ab 


(28) 


Haveing y? rationall valor of x, xx, x® dc: to find v, when x ts not found in B, unlesse B 
have but one terme. 


Rule 15. lf $=x= C. then 24 — et 
1 
-€ 
. 3 
pet ce! lg eee 
Example y? 1 : "3 Syy 99: ie mail a ci aie h 
ry yiny 
Rule 24. f= =C, yx AHR 
5 


(28) More generally, where a/b = y” = C, 
(1/x) € ; 1 , 6s (ab —ab) 
Ss b? : 


~ 9n(Cr-1) in with now e C= 


An arithmetical error in the example for ‘Rule Ist’ has been left uncorrected. 
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8 
st ae aisicnniiaienag eh: ail Siieavas a = _ 2yyslry 
Exa: 1 xa 393 v pV. 2,7 2, = er 
y yy 
Rule 81, 4—8=C, & BOM 
1. 
—~¢ 
%y # 
y® 
¥ ay, Je: 
12 ae = 3 ; 
As if #, F iy =v= 5 Very 
rin y 
Rule 4%, S—A—¢c, & O48 
1, 
-¢ 
y 


rT 


yooh C ee 
=¢ 


y (29) 


h —= 
Butte: 


Haveing y* Rationall valor of x, xx, x® dc: to find y? valor of v. 


A yBB 
st pei + bag 
Rule 18*. If 37% Va ae 8 v. 
y 
aay +y° y — 2Qa®yy? + aty in — 2aay® + aty 
eat kel yy —aa diet 3y8y? — 3y3a2 + aayy?—aty — ee — 4aayy — at” 
— 2yyy® — Zaayyy 


y 


(29) Here x" = C = g(y), so that 


ge Sepetnen! Serer. T : 
dx|dy — (1/n)C¥e-4 (dC/dy) — (1/y) &* 
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A _2yBBx 
J: gee a 
Rule 24. If pax y" ABW AB 8": 
y 


A B8yxxBB 
pele 
casaiaais seed AB— AB 5 aaa 


— 


A, 4°R 
Rule 4%, Bu AB—AB a 


ab —ab Sis. Sa if fay, 


10bx~ qe: a*b 
ab x3. SbyyNc: aab aab _ 


~ Gb—ab 


_ Abyyv qq: at a®h Bbyyv qe: ath ath oar 


=v : 
bab : fear - b 


(30) More generally, where 
a _ gy) 
= C=-= Te 5 
c  hty) 
HOON eh ee hte (1/y) (de —aé 
then as before v= (I]y) € with “a = 4y (£) on (Ly) (ae: = a ) 


(31) Newton summarizes his previous results as a single table 
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[4] 
Rule 18‘. Halveing y* vjalor of v, when y? D: of y' valor hath [but] one terme, to find 


y’ valor of yy. 


A=0[=F . Divjid each Term in 2xF by so many units as x hath dimensions 


in yt terme & make it= & yy.®) 


Example 15*. 5a. Qx in —=rx, re =yy. 


2 1 
2b4 
bt xx —bt bb 
we oe ee 


Rule 24, Haveing y? valor of v, to find y° valor of yy when y’ Den of y’ valor of v hath 
many dimensions. 


If A=0=F . Find all y® least litterall divisors of G [&] set those together w™ 


(being divided by y® greatest rationall numbers by w® they are divisible) 
are —®4) to one another: Take one divisor from every sort of more y™ one in 
wth x is found, multiply y* rest by one another for (B) y® denom: in y° valor of 


yy a C. Then feine an equacon for y* valor of A w® must have 2 dimensions 


B 
more y" B, But noe termes wanting, & make aS espa d = = Then reduce 
K or F to such a forme, yt N=G.®) & by compareing y* each terme of L w'* 
each terme of E y® valors of y® quantitys in y® feined equation are found & 
consequently A y® Numerat* in y® valor of yy is knowne. 
E=- 8x8 — 8ax5 — 40aax* — 9a°x + 9a® 

’ G= 4x5 — 4ax4 — 20aax3 + 4a3xx + 32atx + 160° 
divisors of G are x—2a. x-+a. from each of w® a divisor being taken there 

&— Za. =a. 

x+ 4a. 
remaines x—2a. x-+a. All w multiplyed into one another produce 
x-+ a. 


Exdaple 1% =v, The least litterall 


x3 — 3aax—2a°=B. 


(32) Add. 3960. 12: 200-2. Newton attempts to apply the rules of differentiation to the 
inverse problem of integration, seeking to discover the integrals of simple rational functions 
by inspection. 

(33) Where v = F = y(dy/dx), 2xF = x(d/dx) (y*) = d, where a = y*, and Newton merely 
reverses the rule for forming d from a. 

(34) Read ‘equall’. 
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W* because it is of 3 dimensions y® feigned equation, 
A= bx + cx*+ dx3 + ex? + fx+g, 
must be of 5. Then is y® valor of 
2bx® — Qabx® — 10aabx* — 8aacx® — 6daax* — 4aaex —2aaf 


+c —ac —~€ +ae +2af +3ag 
os a EE Se | a 
Tepe 2x° — Qax4— 10aax* + 2a8xx + 16a4*x+ 8a5 5 Seem 


& yt N=G 1 divide F by 2 & so compareing every terme of L w" every terme 
of 5 = 4x — dard —20aaxten—2 abe +9 a by y® 15t terme tis found, 24x® = 4x6, 
& b= i by y® 24, —2ab+c=—4a, or c=0. by y® 34, —10aab—ac= —20aa, 
& c=-=0. by y® 4, —8aac—e=0, & e=0. by y® 5*, —6daa+ ae—2f=0, & 
3daa= ig by y® 6° —4aae + 2af—3g=— > a, or 4af=6g—9a°. by y® last, 
— 2aaf+ 3ag= 5 a®, or, 4af= + 6ag—9a®,88 By y* 5', —12da?= 4af=6g—9a* by 
y* 6 & 7%, or f= —3da? & ee’. & q—2 at : Where I find f, d & g 


to bee undetermined, soe y' by assuming any oa ie d, g & f are determined 
or by assuming any valor for g, d & fare determined &c & may bee found. as 


5 
if I make d=0, y* is :=S & f=0. Then by subrogateing these valors of 4, c, d, 
e, f, gin A=bx5 + cx4+ dx8+ ex*+fx+g, There will bee found 


5 
A=2s5 ne eat 


eee ee 
B=x8 — 3aax—2a® y 


3, —9at @ 
aa 2x? dae 7 
=> are — 42, 
Soe if I make g=0, y" is d= °, & f= <= ees y 
aa 13 
1808 2x5 % — - x8 xa4x + _ a° 
Soe if f=a!; os — — 2.(88) 
eif f=a*; y® is d= & g= » 1B a a, y 
(35) Newton first wrote ‘yt its Denom bee G’. (36) Read ‘+6g—9a°’. 
; 2x5 4 3a5 3a? 
(37) That 1S, x3 — 3a8x— 2a? a 
2x5 + 345 a’ ; 
(38) Or y? = 3302x908 3° More generally, expressing f and g in terms of a and d 


and substituting, we may deduce that v = be ae ete +d: that is, d is the arbitrary 
: x8 —3a®x —2a8 ; 


constant of integration. 
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3x8 + 4ax® + 4a3bbx + 2athb = E 
ax* + 2aax® + a®xx=G 
are a. x. x+a. And by takeing one Divis6®® from each sort in w* x is not there 
x. x+a. 
remaines a. x. x-+a. which by multiplicacé produce axx + aax=B. Then feigne 
an equacon A=cx* + dx*-+ ex + fx*+ gx+h, of 2 more dimensions y® B. Then 


Example 24, fo. y® least litterall divisors of G 


supposing {= yy, find y* valor of . 


3cx® + 4acx® + 3adx* + Qaex® + afx? —2hx —ah. 

AB—AB | +2d +e —g ede ee 

=" Qax4 + 4aaxs + 2a%xx ee ae 
& yt N & G bee equall I multiply F by 2 & so compareing every terme of L 
wth every terme of 2E = 6x°+ 8ax°« * «+ 8a°bbx-+4athb. by y® 1% terme tis 
found 3cx®=6x®, & c=2. by y® 2%, 4ac+2d=8a, or 2ac—4a=[—|d=0. by y® 
3°, 3ad+e=0, or e= —3ad=0. by y® 4° 2ae=0, or a=e=0. by ye = 7”, 
—2h=8a®bb, & —ah=4a*bb, or h= —4a*bb. by y*® 5‘, af—g=0. or af=g. or 


f =£. where likewise f & g are undetermined, If I therefore make g=0. y® is 


f. =§ =0. Subrogateing therefor these valors of c, d, e &c in their stead in 
A=2x'« « * *—4a°bb 
B=axx+aax 

2x? & + aabxx+ a®bx—4a5bb _ 
axx + aax ~ 4 


A=cx' + dxt+ex3+ fx?+ox+h, there results =yy. or by 


makeing f=aab g will be equall to af=a°b. & 


&c.40 
Note 1st yt If x is found of more or of as many dimensions in G as in £ y* first 
terme is wanting in A. 


(39) Read ‘Divisor’. 
A 2x°—4a5h? f 


(40) In general, 3 ie vs where 


caer 
a a 


is the arbitrary added constant of integration. 

(41) Newton tries to find a ds by supposing that r(x).g(*) = 2[G(x)]* and equating 
(1/x) [xF’ (x) .G(x) — F(x) .*G’(x)] with r(x).f(«) to determine F(x) term by term. If the 
identity holds, it follows that 

fle) _ F'@)GG)—FG)C®) _, _ wy 


ge) OG) FP "de 
and so y* = [F(x)/G(«)]+k, where k is an added arbitrary constant. Newton’s note (2) is 
crucial: the method of term by term identification of coefficients demands that F(x) and G(x) 
be rational functions of x. 
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Qily If x is in some divisor of G, w° is like no other Divisor, y® valor of yy 
cannot bee expressed in Algebraicall termes, as also if there be contradictions 
in y° comparisons of y® termes of L & E, y® same quantity being found greater 
by one terme y® by another.@» 


Haveing y° valor of vv to find y* Valor of y*.4» 
Suppose A=0=P. Find all y* least litterall & affirmative divisors of G: set 


those together w“ (being divided by their greatest numerall divisors) are=to 
one another, & substract 2 divisors from every sort in w* x is found, multiply 
all y® remain[in]g affirmative divisors by one another & call y* Product B or if 
there remaine but one make y'= 8B, ifnone B=1: & multiply all y* remaining 
negative divisors by one another & call y* product P or if there remaine but one 
make yt=P, ifnone make P=1. Againe find all y® primary or simplest litterall 
& numerall divisors of E, from y™ take away all w% are paires, add two div: to 
every sort remaining & multiply y™ all into one another w® product call W. 


And if W=0,@ extract y® roote of A= vv =F, otherwise extract y® root of 
= vy = F? (observing yt /EW is rationall but /GW irrationall). Then feigne 
an equation = H, whose 0°) roote may bee extracted, which wants noe termes, 


& w} in x must have soe many Dimensions as “8 hath, or if W=0,™ as 


= 8 hath: And suppose ei = y4=C, or if P=0,™ or W=0,™ leave 
a out in y° Numerat' PHW=A. Then if B hath but one terme make 
G L AB— AB. L 


paler aera otherwise make sae tee Sere & reduce K or F to 


such a forme That theire denominators N & /GW may bee equall. And then 
(since ye Numerat™ L & / EW are=to one another) by compareing y* termes y® 


valors of y* quantitys in H are found & consequently {= ¢ y4 is knowne.@°*) 


(42) A first cancelled version of this proposition on f. 200, fully incorporated in the present 
revision, is omitted. (43) ‘Square’. 

(44) Read ‘1’. Newton presumably intended ‘if there is no W (or P)’. 

(45) Where y4 = A/B (or = C) with A, B and C rational functions of x, then 


v= [Eavd = Ua AB AB) (0 _ (1/x) ‘), 
G~ 4a ~ ~~ SBATA/B] 4/0 


so that, for some function W, ./[EW] = AB—ABand ./[GW] = 4x./[AB®]. The former identity 
demands that W = F(x)?.G(x), where G(x) is the product of the non-quadratic factors of £, 
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E=72x16— 4858+ 8a - 
mit gp de git? 1 =vv=F*, The divisors of G are 


a. x. x8+a’. Two being taken from every sort in w x is theire remaines 
a. ae 


Example y? 1*. 


a. x. —x8—a’. y*® product of y™ w are affirmative is aaxx=B. of y™ w™ are 
a B 
negative it is —x*—a®=P. The divisors of E are 2. 3x8—a®. From every sort 
2. 3x8—a’. 
2. 
substracting y® greatest eaven number of divisors yt I can there remaine 2 to 
w°) adding two more divisors they are 2. 2. 2. w“® drawn into one another mak 
EW  576x1®— 384a8x8 + 64a16 


8=W. Then I extract y* roote of FF= ai a wh is 
ea & since rape Cries is of 4 dimensions therefore I feine 
H=6b, & suppose Beef z Ose a . Then since B hath but 
one terme I make —e haa y=K=5. & yt N=J/GW, I divide 
F by 2 & soe compareing y* termes in ae 12x8— 4a8 w't y* termes in L I find 


6bx8 = 12x8, & —2ba® = — 4a’, or b=2. & consequently 

4__ 8bbx8 + 8bba> 32x84 320° 44 
y = SO >. 
aaxx aaxx 

Ea x8 — Baba’ + 16a°xx 

Example 2". It = 3559 — 96a8x® + 06a! — 320° 

x8 — 8, 

x%— a’, from w two being taken there remaines onely x?—a?=B. & there 

a 
ae a. x. x®— 4a, 
being none negative, P=1. The divisors of F are a. x. x®—4a®. And taking 
a. 


=vyy.49 The divisors of G are 


and in fact, though the reason for the choice is not clear, Newton selects W = [G(x)]*. (In 
both examples below G(x) is wholly numerical and so this particular choice of W is not 
significant. ) Again, Newton chooses B the largest cubic factor in G. (It would seem more 
accurate, since AB? = GW/16x*, to choose B? the largest cubic factor in GW, but since W in 
his two examples is numerical we may there slur the distinction.) Finally, since A must have 
a factor, say ¢, in common with GW/16x?B®, Newton takes A = ¢a?, where @ is a rational 
function (of the right dimensions in x) whose coefficients are to be evaluated from the identity 
EW = (AB—AB)?. 
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away every paire of divisors y' I can, there onely remaines a. to w* I ad 2 
more & y®sume is a. a. a. w multiplied into one another make a?= W. Then 
EW a®x8 — 8a°x® + 16alxx 
EW GW” 32a8x9 — 96a8x® + 96a? — 32a! 
a®x* — 4a%x 443 y4g3 . 
yer: = pe. oP eee: And because 5 ap i is of 4 
dimensions, y* feined equation must be so two,{*®) ise ie 


extract y® roote of FF= which is 


cxx + dx + eo 4) — cox4+ Qcdx® +- Qex%e + Qdex + ce=H, 


+-ddxx 
a®ccx4 + 2Qcda®x? +- 2cea®x* 4- 2dea®x +-eea® 
. eee + dda® 
& supposeing gin S Bee So eas . Then 
since B hath more termes y" one find y* valor of aE w°h is 
acx4 — abdx® — 3a%ex® — 4a8cx—2a°d _ jee L 
4x3 — 4a8 in ./a®x3— a8 i 

& yt N may be equall to /GW divid F by /2 & compareing y° ge of 

EW _a’xt—4atx th st i<@ a 3 

. . w'h y* termes of L. by y® 18t terme there is found 55-0 C. 
or (=, & = 5 . by y® 24, —a’d=0, or d=—5=0. by y® 34, —3ae=0, 

ao 

or e=0. by y® 4% —4a%&c= = ; OF c=, & by y*® last —2abd=0, or 


a®ccx* + 2cdax8 + Qcea®x? &c 
By2 
d=0. & bysubstituteing these valors ofc, d, ein y4= a3 — ad 


1 
~ g3x4 


2 
there resulteth 7 a y*. or 


Note 18t That if there bee 2 divisors of G (in w® x is found, ) equall to one 
another, but not equall to any 3¢ divisor, or if the comparisons of y* termes of 
L & JEW be contradictious, y" is y° valor of y* inexpressible in Algebraical 
termes. 


(46) E = 2[2(3x8—a®)]?, G = a®xt(x8 +a), so that W = 23 = 8 and [EW] = 8(3x8—a8). 
Then for B is chosen a*x* and so, since A must have the factor 8(x8+a®), Newton takes 
A = 8(x§+a) a and finds finally that a = 2 satisfies the identity EW = AB—AB. 

(47) Here E = a[ax(x8—4a*)]? and G = 32(x8—a5)§, so that W= a3, B= x8—@ and 
A = a’o? with a = cx*+dx+e evaluated as (1/,/2) x? by the identity EW = AB— AB. 

(48) Read ‘too’. (49) ‘Quadraté’, or squared. 


22 WHN 
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24ly That if these opperations bee not done in y* simplest termes yt may be, 
they will not always hold trew.© 

Note 34%!y yt instead of subducing every paire from y° divisors of E &c® blot 
out every sort consisting of an eaven number of divisors & substract all y* paires 
yt may bee from every sort remaining unless they bee litterall divisors in w* x 
is not found[,] y" multipliing y™ all into one another call y* product W. 


Haveing y? valor of v® to find y? valor of y°. 
Suppose 4 =0w = FFF. Find all y* least litterall divisors of G [&]| set those 


together w® (being divided by their greatest numerall divisors) are=to one 
another. Take away those w“" have no equalls & in w“ x is found, & multiplying 
y™ into one another call y* product P or if there bee but one odd divis: make 
it =P, ifnone make P=1. Substract 3 divisors from every sort of y® rest in w® 
xis found & multiply all y* rest into one another [&] make y® product = B; or 
if y’ remaine but one make yt = B, ifnone make B= 1. Againe find all y° primary 
or simplest litterall & numerall divisors of EZ, Blot out every sort consisting of 
3, 6, 9, 12 divis's [&] Take away half the remain[in]g litterall divis[:] in w™ x 
is not found: From those sorts in w® x is take away 3 divisors as often as may 
bee; Then multiplying all these remaining divisors by one another call y® 
product W, or if there bee but one divisor make yt = W, if none make W=1. 
Then extract y® cube roote of ae v3 = F8, (observing y' Vc: EW is rationall, 
but /c: GW is irrationall). Then feineing an equation =H whose cube roote 
may be extracted, w*" wants noe termes, & in w x must have soe many 


6 
dimensions as = hath, suppose iid = y=5=C. & if B hath but one 


(50) In particular, presumably, common factors of A and B are to be cancelled so that we 
must suppose them co-prime. 

(51) Newton has cancelled ‘it should bee convenienter to’. 

(52) Newton fails to mention that his method, as before, yields the general solution 
y* = A/B+p, where p is an arbitrary added constant of integration. Perhaps he sees the point 
as too trivial to note. 


(53) Where y® = (A/B) (or = C), then 


3/E dy ___(1/x) (AB—AB) (1/x) 
= m dr “Ge BF IAB ( BIC ) 


so that, for some term W, [EW] = AB—AB and 3[GW] = 6Bx4[A*B]. Then W is chosen as 
the least rational function which makes EW an exact cube and B* is chosen as the product of 
all quartic factors of G and A is equated to F(x).a°, where F(x) is the product of the non- 
cubic factors of GW and « (of suitable dimensions in x) is to be evaluated, if possible, from the 
identity EW = (AB—AB)', 
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terme make ae v= K= = otherwise make ae ae oe Wak: & 
reduce K or F to such a forme y‘ theire Denom:s N & Jc: GW may be equall & 
so find y® valors of y° quantitys in H by compareing y¢ termes of L, & Jc: EW 
together. ©?) 


[| Haveing y? valor of v to find y? valor of x.| 


Rule 18‘. Haveing y* valor of v when y® Numerat' of yt valor hath but one 
terme, to find y® valor of x. 
Suppose F=0=F . & mu[Itiply] each terme in the denom of a by so many 
units as y hath dimensions in yt terme & make y* product = & x.64) 


55) 
Example 1**. y=tr=F=F ol, = i ==, & re=yy. 


es 
= 2 
8 
tsa. ao. Se 
Example 28. v=" Pe poy y cae’ Re xy. 


rr 

Rule y’ 2°, Haveing y* valor of v to find y* valor of x. 

Suppose a =v=F, Find all y® least litterall divisors of G. set those together 
w* (being divided by y' greatest numerall divisors) are = to one another. Take 
one divisor from every sort in w™ y is found, multiply y® rest by one another 
making y° product = 8B. or if there be but one make yt = B, ifnone make B=1. 
Then feigne an Equation = A w must have one dimension more y” B but noe 


termes wanting & supposeing ‘ =x=C, make ad aE vu=K= , , & reduce 


K or F to such a forme yt N=G. & find y* valors of y* quantitys in A by com- 
pareing y® termes of LZ & F,©® 


aes BPE GOO Se - 
(54) Where x = C = f(y), then v = 77 = @re= , 


é yy 9 
(55) Read Ey 
(56) Where x = A/B and so 


Newton takes for B® the product of the quadratic factors in G and finds A from the identity 


E 


1 
, (AB— AB) = oa 
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ayy + 2a7y + a® Gy ay®+ 2aayy + a*y 


Example 15*. =py= = > .. The least litterall 


2y? + 3ay E 2y? + ayy 
divisors of G=ay?+ 2a*y+a5, are a.a+y. & one taken from every one in w® 
a+y. 


y is there remaines a. a+y. w multiplying one another make ay+aa=B, & 
since B is of 2 dimensions I feigne y® equation A =cy? + dy?+ ey+/f of 3 dim: & 
_y tay rey tty [I] find 
ay + aa 

BByy _ apis ay® + 2aayy + a®y OS N 

AB— AB 2Qcy® + 3cay" + 2day + ea L° 
+ dy? —f 

& since y® Numerators of N & Gy are =,®” I compare y® termes of y® denom: 
L & E, & find by y® first 2cy? = 2y%, or c=1. if y® 24, & 3°, d=0. by y® 4" 


A 
supposeing — 


ae—f=0, or ae=f, soe ytif [make ae=0=f. y® 


es oe y+ bby+abb©® _ 
is ae=abi=f. & ee ae 


oe =, or if I make e=)d y® 


Haveing y? valor of vv To find y? valor of xx. 


Suppose oy =vv=FF, Find all y° least litterall & affirmative divisors of G, 


sort those together w“ (being divided by their greatest numerall divisors) are 
= to one another. take 2 divisors from every sort in w y is found, multiply all 
y® remaining affirmative divisors into one another calling y* product B, or if 
there remaine but one make it = B, ifnone make B=0.6® Multiply all y* other 
negative divisors into one another making y* product =P, or if there bee but 
one negative make it =P, ifnone make P=1 & if P be not affirmative chang y° 
signes of its valor. Againe find all y* simplest or primary litterall & numerall 
divisors of E & sorting y™ together w“ are =, blot out every sort consisting of 
an eaven number of divisors[,] add 2 to every sort remaining unless to litterall 
divisors in w“ y is not found, & multiply them all into one another calling y* 
product W, or if there bee but one make it = W, if none make W=1. Then 
extract y® roote of on =vv =FF, observing yt J WE is rationall, but / WGyy 


irrationall. Then feigne an equation H whos 0 roote may bee extracted w™ 


wanteth noe termes & w“? hath soe many dimensions as Hp hath: & suppose 


b2 


; a eee <s 
(57) Read ‘equall’. (58) That is, - 7 oe pa (59) Read ‘1’. 
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oo ama S=C. Then if B hath but one terme make NC _y—K =7. 


Otherwise make on =y=: K =; . & reduceing K or F to such a forme y' 


N=/WGyy, Compare y® termes of L & JEW y* y® valors of y® quantitys in H 


may be found, & y" is a xx knowne. But here observe yt when y° valors of 


F & K are one affirmative y® other negative all the signes of one of y™ must 


be changed, & soe must y° signes of ant when it is negative. 


Example. SW yy FF =o . All The divisors of G are asoe y' B=a; P=1. 


a+y 
at+y. 
The divisors of E are a+y to w“ adding two more they are a+ y. w“ multiplying 
at+y. 


one another, produce a?+3aay+3ayy+y3=W. Then I extract y® roote of 
pr— WG __ayP + Saag? Bat yy yan 5g 89 tay in Vay +00 Tyay + aa 


WE — y*+4ay?+ 6aayy + 4a%y + a* yyt2aytaa = =§ ay 
& since a hath noe dimensions I make H=ee. & 
PHW A eca® +- 3eeaay + 3eeayy + ey? 
eee en en ee eee 
B B a 
QyglC _N_ 2yJay+aa ee a 
& G == ose & yt N=/WGyy, multiply F by 2 & so 


compare y® termes of 2./ WE = 2a+ 2y w" those of L= 3ea+ 3ey. & there will be 
found 2a=3¢ea, & 2y=3ey, or 2=3e, & e=s. & 


A 2a*+ 6aay + Bayy + 2y? (61) 
= KX = 4 , 
B 3a 


(60) Where x? = (A/B) (or = C) and so 
_. (G@ _ dy _ 2By*/[AB] _ 2yJfC 
v=9,/p=99 = aptag ("= ape) 


Newton finds B as the product of the cubic factors of G and W as the cube of the product of 
the non-quadratic factors of E. From these the rest follows much as before with A evaluated 
by comparison with AB— AB. 

(61) Which yields the correct result (apart from an added arbitrary constant) that 


x= Jz (a+y)3. 
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§3. AN EARLY TABULATION OF 
HYPERBOLIC INTEGRALS® 


If Its area) is 
yori. at aot aed tex ae os 
atbx 7" 6b 5bb 468 354" 255 = 4 
E= abe ‘4 
x ax*  aax8 - anne | a a of | 5 z.| 
atbx 7° 5b 4bb' 308 264 ' Be b8x abs 
ee xt bx®  bbxx ae at a 
a+bx 4 4a 3aa' 2a2 a’ ax +a’ 
pL bee box og 
ax+-b 7 38a 2aa a atx +- a)" 
xX xx bx bb 
ax+b 7 i an 4 of et aab’ 
oe x b As may appeare 
axt+b 7 APs ot cama abs by Division. 
ae cof asta 
ax+b ax+b 
es 2. eee 
axx + bx bx bb + abx 
fe =Y. ee ee 
ax? +-cxx CXX cCx c3 + accx 
1 1 a’ 
— a ee ie = O ace’ 
1 a aa a 
as =[y.] [oO] a-[oloatla,— lla, 
(8) 
+ laa” 


(1) Add. 3958. 4: 77*/80’. This tabulation is entered on the first page of a folded folio sheet, 
on whose three other sides Newton revised, about the same time (late summer 1665?) the 
calculations of hyperbola-areas which are printed in 1, 3, §5 above. 


(2) That is, | y.dx. 


(3) Where k is a general positive integer, Newton evaluates 


fate. [enh + foo 
Fe gore 1 bith b¥ (a+ bx) 
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In Generall, all lines in w“ one of -y° unknowne quantitys (y) is but of one 
dimension may bee squared, (some Geometrically, others by supposeing y° area 
of y° Hyperbola, to bee knowne). & y* by this Method; 

First. If ye numerator or Denominator in y° valor of (y) bee multiplyed by x, 
or xx, or x3 &c: Divide yt Numerat' by yt Denominat (as in Decimall numbers) 
soe y' y° Quotient consist of pts none of w™ are of yt nature. (As For Example. 

ax+b @ ae —b a ab aa aab, a®c+a*b 
If oe d Then by Division, ee a tt 
As may appeare by multiplication.) 

Secondly If ye Numerat® or Denom[:] bee neither of y™ multiplyed by x, 
Increase or diminish x untill y* last terme of ye Denominator vanish. And by 
these two operations used successively may the valor of yt last bee reduced to 
such simple pts yt each of y™ may bee squared or else is an Hyperbola. Yet some- 
times it happens yt y® last terme of y° Denominator cannot bee taken away. 


§4. SYSTEMATIC APPLICATION OF INTEGRATION 
TECHNIQUES AS AN INVERSE METHOD 
OF FLUXIONS® 


[1] [The introduction of fluxtons| 


a c c c 


sais [am =, 3L)(-Dgam#]+(-0'| epi 
Clearly | = bn = (1/b)log(a+bx) is to be derived as the area under the hyperbola 
(a+bx)y = 1. 

(4) That is, : : 


x?(ax —c) + (ax —o) ; 

(5) As the colour of the ink shows, this last sentence was added in retrospect. 

(1) Add. 4000: 152'-163". For the first time Newton introduces a fluxional notation for 
the derivative: specifically, where f(x, y) = 0 is a given (algebraic) function and ¢ an inde- 
pendent variable of time, Newton denotes the fluxional ‘speeds’ of x and y by p(= dx/dt) and 
q( = dy/dt), so that straightforwardly p/g = dx/dy. He then clarifies the concept by introducing 
the geometrical model of points traversing lines in given periods of time. Once for all the 
stimulating but ultimately inadequate Cartesian method of finding the subnormal v = y(dy/dx) 
is abandoned as a basic differentiation technique, and the true inverse nature of differentiation 
and integration as operations is now apparent. Much of the difficulty which Newton 
experienced in §2 above in integrating rational algebraic functions expressed in terms of v is 
banished when they are expressed in terms of p/¢ = dx/dy, and with the new freedom of an 
explicit notation Newton proceeds to a systematic tabulation of elementary algebraic integrals. 

(2) Ff. 152'-153¥. 
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1. Iftwo bodys c, d describe y® streight lines ac, bd, in y® same time, (calling 
ac =x, bd=y, p= motion ofc, g=motion of d) & if I have an equation expressing 
y°relation of ac=x & bd=y whose termes are all put equall to nothing. I multiply 
p 


each terme of yt equation® by so many times fy or yas hath dimensions in it. 


& also by soe many times qx or as y hath dimensions in it. the sumé of these 


products is an equation expresing y° relation of y* motions of c & d. Example if 
ax? + a®yx—yx+y4=0. y" 3apxx+ apy — py? + aaqx — 3qyyx + 4qy2= 0.4 

2. If an equation expressing y° relation of their motions bee given, tis more 
difficult & sometimes Geometrically impossible, thereby to find y* relation of 
y® spaces described by these motions. 


If apxn =q. then —“ amy 
14 =4q. m+n =Y. 
As if m=3.. n=2. y" apx? = q, & rated: Soe if apt —q—“, y" m= —3. 
x2 
a=d. & y. If y¢ valor of g consisteth of severall such termes 
<= ee 


(3) That is, when the given function is expressed as 0 = >) (a;, ;x‘y’). 
i,j 


(4) Newton’s fundamental statement of differentiation as an operation which yields a 
correct relation between the component fluxions f and g. Late in life, at the time of his fluxion 
priority dispute with Leibniz, Newton was willing to acknowledge his debt to Descartes’ 
' Geometrie, and Schooten’s commentary upon it, for his basic ideas on indefinitely small incre- 
ments (see ULC. Add. 3968.10: 131” and 3968.19: 290”), but was reticent about the origin 
of his clarifying concept of fluxional increase and limit-speed. In 1943 J. E. Hofmann, in 
commenting a later version (6, §3.1 below) of this fluxional model, made the valuable 
suggestion that Newton was here partially indebted to Barrow’s discussion of the limit-sum of 
a converging geometrical progression in the third of his 1664 Lucasian lectures at Cambridge 
(J. E. Hofmann, Studien zur Vorgeschichte des Prioritatstreites zwischen Leibniz und Newton um die 
Entdeckung der héheren Analysis. 1. Materialien zur ersten mathematischen Schaffensperiode Newtons 
(1665-1675) =Abhandlungen der Preussischen Akademie der Wissenschaften (1943). Math-nat. 
Klasse 2 (Berlin, 1948): 115, especially note 510. Compare Isaaci Barrow Lectiones Mathematica 
XXIII; In quibus Principia Matheseos generalia exponuntur; Habite Cantabrigie A.D. 1664, 1665, 1666 
(London, 1685): Lectio mt (1664): 36-7). Newton himself wrote about 1714 in partial 
confirmation of the hypothesis that ‘its probable that D™ Barrows Lectures might put me upon 
considering the generation of figures by motion, tho I not now remember it’, (ULC. Add. 
3968.41: 84.) We must not, however, be too exact in assigning Newton’s use of a geometrical 
model of limit-speed to a single source, and at least two other contemporaries had used the 
idea in print. Galileo, in the Third Day (De Motu Localt) of his Discorsi e Dimostraziom Mate- 
matiche (Leiden, 1638, available to Newton in Salusbury’s 1665 English version), had discussed 
uniform and uniformly accelerated motion of a point in a line, while a decade later Grégoire 
de Saint-Vincent gave an interesting discussion of Zeno’s paradoxes of motion in much the 
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2 
consider each terme severally. as if ax-+bxx=q. y° first terme gives a y® 2¢ 
bx8 Axx  bxxx 
— therefore a ese Ses 


In generall multiply y® valor of g by x & divide each terme of it by y® 
logarithme™ of x, in y* terme: if yt valor of q consist of simple termes. 


eg 2 
ddx®* +Qdext+ee p° dx’+e 


pny y) 


m—r x adx™+’ +m—s x aex™ts +n—r x bdx®**+n—s x bex™*s ax™ +- bx" 


SS See eg 
x in ddx*" + 2dex"*s +- eex3s p dx tex y. 


ma+ 3n—2m x bxr-™ Y lax bas aL bx—™ x Jaxm + hxt = 00 


[2]x 
Or thus 
oe x fax ba at bx" Jax™ + bxntm —y AD 


mm+ 8mn-+ 15nn x ddx® —2mn—mm x 7 emi Glam 
p 


xll-2n) 


same way in his Opus Geometricum Quadrature Circuli et Sectionum Cont (Antwerp, 1647: Liber:n, 
De Progressionibus Geometricis, especially Pars 1: 95-106). 

(5) Newton hints warily at the difficulties of the inverse operation. 

(6) The fundamental integration theorem for simple powers of the variable: where 


a agm|n eS 


q _ dy Se" ee (m/n)+1 — - {2 
‘oe 2 then a ta y= xs 
(7) That is, its index or ‘dimension’. 
l > 
as In general, where 
1 q_dy_ —f'(x) 
=-—, then 4 =— = ——.. 
” ~ f@) pds Tf)? 
(9) More generally, where 
_ fle) &y _ g(a) .xf'() fle) .x8'(2) 
g(x)’ dx x. [g(x) }? 
with f(x) = ax™+bx", g(x) = dx"+ex* in Newton’s present example. (Following his estab- 
lished habit he chooses to use homogenized derivatives xf’(x) and xg’(x).) 
(10) y = x-™(ax™ +x")? and its derivative q/p. 
(11) The previous example with n > n+m. 


6 
(8) Newton for some reason has cancelled the correct 
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And y® [x2 x ]2m-+ 6n x ddx®" + 2ndex"—Qm—4n x ee x Jex™ + dx —y, 
Or thus 
3m — 2n x maaxn"" + 8n— 2m x —nbbxh™ | 
2x 


ax” + bxt =, 
p 


maax™-" +m —n x ab—nb®xn—™ /axm + bx = y 02 
mac -+- 3r—2m x adx’-™ +-3m-+ 2n x bex™*" +- 3r+ 2n x bdxn*" in tented 
ac +adxt-™ + bexm*n + bdxt*” x Joxm + dxt =y.08) 


: hie Be 3ym—n aS ae 2n—-2m aia acai 
3m — 2n xX 2n—m X ma3x™-" +. 3n—Q2m x Hn—4m x neFrx in Gee 

2x p 
2n—m x md2x™-" +. 2n—m x m—n x edd+n—m x neddx"-™ + 8n—2m x nerx2n—2m 


X J dx™ + ext = y 04) 


Or more generally, 
3m —2n x meddx™-" +. 2m —3n x nceex”-™ +- 3m-+ 2p x mbddx™t? +- 3n + Bh 


x bedmx"*? in J/dx™ + ex" = : : 

And mddcx™-" +m—n x cde—nceex"-™ + mbd?x?*™ + mbdex"*?,/ dx™ + ext = y,() 

5m — 2n xX 2m-+-n x ¢8y2m—n + 6n— 3m x. OndBx2n—m in 
m 4n—m 
J oni ie: x eex™ 4, Snad yan—m __ 3dexn — wt a j 
m 4n—m p 
oad n m n\$ 

(12) y= alana a: ae and its derivative. The first form is the same apart from 


the substitutions a —> d, b > e, m > 2m+6n and n > 2m+4n. 
(13) y = (ax-™+ oe (cx + dx")? and its derivative. 
(14) y= oie (m(2n—m) d2x?™ — (2n—m) ndexm*" + (3n — 2m) ne®x*”) 
with its derivative. Newton presumably derived this rather cumbersome expression by calcu- 
lating 
d {(dx™ + ext) 
F(a) = 4 (“en x) = (2A—m—2n)d.G(A+m) +(2A—4m-+n)e.G(A-+n), 


(dx™ + ext) af 


where G (4) = OQ yamentl 9 
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And 


m m 


x cedxm—m—™ x 3dde ae ona" Xe yan—m 


n J ants x e6x™ — 3dex” +; a aga a ae 7,8) 


5n —2m x 2m — 5n x 3mnnb® =" +2m—5n x 3mnb4c 


—__——— eS ——— x2m—n 
2Qn-+-m x 16n*— 8nnmm-+m* 2Qn-+-m x 4nn—mm 
ae oa 3 bos ee 
+ 2n—2m x 5n—2m x nb CC mt 22M 5p sin tM—M pt on—m +t 3m — 6n 
Qn-+m x 4nn—mm 2n-+-m 5n— 2m 5n—2m 
; 5n—2m x nbb 
5y3n—2m ght ae Sie n 2n—-m —. 
ee a in Sem +- bex" + ccx y. 
And 
Im—4n x 5n—2m x 2m—5n x 8mnnb> se 8m—2nt 4M — NX —n xX 2m—5n x 8mnb4c ia-t 
2n-+-m x 16n*— 8mmnn+m* 2Qn-+-m x 4nn—mm 
+8n—5mx3m—6n_ «5, 5,- /in—2mxnbb __, : ox~m 29% Gn) 
a eee es + dex" + cox oe 


and then pas the condition that y = A.F(2m)+B.F(m+n)+C.F(2n) shall have the 


derivative = = ;™ = «.G(3m)+.G(3n). By equating the coefficients of like powers of x 


we derive (8m—2n) Ad = a, Ane+Bmd = 0, (—2m+4+3n) Be+(—m-+2n) Cd = 0 and 
(—4m+5n)Ce = £8, or & = (8m—2n)(2n—m)md®K and £ = (5n—4m) (8n—2m) ne®K, 
where C/K = (3n—2m) ne*, and Newton has taken K = 1 for simplicity. 
(15) Where y = Ce + mbdx?) (a+)? with a = dx, 8 = ex", then 


xmin 


g = (Ae +mbdx?(a+ 6) (a+ )t, 


xm +n 


in which the coefficients are determined by equating like powers of x. 


pet 
16) Wh = ( oa Ri) 
- seg 2 ocks “4m 
2 
with a = ex™, 8 = dx" and = [eS 


Newton chooses the coefficients a; such that 
dy _q_ b,a+6,/° 


dx p  xmtn 
> ai B3—i i 
(17) Where y ar («Sara 


with @ = bx", 8 = cx" and R = ,/[Aa*?+Baf+Cf?], Newton chooses his coefficients such that 
dy _q __ EaS+Fatp+ Gh p 


dx p xum-+n) 
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[2]98) [Reduction of integrals by the transformation of variables. | 


a 


sit ab=x. be=y. df=2,. de=v, 


The area abe of y* is equall to y° area fde | supposeing y° relation 
line whose nature is__| of y* line whose nature is| twixt ab and _fd to bee® 


Qxxn/ o-+ dxx =y. J¢z+dzz=. RX =Z. 
y 

Vox + dxx=y. a'caz+daazz=v. G4 75 
Sy Vextd=y. Vez+dzz=». 1=zx. 
SS ewe Fday. Vez+dzz=v. 1 = zx, 
> cx8+-d=y. Vez+dzz=0. | 1=2%%, 
3x3/ cx + dxt=y. Vez+dzz=». KiasZ, 
4x5 /¢+dxt=y. Jez+dzz=v. wee 2, 
=: ext + dxx=y. Jez+dzz=v. xed 


In generall 


nx®-l x Sox + dxntn ay, Vez+dzz=v. H=Sz. 


(18) Add. 4000: 156-159", 
(19) Where z = f(x) and v = g(x), Newton’s equation of the areas (abc) = | y.dx and 


(fde) = | v.dz implies the fundamental transforming relation y = v(dz/dx). 


(20) In line with the pattern of the tabulation we should have the identity x = z and 
[¢z+dzz] = v, but Newton, apparently unwilling to use his valuable space on an example 
which adds nothing, slightly modifies it to yield a distinct integral. 

(21) This repeated heading appears at the top of a new double page in Newton’s notebook. 
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Ox/c+dxt=y. Ve+dzz=v. Sem Zz. 
Bxx/c+dx8=y, Je+dzz=v. He 2 
—-qVoxxtd=y. Je+dzz=v. lem ZX. 
S(t ray. Je+dzz=». 1=2xx. 
5a Newt dex =y. Je+dzz=». X= 22. 
Vex day. Jce+dzz=v. x8 = 22. 
~5 Vex td=y. Je-+dzz=». 1=xzz. 
aa Vom td=y, Je+dzz=v. ] = ez, 

In generall 
nx"li¢e+ dxntn—y, Je+dzz=v. XP on 2, 


The area abc of y* line | is equall to y* area of y* line| Supposeing y*? 


OxJco+ dxx + ext=y. Ve+dz+ezz=0. A= Z, 

y 

Bxxv/c+ dx8 + ex8 =y. Je+dz+ez*=v. - ise z, 
4x8,/¢+ dx4+ ex8=y. Je+dz+ezz=v. =z, 
= owe} det e=y. Je+dz+ezz=v. 1=zx. 
= ea dex te=y. Vo+dz+ezz=0. 1=2xx. 
— e+ dep e=y. Ve+dz+ezz=v. ] = 2¢* 
2 fox pdt benny. Je-+dz+ezz=v. x= ZZ. 
2x 

a oe Je+dz+ezz=». 1 =2zx. 
2xx 

In generall. 
nll o + dxt + exntn —y, ve+dz+ezz=v. x" =Z. 
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b 


} 
atbx 2 Pech at bx=Zz. 
2b ] 
3bxx 1 
———_~ = }/, —=), bx8 =z 
atbx 4 Paid 4S = 
4bx 1 
faba & sere: a+bxt=z. 
3 1 
Pra a) say. ax+b=zx. 
—Qb = 1... 9 pee 
Pe gtd Pa =a ax* + b= zx", 
| —8d — hz 3 
ait bx 7 oo ax +b=zx3, 
b 1 
Dale4 be 7 — 
3xb 1 
——_—__—__—_——_ = ¥/. —-=Y, b i — . 
Qa! x + Qhxx i. oes 
ja l b 
“7, _=y, a+—==2Z. 
[Q]ax/x-+ [2] bx : ra x 
mes. 20 a eee 2202 
[Q]axx/x+ [2] bx a xl 
a+2bx _ = ao) 
ax--bxx 7" "aea ——— 
a+3bxx 1 
=f, —-= J, bx =z 
ax + bx 4 ei — 
axx—b 1 
mts pall al x]x+b=zx. 
Bote a= ax* + bx3 =z. 
ne oH. axx + bx4=z. 
Qa+ 5dx3 1 2 
=Y, —=, bx5 = z. 
axt+bxt 7 ra ect 
othe? pon es 
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3a+5bxx _ 


1 
“eee i ax? 4- bx5 =z, 
wi tne cts 
aie! “=o, axt + bx! =z, 
—a+bxx 1 
ren al — a+bx* = xz. 
—a+2bx* 1 
axx+bx 7" ge a+ bx? = xxz,22) 
—e . “=. a+ bx=xxz. 
In generall. 

~~ ae | 

=i + — sy : | ax™ + bx" =z. 


Note y' these are compounded onely of y° first simplest Areas. 


The area abc of y® line is equall to y°area Supposeing that 
Jde of y® line 
xx pa “a ¢ 
Vdxx—de * ee {7-7-* 
aden agen 77+ 
a = J 1—cx 
Pa sae — . 
Pe 1 —cxx 
Jd—cdex —— "ade 
Or generally 
3s—-1 ssecniiieaiaoes ee 
Taal a ar 
bec + 2bbcdx +- bddxx _ eee oe oe URIBE | § WOES 
Cia a Vec+dzz=v. J 2Qcbx + dbbxx =z. 
8 eee 
ee aoe ~~ = y. Jec+dzz=v. wl 2be + bbdxx =z. 


(22) Read ‘xz’ and correspondingly in column 1 ‘ — ax’ instead of ‘—a’. 
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— becxx —2bbcdx—b?dd _ 
xs/Qbex+bbd 
— 2becx* — 4bbcdxx —2b8dd _ 
x, /Qbexx + bbd — 


In generall 


xl Qhex™ + dbbx2 


nletadt bat _ 
2/a-+bx 
bul + ad+ bdxx = 
Jat bux 
— blcx® + adxx + bdx _ 
Oxxlaxxtbe  * 
—bJcxx-+-adux-+bd 
x8 Jaxx +b a 
In generall. 


max™ +-nbx" 


QxJ/ax™ + bx" 


eb ac + dee +cbx - 
Qa+2bexa+tbx 4: 
ebxs/ ac + dee + cbxx = 
a+bxx[ x]a+bxx ~ 
— eb/ acxx + deexx-+chx = 
Qax?+-2bx[ x jax+b 
— eb! acxx + deexx + cb = 
ax? +-bx[ x jaxx-+b 
4a*cdxx + 4aabcdx + bbcd 
Qaaxx + 2bx[ x ]4atddxx + 4aabddx 


(23) Read 


x Je-+adx™ + bdx =y. 


Jeo+dzz=v. 


Jec+dzz=v. 


Jec+dzz=v. 


c+dzz=v. 
Je+dzz=v. 
ve+dzz=». 


Je+dzz=v. 


c+dzz=v. 


J/e+dzz=v. 
Jve+dzz=v. 
Je+dzz=v. 


Jo+dzz=v. 


=y.23) Jec+ddzz=v. 


— bc. 4a*cdxx + 4aabcdx + bbcd = ‘ 


Qaaxx + 2Qbx x 4a%ddxx+4aabddx — 
(24) Here also a factor —bc is missing. For ‘2ad’ in the denominator, read ‘4aadd’. 


[2, 55 $4] 


J 2cbx + bbd=zx. 


J 2bexx + bbd=zxx. 


J Qbex™ + bbdx®™ =z. 


Va+bx=z. 


Na+ bxx = 


N 


Jax + bx" =z. 


e 
Ja+bx 


é 


Ja+bxx 


ex 
——————— = Z, 
Jaxx + bx 


ex 
Jaxx+b 
cb 


ae = Z, 
Qad/ aax* -+- bx 
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4at*cdx* +- 4aabcdxx +- bbcd@® —r— cb 

ae eS Se — UY. dd =v. es has 

aax® +- bx x 2adaax* -+- bxx 4 ——* Qadx/ a2x? + b : 
— 4a*cd—4aabcdx —bbcdxx?® _ Sore” ae cbx oo 
Qaax + 2bxx x 2adaa+ bx ~ QadJaat+bx 
— 4a*cdx? — 4aabcdx* — bhcdx®@® —— chxx 

Ba TRE a ne ET se ag ne or 2 ome — HU. dd =U. Sean SS 

aa+ bux x 2adaa-+ bxx 4 sci epaaiies Qad/aa+ bxx 


In generall. 


emax™ -+- enbx"J/ cax™ + chx” +- dee <2 e 
eee ee eee eee caren Ag c-+-dzz=v. ee a 
Qaxmt1 is. Dbyntl x axm +. hen y Jax™ + bx" 
[or] 
emax™-1 + enbx®-1,/cax™ + chx" + dee es el é = 
Qaax2™ + 4abxmtn + Qhbx2n ae Ve+dez=v. Jax™ + bxm = 
ceb®xx es 4 = es. 
aa+2abxx + boxe) 4 : ee a Ja+bbxx 


In Generall 


3n—2 REE. “ae 
nb3cex 2 a [0 =. . . 
Qaa+ 4abx" +- 2bbx2n29 ae ee "fat bbxn 


cb i .@ 
tae c+zv=0. Per ati 
Qhex I wer: 
atbux 7" c+zv=0. a+bxx 
3bcxx 1 vis = 
athe o spas a+b 
ae ¢=Zv = a 
axx+bx 2 Sea axt+b 
[4]eb = MK 
Fax8+Obx 7° —— axe+b 


(25) Read more correctly ‘—y’ here and in the preceding particular instances. 
(26) Read ‘aa+2abbxx + b*x*’. (27) Read ‘2aa+4abbx" + 2b4x?"’, 
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As before, In generall, 


m—1 n-1 
the c+=0. Same 

SO 

crdx*-1 + csexs-1 —cmax™-1— cnbx"-} dx" + exs 

tea PTO ax” + bx" 
roan} a=Z0. bx8 +c x Vbxt + cx = x82, 
ae ; a==Z0. bxx +o bxx +c = x82. 
eet a=20. bx + cal bxx + ox = xxz. 
aE a=Z0v. b-+-cxvb+cx=z. 
oe y. a=Z0v. b+ cxx/ b+ cxx =z. 


As before was found,®® In generall 


——_———- ete: tn nt+r . eT eee Lull | nal 
Sm ee az=v.2%) And bxmr cxt*? x /bx™ + cx" =z, 


Dhymtrtl 1 Ocyntr+l 

[3] 
xx = ay. l=v. #° = Baz. 
x= ay. L=y, x4 = 4az. 
x4 == agp l=#, x? == Baz: 
a=KXxy. 1=v. —A=XZ. 
a= x9, i =y, —a=2xxz. 
x = ayy. Ly, 4x° = 25azz. 
Gun wy, k=, 4q=2Zzx. 

In generall 

ax = ¥., ] =v, rrr gaara 


(28) Compare note (10) above. 
(29) Newton intends, of course, a = zv, for then 


nt AO spi a Fry ms nan)  & (3(mbx™ + 00x") 
y = 0F = axtr(bam tox) 4 Z [xt (bx + c0")8] = : (“Sencar +1). 
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That is. 
Multiply y® valor of y by x, & divide each terme in yt valor by soe many 
units as x hath dimensions in yt terme, y® product is y* area. 


Sosa ne: 1 
bb+2bex-+-coxx 2 1=v. pring 
os. ee ae ame 
bb + 2bexx+-coxt 7° site boxe 
ee. ae aoe 
bb + Qbex8 + cox® 7 — Ser 
ee a = ee 
bbxx+2Qbex-+cc 7" seis igs 
Sea ee sas yes 
bbb Obexntoc 7 oe ae 
In generall 
nox*-* l 
aes Serger ee am — 7 (31) 
bb + 2bex" + cox” Y: 1=v. box Z. 
BS. 5. . = Som 
boxx + 2bex®+ccxt 7 — =." 
oe. ee — ie 
bbxx + Qbex*+cox® 7 ax bx+oxs 
ng et OE ek ae ea 
bbx® + Qbext+-ccx® 7" oe bex-tet.i’: 
In generall 
mba ace a igor 
boat” + Dboxm cca een 


(30) Add. 4000: 160'—163". In this final set of tables Newton considers the transform 
v=+a (and mostly v = 1). It follows that the tabulation is straightforwardly one of 


integrals z = + - { y.dx, derived from the inverse operation y = 5 ( +az). 


(31) That is, where z = 75 with f(x) = b+cx", then y = - = - eats 


many of the preceding and following cases, Newton omits the necessary minus sign.) 


(Here, as in 


(32) Here again z = ro but now f(x) = bx"-+cx". (Compare the previous note.) 


23-2 
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eodem modo®?®) 


—b+cxx. pany Beste ce 
bb+Qbexx-+ccx® 7 ree b-+oxxn 
—bxx—2cx — a 
bbxx+2bex-+cc 7" ee: bx-+e ~~ 
—bxt—Bcxx a 
bbxt-t2bexx-toco 7 oe bxx+eo ~~ 
—2bx8—3cxx _ es ee 
bbxxt2bex-+cc 7" ee bx-+o ~ 

cd—eb a | 7, 
dd+2edx-eexx 7 Pe d+ex ~~ 
cd—2ebx| —ecxx] | te b-+-cx aS 
dd-+edxx+eext 7 ees d--exx ~~ 
Qed—Webxx _ Pare D+ CxK 
dd-+2edxx-+eext 7" ae d-+exx ~~ 
In generall 
m—r x bdx™*" +m—s x bex™*S+-n—rxcdx™t?+n—sxcexmts | bxm+ cx" | aw 
ddx2"*1 4. Dedxrtst+1 4. eey2s+1 BS sree dxt + exs ; 
ee oan bx3 4-¢ = 22x38 
Oxxi beter.” Ze eh 
See lev. bxx+c=Zxx. 
xx) DXX +6 
—¢ 
——jeeceriens: SEY, 1=». bx+-c= 27x. 
2x) bux + ox : cae 
i ==y. a b+cx=2Zz. 
Se l=». b+-cxx=2z. 
Cx 


(33) ‘Similarly.’ 
(34) Where f(x) = bx™+cx", g(x) = dx’ +ex' and z = a, Newton calculates 


— dz _ —s@)-f@) —f (x) .xg' (x) 
dx x.[g(x)]? 


and then reverses the sequence of invention. 
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3Cxx 


Frew Aa l=v. b+-cx® = zz. 
ee l=v. bxA t-¢ = z*x3, 
em Lo=9, bx? + ¢=z*xx. 
bxx—c 
PPE 3a 12; bxx +¢=Z?x. 
oe : l=v. bx -+- cxx = 22. 
nin bev. bx + cx = zz. 
and f==9, bx + cx*= zz. 
norma L=yv., bx3 +-¢=ZZx. 
ee y. borg, bxx + cx® = zz. 
= =y, l=». bxx + cxt=z*. 
In generall 
ay. a=v, J bx Fox =z. 
Also more generally. 
mabx™ + nacx” +radx" _ Pia bx oxt + dt = z,(35) 


Dx/bx™ + ox" + dxt 


(35) Where z = ./[f(x)] with f(x) = bx™+cx"( +x"), then 


_ de anf (es) 
i wa) 
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pissess, See Ee ahow aoe 
bxx ol bxx-e buxtco 

—<Al lx 
——S Sy, a=. = Z. 
Dbx + 2c! bxx + ox Jbx-e 

ac if 
eerie ees = if, a=v. =2Z. 
2b +-Qcx/b + cx Vb+cx 
Sees... ee see — 
b -oxx/ b+ xx 4 Jb-boxx 

ab + 2acx pare 1 ae 
Dbx + Qoxx/bx + ox - Jbxtoxx 


In generall 
m—1 and, 
mabx™-1 + nacx 1 x35 3a 


2bx™ + Qex" x J bx™ + ext — stats wl bx™ + ox" 

© Looe =y. 1=v. b+cxJ/b+cx=z. 

Sack b +-cxx=y. a=v. b+ oxx/ b+ cxx=Z. 

na Morey, a=v. b+6x® x Jb + cx? =z. 

3 © bux ox =y. a=v. bx + cn bax + ox = zx,8 

eg. a=v. bxx + cn bax + 6 = ZxKX. 
In generall 

n—1 siasitlgaeesialib 
Sno xl bboy, a=, b+ cx" x Jb + 6x" = 2.8) 


(36) Or, where z = [f(x)]-# with f(x) = bx™+cx", Newton finds 


oe 
y= 4G, = Lloret 


(37) Read ‘zxx’. 
(38) Where z = [f(x)]# with f(x) = b+cx", then 
y = 0S = Sf) (a). 
(39) Where z = x’(bx™ +cx")#, then 
dz 


ys d= = - (bx™ + x") (8(mbx™ + nox") +2r(bx™ +x"). 
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—t OOK IE ce ial a=v. bx + oxxe!b + cx =z. 
ab + 4acxxy/b -oxx =y. a=. bx 0x8 x Jb + oxx =z. 
POO Man pony, a=v. bate x Vbx®+cx=zx. 


In generall 


m+r n+r 
Snf Br barf Sn XO alla permy, 


a=v. and bxm*rt cxntr x /bx™ + xt = z,8%) 
And more generally, 
Qm+rx bdxmtr + Q9m+s x bex™ts + 2n-+4r x cdx™*" 4+ 2n+5 x cexr*s 
ee er eK oY, 
Dx dxt + exs 


a=v. bxm+cx" x J dx" + ex8 =z.@0 


es} L ae®, <A toxx Jdefemz. 
3 = 
att. 1=v. A + ox dxx + e=Z. 
cia i 1=v. 20k a oy Side penn =z. 
Qxx/ dx + exx d 
pean 1 ew: SOE tex ld + exx =Z. 
In generall 
3m + 3n x cdxbmten _ = n__26e qyam+n 1 py2m — 7 (41) 
“Ox /dximny gxam 7" j <=. CX Soa ae mx / dx = + ex =2Z. 


(40) More generally, where f(x) = bx"+cx", g(x) = dx’+ex* and z = f(x) ./g(x), then 
<a Z ¢ (Sb xg’ (x) +8 (x) xf" “). 
x 


ee [e(2)]? 
(41) Where R = ,/[dx™+" +], 
d m+n) dxm+n m+n) dxmt" 1 
m+n 
then ee i poi ae 


so that y = < (a — 3p) and hence z = [yd = < (R8—3eR). 
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a eRe. l=v. aa+2abx+ bbxxJ/a+ bx =z. 
5abx + 5bbx8./a+ bxx =y. Ll=v. aa+2abx®+ bbx4/a+ bux =z. 


oo” hai btelees Pinte [Le Lsaicnnneritatinsies ite 
Seutek RRR OPW Vert Paty: L=v. a2x®+ Qabx3 + bbxtJ/ax + bxx =z. 


— Babx — 5bb/axx + bx ay 


Oxia l=v. aaxx+2abx+ bb axx + bx =zx3, 
In generall. 


2m m+n OR: < oecaices 
5maaxin + bm-+ bn x abah"*+ Snbba™ (oa bat my, 1=v. 


2x 
And aax?™ + Qabxm+" + bbx2" x J/ax™ + bx" = z,\4?) 
(43) PATS ONL RE Na toe 
ax’ b+-cx=y. = =v. G6cexx+2bex—4bb x Jb+cx=z. 

+ 15a0e See} dex — 80% A dex be 2 
Ai a=v. — 3ee-+ 4daex*— 8 xx +e=x°Ze. 
eae = fe a=v. — Beet ex@® — 8d2xx/dxx + ex = x8ze. 

x3,/ Axx + ex 
ae at+v=0.  —Seex?+ 4dex—8dd/d+ex=ze. 

Jd+ex 

5 See See ee 
Nae at+tv=0. — Beex® + 4dex2® — 8d2/d-+ exx =ze. 
CX 
In Generall 
3n-1 ce i 
—— EE —y, a=v. And 3¢ex®"— 4edx" + 8dd/d+ ex" = ze.) 
ex” 
(42) z = (ax™+bx")#, so that 
= = = (ax + bx) (max” +nbx"). 


(43) Read rn , since y = “[(b +cx)# —b(b+cx)#] and so 


af 2 26 2a 
Zs [y-4 =e (b+ 0x)# = (b-+cx)8 = Tea (2 +0x)8 (Box — 26). 
(44) Read ‘ +4edx’. 
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15ddx/dx+e=y. b=. 6ddxx + 2dex — 4ee/ dx +-e= 
60ddx8/ dxx+e=y. Leap. 12ddx* + 4dexx — 8ee/ dxx+e=z. 
= ape Jue. ar — 6dd— 2dex 4 Sop d+ OxX 
—15dd/d-+-exx — 8dd—dexx + QceextJ/ d+ exx 
—— Dey, ee ee 

In generall. 
— ——_— Jdx"+e=y. L==», 6ddx?" + 2dex” — 4een/ dx" + ¢=z.4®) 
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24ddxx — 3¢e 8ddxx 

BPE oc bard es 
— 6¢e 

—— ; 14ddx 

Tidde — Bee | dx +£— —e ea} x x dx8 + ex =z. 
— 10¢e 

Sd OE Irony, “38s — 4dd—2dex + Qeex2/ d+ ex =xxz. 

15dd-+ Beer dx +08 _ Sa 

x6 ¥ plies — 8dexx e dx + ex? = x®z, 

+ 6eex4 

32dd+4eex* ->=——_ = — 8dd 

ae d+ exx=Yy. 1=v. te Tat 
+ 4eex* 

(45) Where R = ,/[d+ ae 
£ (RS = Se (6d + 10edx" + 5e?x?) , 
met nent? 


d 
p = dx (R?) sans OR > 
then y = 3a0—10df+15d*y and therefore z = a | y.ds = R(3R*—10R2d+ 15d?), 
(46) Where R = ,/[dx"+e] with 


(8d+3ex") and y= £ (8) = 


— 4 ops _ 5" pi re.en _ 4 yp) _ 3n n 
= (RS) = 3" (dea +dex*) and f= + (R*) = 5 R(dx'), 
then y = 6a—10ef and so 
— | y.dx = R3(6R?—10e) = 2(3dx" —2¢) (dx +6)# 
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35ddxx — 8ee/ dx+e=y. l=v. 10ddxx 
+2dex| Jdx+e=z. 
— 6ee 
96ddx4 — 12ce/dxx-+e=y. l=v.  16ddx*+ 4dex®—12ee/dxx+e=z. 
Q1dd+- 3deex44” a < —12dd 
xb Vdepex=y. 10. — rs Jdx+ex8 =zx4. 
+ Qeex4 
4.8ddxx —15ee/dxx-+-ex=y. l=v.  S8ddxx 
+ Qdex\ Jdxt+ ex3 =z. 
— 10¢e 
117ddx4 —2QleeJ/ dx? + ex=y. l=v.  18ddx4+ 4dexx—14ee}/dx® + ex8 =z. 
Me Japon =y. v=1. — 4d—4exx/ d+ exx=zx°. 
a a NV dx + exx=y. [v=1.] 2dd—2dex—4eex*/ dx + ex® =z. 
63ddx? — 24eexs/ dx +-e=— y. v=1. 14ddxx 
+ Qdex' Jdx5 + ext =z. 
— 12ee 


80ddx* — 35¢ex/ dxx +ex=y. ysl.  JGdaue 
+ 2dex | J dx§ + ex® =z. 


— 14ee 
——— Jdx + exx = y. v=1. 6ddx*48) — 2dex — 8¢ex./ dx + cex =Z. 
99ddx4 — 42¢eexx/ dx+e=y. v=1l. a Jdx-+e=z. 
— 16¢exxx j 
(47) Read ‘ +3eext’. (48) Read ‘6da’. 


(49) Where R = «[dx"-+e] with 


a= £ (xt) = eR ((m4+5n) d2x2n +. (2m + 5n) dex” +- me?) 
ie ee 
and = 7, Rk) = Jy, ((m + Bn) dam + me), 


then 


- eg 2°R ((m+3n) 2a —(2m+5n) Whe) = [(m+3n) (m+n) d2x2" —m(m+ 2n) e] x2™R 


x 


and consequently 


a [yas = 2xtmR8((m+3n) (dx" +0) — (2m-+5n) e) 
= 2((m+8n) dx — (m+ 2n) e) xt™(dxt +e)%, 
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8dd— 35eexx/d-+ex—=y. v=1. 8ddx—2Qdexx—10cex/d-+ ex =z. 
120ddx4 — 63cexx/dxx+ex=y. v=1. 20ddx®+ 6dex*— 18cex8/[d]xx-+ex =z. 


fee ae eae: ac a 
aA ee deem =y. v=1. 4dd—4dexx—16eex4/ d+ exx=zx. 


24dd— 3cexxs d+ ex 
ess Seo 


In Generall. 


v=1l. —S8dd—2dex— beexx/d+ex=zx.3 


mm +-8mn + 15nn x ddx®"-1— mm —2mneex-) in Jdx™*" + ex™ =y, 
i a 
Q2m+ 6n x ddx2" +- Qndex" —2m—4nxee in J dx™*" + ex™ = z,@) 


§5. FIRST ATTEMPTS AT THE RESOLUTION 
OF FLUXIONAL EQUATIONS® 
Bo ee 
[a] [r+sy=0.] r+sy=0. 7+ 5y+5q=0. ?#—“$+5q=0. 


75 —17$+55q=0. 


[b,) [r+sytty?=0.] rtsyt+tyy=0. #+5y+lyy+sq4+ 2tyq=0. 


ft+sqt—rt 


7 St 
-. ee ae - — tf) (3) Ete: ta’ 
MT Gry PaO -. aaa 


(1) Add. 3958.2: 30’, 30". The writing style suggests a dating of late 1665 and the logical 
structure of the manuscript suggests strongly that it is later than the essay on subnormal 
techniques (Add. 3960.12: 199-206) printed as §3 above. 

(2) F. 30%. Newton systematically reduces 0 = >) (a;y‘), where the a; are functions of x, by 


4 
eliminating y with the derivative 0 = }) (d;y'+iga,y'*), where 4; = da,/dx and g = dy/dx. 


% 
(Presumably, p = dx/dt and q = dy/dt were first chosen as the fluxions of x and y, but for 
simplicity Newton chose = 1.) The use of a double-dot superscript to denote a non-homo- 
genized derivative is unique in Newton’s early papers and is possibly a development from the 
homogenized notation introduced in the late spring of 1665. As we shall see, in the case of 
single variables Newton was soon to discard a dot-notation for the fluxions of single variables 
in favour of literal representations by /, m, n, p, g, r, etc. (Only in 1691 was the now-familiar 
dot-notation introduced by Newton.) 
(3) Substituting for yy its value — (r+sy)/t. 
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+ rssté—rsstt + ristt — 4rsttiq + 4rstttq + 4rt*qq 

+ ¢ssti—Fistt + 77 — Qrstttq + ssstiq—Qsst?qq 

+ rssté+ rssit — Qrrtti + 2rstttg — ssstiq + sst®qq 
+ rrtit + Qrstitg —2rsitiq 


4x4 4+s3t¢ = +Fsstt 
— ss 91 _ ssstel —rsstt 
+4 rsttt —*7rsstt 
—4rsttéi + r5Stt 
+77P 

— 2rhtti 
+ rrttt 

+5t—st + -rist—fist + fsst—rsst+ frtt—Qrttt + rrit [=0.] 
= |e 4rt? — sstt ee 


— 0,4) 


Or = 0,6) 


[ey] 7 +sy+ ty? +ry?=0.] 
r+syt+tyytouy=0. *#+5yt+iyy+iy® =0. 


+5q + 2tgy + svqyy 
fu+soyttvyy® re fuvy + Ssvvy? — ivr — busy — tvtyy 
4+squ+2Qtqvuyt+3vvgyy  —rviy—sviy?+ tir tisy + tityy 
—ri—siy —tiyy + squ®y + 2tquoy? — 38grov — 3vvsqy — 3ivugy? 


ri+-siy—fo—Soy—squ—2tqy __-_ tir — tur — 3quor+stiy —stvy + fovy —rviy — 2svvqy @ 
tv — tii + 38vvq i svi — Suv + itu — tt + tog = 
rsvit + ssviiy — fsvvi — Wssuvity — ssvviig — stovigy + rivviy + 2stvovgy 
— rsvvii + rsvvv + SSvvvy + Ssvvvg + Stovogy — rtdivy — rtvivy — 3stivgy 
+ ritvi + stiviy —rtlov — stivvy — stivvg — 2ttivugy + 3rvviivgy + 6svvvgqy 
— rttiit + sttiiy + Fttvi + sttvity + sttviig + Qtttoiqy — 5rtvviig + 6rivevg pe 
+ rtiv®g —ftuv®g — stuv®gq — 2ttvvvgqy — 6stvvigy + 5sivvvgy 
+ ritvi + ritve + 8rivevg — sitviy + stivvy — lovey 
+ rttii — rtivii — Qrtvviig + sttiiy — sitviy +ftivey 
+ 3tuviirg + 8rivvvg + 9rovevgg — 3stvivgy + 3stvvvgy 


(4) Since, substituting for y in (r+ sy + tyy) (sf —5t—2ttg)? = 0, we deduce rA*+sAu+iv® = 0, 
where A = sf—St—2tig and w = ft+sqt—ri. 
; ‘ LX [fst (st — St) ] 
272 zt EE Fen eae eel Ee 
(5) That is, tg?+ (st—St)¢g+p = 0 where p (art—s) 


(6) Substituting for y* its value —(r+sy+tyy)/v. 
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rsvit — rsvvt + rlivu — rtivi + rsvvv — rsvvi + #tivi — rtivy — ftvveg — 2rtvviig 
+ 9rvvvugg — ssvviig + Ssvvug — stivug + stiviig—stvvvgg — 5rivvig + 6rivvvg 

2Qssuvi — Sfvvv + Sttvv — Sttvi + stivi — sttvv — Stuvvg + 2ttivug — 2ttivig + 2ttvvvgg 
+ ftovy — rtuvi — rivvii + rivvii — 8rvvviig + 6stuviig — 6svvvgg — 5stvvvg 


$99 SITE co) 


~ 4 hag+kq+l 
[cy] [r+sy+ty?+vy?=0.] 
s_, Prsyttyy+iy” _ 
r+ sy +tyy + vy =0. ayaa meee 
vabe + vab y + va yy + vy? = 0.0D 
+vbe +b 
+vac -+v¢ 


7—as+aai—a*ji__*—b5+bbi—bbbi 


ee ee a eee (12) 
—s+Qat—3aav . —s+2bi—3bbv © &e 


[40] 7 +sy+ty?=0.] 


r+sy+iyy=0. eee ee 
tab —ta[y] +é[yy]=0.99 —S—2ly —sS—2ta —s—2ib - 
— tb 


(7) Multiplying the left-hand side by vy and substituting a second time for y® its value 
derived from the original equation. 

(8) Evaluating y? separately by the two previous equations. 

(9) By cross-multiplication. On the third line the last term should be ‘6svvuvgqy’. 

(10) That is, where the functions of x denoted by e, f, g, h, k and / are to be evaluated by 
collecting powers of q in the previous line. Substitution of this value of y in the original 
equation r+sy+ty?+vy? = 0 yields a sextic in g as the eliminant. More generally, where 
0 = >) (a;y‘) is of degree n in y, elimination of y and its powers with the derivative yields a 


4 
polynomial of degree n(n—1) in g = dy/dx. 
(11) Or v(y+a) (y+) (y+c) = 0, which by implicit identification with the previous 
equation determines —a, —b and —c as the roots of r+sy+iy?+vy* = 0. 
(12) Newton substitutes for y its values —a, —b and —c. Clearly he wishes by these equa- 
tions to eliminate a, b, c by using the root-properties 


abe = 1r/v, ab+be+ca=s/v and a+b+c = tv. 


However, Newton sees the computational complexities involved and passes to the simpler 
case of r+sy+ty? = 0 in illustration. 

(13) By the implicit identity of these two quadratics, Newton sets a and 6 as the roots of 
r+sy+ity? = 0. 
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77 + ¥5b + 7tbb 
+ S¥a + S§ab + Stabb .. ss  &5r ftss fir Sirs . tirr®® 
_ 4 +b¥aa+ tiaab+tiaabb , _ Tot See ek oe Bee 
laq=] 55+ Qsta + Qsth + 4ttab ed 5s — 255+ 4tr 


_ Prt 2riit + rit + r85t— Fist — 138 + 758 yp 
ms 4rt? — sstt 


[d,] [stry*=0.] O=s+ry™. §+7y"+nrqy"1=0. 


7s s ee were r§—TS 
7 f__[=0.] r8—#s—ngJ/nirFis-1a6 — 0 


Je oe F n/n: ynticn-1 a 


[b,] [starytry2?=0.] s+ary+ryy=0. 


Se ¥¥ss — 2r7rss + rrss ee I= r§—TS 
14 aa—4res - r/aarr—4rs- 


[d,] [—st+rz"=0.] [c]zz+a+bv=0. v=pxq. S: 
q 
czz+a ng n: retisn-1 (16) 
en = q. [—]s+rz"=0. =. 


° yont+2 2n-2 
; CIE Seniesa ee 
b rr Ob rrs§ — 2rFés + FFss 


(14) Newton eliminates the homogeneous functions of a and b through the equations 
ab = r/t,a+b = —s/t, so that a2+b? = (s?—2rt)/t?. 
(15) By compounding the last equality, Newton finds the products of the roots g in [6,]. 
(16) Strictly ‘ —ngnn:—rrtiset?, 
(17) The accompanying figure is a reminder that, as in §4.2 and 3 above, we are to equate 
| g.dx with | v.dz, so that v = g(dx/dz) and therefore p = dx/dz. Further, by [d,] 
qa. 1-78 
p = nX[retisn—2] 


is the derivative of —s+rz" = 0 (in which r and s are functions of x) or g/p = dz/dx, and so 
taking g = 1 we have v = dx/dz = p. Finally, Newton eliminates z and v between 


cz2+a+bur2 = 0, —strz" = 
and its derivative. Note that 5, follows from b, by taking r>s, s—> ar, t>r. 
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[2]08 

Find all y® divisors of y* first terme in y® given Equation & set y™ together of 
a sorte. from each sorte substract one divisor [&] y* rectangle of y* rest call A 
y° coefficient of y° first terme of y* desired equation. Add y* x’es greatest dimen- 
sion of A to every greatest dimen: of y® other termes & also soe many dimensions 
more as g in y' terme doth want of its greatest dimensions. & from those sub- 
stract y® greatest dimension of x in y° first terme. y° differences shall give you y* 
greatest dimensions of x in y® correspondent termes of y* desired Equation. 

Or thus If, aq”+ bqg"-1+c¢q"-*+ dq" 3+ -eq"-* &c =0. is given & 

Sy" + gy"1 4. hye “| ky?-8 +. OO pies &c=0 

is sought. I first seeke fthus. viz[:] 1. find al[l] y* prime divisors of a in w x 
is, one of a sorte. By y® rectangle of all w“ divid a & y* quote shall bee f. Or 2: 
if b=0, divide (a) once & againe, ifit may be, (i.e. ifit may bee, by y® square of 
y° divisor) by every one of y® said divisors. y* product call f. 3. Ifb=c=0, divide 
a once & again & againe by every one of y® said prime divisors, calling y* 
product f. 4. if b=c=d=0. divide a once & againe & againe & againe if it 
may be, by every one of y® s¢ Divisors &c. 


eee ee b. 
te Where note y* y® Question is insoluble, if, w” 738 reduced to its least terme 


some prime divisors (r) in w xis may divide a whose square (rr) cannot divide it. 
«* Having thus found /, set downe severally y° number of dimensions w“ x 
hath in J, c, d, e, &c. to each of w" add soe many units more as y® dimensions of 
gin y‘ terme are lesse y" its greatest dimensions 2, & from each of those summes 
substract y® difference of y® greatest dimensions w“ x hath in a & f. The re- 
mainder shall bee y® greatest number of dimensions w® x can have in y® corre- 
spondent termes g, /, k, 1, &c. Therefore feigne an equation for fy*+gy""1 &c. in 
w“) x is in each terme of noe more then y° said dimensions, noe termes being 
wanting. Whereby get an Equation of y® same forme w'" aq"+bq""1 &c. & 
compare their termes &c: 

Or better you may working by degrees 18t put ag+5=0 & thereby seeke 
fytg=0. &c.2% 


(18) f. 30". Newton attempts to reverse the operation of eliminating y between 0 = >) (a;y') 
i 
and its derivative 0 = >) (b,9/), where the a; and 5, are functions of x, and g = dy/dx. In other 
j 


words, he tries to reverse the process of finding a first-order differential equation from a given 
polynomial, and so find a method of resolving a general equation of this type. Quickly he 
finds that this is no easy task and ends in rather subdued manner by seeking a solution in the 
form of a polynomial (which will be infinite in general) whose terms are to be evaluated singly 
‘working by degrees’. 

(19) Note that g = dy/dx and the coefficients a, b,c, ..., f, g, A, ... are functions of x. 

(20) Newton has cancelled ‘2%” put agg+bqg+c=0 & thereby seeke fyy+gy+h = 0. 
3¢y put ag? +bqq+cq+d=0.’ 
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Note yt if 1: b=0. 2: b=c=0. 3: b=c=d=0. &c. Then 1: §_9, =: g a f — 
ss fos is went 


3:2 & = ie © - [&c] is a knowne quantity. viz: in w“ xis not. Perhaps they may 


obec: 


bee put equall to 0.@) 
«> Note also, y' if y° odd termes in y® given equation are wanting they shall 
bee wanting in y® sought eq.) 


(21) Newton is guessing at the unknown on the analogy of the few particular results he has 
derived in [1]. 

(22) Newton offers these remarks merely as tentative suggestions and not as exact rules 
(which they certainly are not). As he well realizes, the difficulty in resolving the fluxional 
equation f(x, g) = 0, where g = dy/dx, as the polynomial g(x, y) = 0 is the evaluation of the 
term fy": therefore the remaining terms of g(x, y) may be found by assuming for it an arbitrary 
polynomial which may be evaluated step by step by identifying its derivative with f(x, g) = 0. 
Six years later in 1671, when he began to collect his early calculus work in the tract Methodus 
fluxionum, Newton elaborated an improved method for the resolution in series of the general 
first-order linear differential equation f(x, g) = 0, but not for a further twenty years did he 
attack the general problem of the exact resolution of fluxional equations. 
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THE GENERAL PROBLEMS OF 
TANGENTS, CURVATURE 
AND LIMIT-MOTION 
ANALYSED BY THE 
METHOD OF FLUXIONS 


[October 1665—-May 1666] 


From the originals in the University Library, Cambridge 


§1.0 
[30? October 1665]. 


[1] How to draw tangents to Mechanichall lines 


In the description of any Mechanicall line what ever there may be found 
two such motions w“ compound or make up y* motion of y* point describing it 


(1) Add. 3958.2: 34'-35', 37”. These mathematical fragments are extracted from two small 
sheets, folded in fours and pinned together at their ‘spine’. Caught in with the pin, a sliver 
from a third sheet now torn away confirms internal evidence in the text, revealing that at 
least one further sheet with mathematical notes was attached. The entries on 34° ([1] below) 
certainly antedate the more polished entry of 8 November in the Waste Book (Add. 4004: 
50’-51', printed as §2) and the date suggested is that which Newton set at the head of a draft, 
penned for his mother ‘Hannah Smith’, of a rent acquittal for ‘The Sume of Forty pounds for 
one halfe yeares rent dew unto me y* 25t of March past by Joseph Whiteing of Manisenderby 
in County Lin[colne] for certaine lands w“ he holdeth by lease assigned over unto him by 
M' Tho Gay’. Apart from the purely mathematical notes here transcribed the sheets contain 
some numerical computations, the results of Newton’s experimentation with variant styles of 
handwriting and several anatomical drawings with descriptive text (in Newton’s hand). 

(2) That is, as opposed to the ‘Geometricall’ (or algebraic) curves to which Newton has 
hitherto restricted his attention. In its present form the distinction goes no further back than 
Descartes, who elaborated it in the introduction to the second book of his Geomeirie. (See 
Geometria: Liber 1: 17-19.) The classical cleavage between the ‘geometrical’ and the 
‘mechanical’ restricted the former to the straight line and circle—a distinction still made by 
Viéte, who in his Apollonius Gallus (Paris, 1600) could classify as ‘mechanica’ Adriaen’s resolu- 
tion by hyperbolas of Apollonius’ problem of the construction of a circle to touch three circles 
given in position. Descartes’ own distinction was to be reformulated a little later by Leibniz 
as the now familiar one between algebraic and transcendental curves. 
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& by those two motions may y* motion of yt point bee found (a) whose deter- 
minacon®) is in a tangent (bd) to y® crooked line. 

As in y* Spirall line can® y® point a is compounded of a motion from y* center 
c & a motion in y® circumference towards e. w" two motions are as ac to bma 
(through w* a hath moved). therefore make af:ae::ac:bma. & complet y° 
pgrm® whose diamiter ad shall touch y® Spirall. Or bisect_ fe in 7.©) 


m 


(3) That is, the ‘determinacon of y* motion of y* point’, or the instantaneous direction of 
the point as it describes the curve (a). Yet again, the terminology is Descartes’ and Newton 
clearly absorbed it as he read through his Principia Philosophie (Amsterdam, 1644). According 
to Descartes the law of inertia (his Prima lex nature=xxxvu: 54-5) demands that ‘omne id 
quod movetur, in singulis instantibus, que possunt designari dum movetur, determinatum esse 
ad motum suum continuandum versus aliquam partem, secundtm lineam rectam’, and in a 
following example where he considered the centrifugal pull of a stone A swung around the 
head he wrote that ‘eo instanti, quo est in puncto A, determinatus quidem est ad motum... 
secundtm lineam versus C, ita scilicet ut linea recta AC, sit tangens circuli’. (See Principia 
Philosophie: Pars secunda, xxx1x, Altera lex nature: 55-7, especially 56.) Newton himself used 
the concept widely in a series of notes on motion and force, based on his reading of Descartes’ 
Principia, which he entered in his Waste Book some time in the autumn of 1664. (See ULC. 
Add. 4004: 10'-15’, 38¥.) 

(4) Newton states the application of the ‘composition of motions’ to the tangent-problem: 
the tangent is to be found as the instantaneous direction of a given point in a curve suitably 
compounded of two generating motions. We are today, perhaps, more familiar with Roberval’s 
development of this approach in his Observations sur la composition des Mouvemens, et sur le moyen 
de trouver les Touchantes des lignes courbes, written about 1640 but little known till it was printed in 
the posthumous Divers Ouvrages de M. Personier de Roberval (first printed in the Memoires de 
’ Academie royale des Sciences (1693), reprinted in the Memoires de l’ Academie royale des Sciences depuis 
1666 jusqu’d 1699, 6 (Paris, 1730): 1-478, especially 1-89). As Roberval himself—if not the 
modern exponents of his method—well knew, the plausible introduction of the parallelogram of 
forces into the approach is possible only where, as in the cycloid, the two generating motions are 
independent with the ‘determination of the motion’ of the describing point on the curve given 
truly as the resultant of the two component limit-motions. Where, however, the describing point 
is given, in some co-ordinate system (Cartesian or otherwise), as the meet of the two component 
co-ordinates, the parallelogram rule is inapplicable, and its use results generally (as in the quad- 
ratix below) in an erroneous construction, though by chance (as with the ellipse) it may yield 
a correct result. Newton, clearly ignorant of the detailed complexities of Roberval’s work and 
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Or in y* Quadratrix. (if cae=recto) y® motion of (a) towards (g) is to its 
motion towards (e) as (dc) is to hap. therefore make af:ae::bc:hap. & bisect fe 
or complete y® pgrm® whose diagonall is tangent to y* Quadratrix.4® 


Or in y® trochoides®» (a) moves equally to e & f &c.4*) 


still unaware of the hidden dangers in store, plunges straightaway and uncritically into the 
prosecution of particular examples by the sole aid of the parallelogram of limit-motions. 

(5) Newton has cancelled ‘Helix’, proof that he derived this first example of the Archime- 
dean spiral from Viéte’s Variorum de Rebus Mathematicis Responsorum Liber VIII. (= Opera 
Mathematica (ed. Schooten) (Leyden, 1646): Cap. x1v: 387-91), though it is referred to by 
Descartes in his Geometrie as a mechanical curve (Geometria: Liber 1: 18). (Independently, 
Roberval had already considered the spiral in a similar way as his Exemple 8.) 

(6) Read ‘parallelogram’. 

(7) The resulting construction and indeed the mathematics of the method are correct, but 
the argument by composition of motions is irrelevant. The crucial reason why the point d 
must be on the tangent at a is that df and de are normal to af and ae, where af and ae are pro- 
portional to the limit-increments of ca and bma. 

(8) Noting that the diagonals ad and fe bisect each other. | 

(9) See Viéte’s Variorum de Rebus Mathematicis Responsorum Liber VIII (note (5)): 366: 
Prop. III. Descartes cites this, along with the Archimedean spiral, as an example of a 
mechanical curve (Geometria: 18), while it is also Roberval’s Exemple 9. 

(10) The construction is irredeemably false, as Newton was soon to realize. (See §2 
below.) It is interesting to note that Descartes gave a similarly incorrect construction of the 
quadratix tangent, apparently for the same reason. (See R. Des-Cartes Opuscula Posthuma, 
Physica et Mathematica, Amsterdam, 1701: Excerpta ex MSS. R. Des-Cartes: Tangens Quadrataria.) 

(11) Roberval’s Exemple 11. Newton seems to have taken his knowledge of the cycloid from 
Schooten’s account of it: ‘Qualem Dominus des Cartes excogitavit, atque jam pridem ejus 
exemplum R. P. Mersenno per literas ostendit in curva, que Cycloides sive Trochoides 
- appellatur.’ (Schooten, Commentarii in Librum II, O: 264—70. In particular the Verba Authoris on 
pp. 268-70 are a Latin translation of Descartes’ letter to Mersenne of 23 August 1638 = Giuvres 
(ed. Adam and Tannery), 2 (Paris, 1898) : 309-13). However, Descartes had previously referred 
to it obliquely and loosely in his Principia Philosophiae (Amsterdam, 1644: Pars secunda, xxx: 50) 
in connexion with his exposition of the composition of motions, a passage familiar to Newton. 

(12) Here the ‘determination of the motion of the point a’, ad, is correctly constructed as 
the resultant of the two motions ae and ed (or af and fd), which are in the ratio of the limit- 


motions of a parallel to the base bk/ and in the circle arc ka, and so equal. 
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The same method may oft bee 
used in Geometricall lines. As in y® 
Ellipsis y* motion of a from ¢ & to b 
is y° same &c.“%) 


m 


The motion of y® point a & its determinacon being thus found (& thereby y* 
tangent [ad]). get y® motion of some other point in y® perpendicular (as of k 
to J.) & draw two lines through w™ those two points would move in y* same 
time (as kl=af. & ac), fig A@), Then through y° second point draw a parallel 
& through y* end [/] of its motion draw a perpendicular to y* tangent (as kp, 
lpe). And through their meeting point & y® end of @® the first®” [draw dp. & y® 
g y° meeting point of dp & ak@®) will be y® center of a circle of like crookednesse 
w'h ye Mechanicall line at y*® point a. |@* 


(13) The construction is false though, by accident, the constructed point d is in the tangent 
to the ellipse at a. (Correctly, where ea and fa are in the ratio of the limit-increments of ac 
and ab, with fa taken negatively as a decrement, and so (since ba+ac is constant) ea = fa, the 
point d is to be constructed as the meet of the normals at e and f to ea and fa.) 

(14) Read ‘ad’, in line with his previous denotation of points. (Newton has not marked in 
the point d on his diagram, but here misreads the initial letter of the word ‘complete’, in his 
remarks on the quadratrix above, as the marking ‘c’ of the point!) 

(15) In Newton’s diagram the letter A seems to have been inserted initially to denote the 
centre of the generating circle. 

(16) Newton has cancelled ‘their motion’. 

(17) That is, the tangent ad. 

(18) The point ‘g’ is marked as a capital in Newton’s diagram. 
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[As in y® Trochoides.]@9 Take am@)=2ak, & [y"] m@) is y® center & am) 
y° radius of a circle of like crookednesse w'® y* Trochoides at y® point a.@ soe 
y' it hath no least crookednesse & at y® most [is] twice as streight as y® circle 
akv.°) 


[21 
mot b=mot(e) a b:mote ad d::b3:abb—a’. 
mot de ¢ ad d: mot dec ad a:: be:ab::b:a.@ 


(19) The last part of this sentence, continued by Newton on a sheet pinned to the present 
one and now lost (note (1)), is here conjecturally restored. 
Newton finds the ‘center of curvity’ (as he will call it) at the 
point a on an arbitrary curve as the limit-meet g of two in- | 
definitely close normals to the curve, ak and a’p’. Having found 
the ratio (ad’: kl’) of the limit-increments of a in the tangent ad 
and of k in kl, he finds the corresponding ratio (kp’:kl’) of k 
in kp||ad and in kl, and so the ratio (ad’:kp’ = ad:kp) of the 
increments of a in ad and k in kp|jad. Finally, since d‘p’ is 
through the centre of curvature g, so is dp, and therefore g is 
given as the meet of ak and dp. 

(20) In Newton’s text this paragraph precedes the first. 
However, Newton evidently had to have the method clear in 
his mind before he could derive the particular result for the 
cycloid, and for that reason the transposition seems both 
justified and natural. The bracketed phrase has been added 
further to smooth the transition. 

(21) For each occurrence of ‘m’ read ‘g’. In Newton’s diagram the point m is the meet of 
ak and dl, and it seems that Newton, forgetting that the increments of a and k must be in 
parallel lines for the equality ad’:kp’ = ad:kp to hold, was first tempted to suppose that-the 
ratios ad’:kl' and ad:kil were equal (and so m truly at rest). If he did so, the absurdity of the 
construction for the centre of curvature at the vertex ) must quickly have become apparent. 
(Note that two lines, undenoted but probably trial attempts at the construction of g, have 
been omitted from Newton’s figure as here reproduced for the sake of clarity.) 

(22) For kp = ar = had, and so kg = 4ag, or ag = 2ak, with ag the radius of curvature at 
the point a on the cycloid (note (19)). 

(23) The chord ak has its maximum length when it is the diameter through k perpendicular 
to the base bk/, and is zero when a coincides with k at the vertex 0, 

(24) The text begins (on f. 37”) in mid-sentence. A diagram, clearly concerned with the 
construction of tangents but otherwise seemingly inexplicable, is omitted. 

(25) In translation, 


d 


‘motion of b=motion of ¢ from b: motion of ¢ to d::b8:a (b?—a?). 
motion from ¢ to d: motion from ¢ to a::be:ab::b:a’. 


Newton’s text lacks a diagram to which we may revert, but these fragmentary remarks 
clearly refer to a slightly modified form of the Archimedean spiral studied below. (Apparently 
Newton takes ab = a, be = b, so that ‘mot de e ad d: mot dec ad a’ = be:ed (or ab) = b:a, 
but the first line remains mysterious.) 
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ab=x. an=a=diametro®® unius girationis. 


27) 
eS = peripheriz gsrbq. 


an:ab::a:x::qsrbq == :qsrb = bd = (28) 
a9) /aarrxx+ppx* x ;————_- 
bé J SS ee Jaarr + ppxx. 
arx 
aarrxx = aarryy + ppxxyy.8) 


a bpxy’ + aarrxy _yq)_aarrx—ppxyy 
aarry + ppxxy aarr+ppxx ~ 


aarrx — ppxyy . 
" aarr+- ppxx 


bf| =ed| = ab: be::x: = Jaarr+ pprx: tar: aarr-+ ppxx::Mot (b) ab a 
:Mot (b) ad e::y:x. 


Ergo mot (b) ad e:mot (c) ab a::Jaarr-+ ppxx x aarry + ppxxy: ar x aarrx — ppyyx 
s:aarr-+ ppxx:aarr— ppy?. 


Sumatur ergo bt:cx::mot b ad ¢:mot ¢ ad x®9:: aarr+ ppxx:aarr—ppyy.®) duc 
ty et erit by=radio circuli equalis curvitatis &c.8® 


=ac = y.0) 


mot} ab a:motc¢ ab a::y:v): : aarry + ppxxy :aarrx — ppyyx. 


AATrxXx by. (37) 


ppxx+ ppyy iN xx—yy::aarr + ppxx: by:: 


(26) Read ‘radio’ and translate ‘equal to the radius of one revolution’. 

. p(eriphery) 
(27) That is, edness 
(28) The defining equation of the Archimedean spiral (b)—that is, where 


gab = 0 (qsrb = x0), x = a(r/p) 0. 


(29) Taking ed = ab perpendicular to bd at d. 

(30) ab/(ed/eb) = ac, since the triangles abc and ebd are similar. 

(31) Newton’s form of defining equation for the spiral, where ab = x and ac = y (the 
instantaneous subnormal). 

(32) Where v = y(dy/dx), since 2a?r?x*y = (2a*r? + 2px?) y?(dy/dx) + 2p?x?y® (keeping New- 
ton’s homogenized form of the derivative). 

(33) Since ‘motion } from a: motion ¢ from a’ = dx/dt:dy/dt = y:v, where ¢ is an inde- 
pendent variable of time. 

(34) Or ‘mot b ad e: motc aba’. 

(35) Where txy is drawn perpendicular to bd. 


x = 27x. 
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aarrx®-+ ppx*— aarrxx®®) ee 
aarr+ pax x 5] dar pee _ py _aarr-+ ppxx x pxx x Vaarr+ ppxx 


aarrppxx + ptx* + aarrppxx Qaarrppxx + px4 
aarr + ppxx 
_N2:C:aarr-+ ppxx (89) 
2aarrp + pPxx 
hy 2a + ppxx x Jaarr+ ppxx _ Ja®8 + 3a*r4ppxx + 3aarrptx4 + p8xé 9) 
ae Qaarrp + prxx Qaarrp + prxx 
a Batrt 
a*rAppxx + aarrptx4 =a*r®, x4 = — 7 xx + oe . kk= =ser babe (40) 


aarrmx — ppmxyy 


= motion of c from a.@” 
aarry + ppxxy 


Make m=motion of ) from a. y" is 


& m/aarr + ppxx 
: ar 
therefore, mot c [from a]:mot b [to e]::aarr—ppyy:aarr+ppxx. & 

ppxx + ppyy:/xx—yy::aarr+ ppxx:radio quesito.) [by=z.] 


Mx = = aarrmx — ppmxyy a) 
Z j a xX — YY: “garry + ppexy 


: mx 
= motion of 6 to iy i 


(36) Read ‘Draw ty and then dy will be equal to the radius of a circle of equal curvature 
[with the spiral at the point 6]’. The proof is immediate by [1] above, since the ratio bt: cx is 
the ratio of the limit-increments of 5 in the tangent be and of c in its parallel cd, and so the 
point y is instantaneously at rest in the normal be. 


by bt ar? +-p2x? by — ar? + px? 
ae cy ox abrh—piyd? O° he ~ pha + pry? 
where be = 4/[x?—y?] and a?r? + p?x? = (arx/y)?. 


(a?r? + px?) «/[x? — (arx)?/(a?r? + p?x?) |] 

si leord s PLP + (are (r+ pA] 

(39) Or (ar? + p2x?)8/p(2ar? + p2x2), the radius of curvature at b expressed in terms of 
ab = x alone, with y eliminated by substitution of its value arx/,/[ar? + p2x?]. 

(40) This line, squashed in at an empty space high on the right, expresses the condition 
that ad = be = (1/27) .an, or x?/y = (r/p)n. 

(41) Where ¢ is an independent variable of time, Newton simplifies his previous argument 
by taking m = dx/dt or ‘the motion of } from a’, so that the ‘motion of ¢ from a’ or 

dy/dt = mv/y. 

(42) Since m = dx/dt is also the ‘motion of ¢e from d’, with be/ed = ab/ac = x|/y. 

(43) Read ‘the required radius’, that is, by. 

(44) Newton uses dots to cancel the factor mx/y in the denominators of the ratios. Not 


noticing the simplification that both ratios are equal to ./[xx—yy] = (a oe) ? 


Newton proceeds straightforwardly to cross-multiply. 
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Zaarr — zppyy = Zaarr + zppx* —»/ xx — yy X aarr + ppxx. 


aarr + ppxx XV xx — YY xx —yy | 
pe 


[3] 
ac=ab=x. de=y. 


am 
mao): ——iieiar ed: ce. 


ux=ay. or, op=a.49 


(45) As before. (Note again that the dots on the terms zaarr are cancellation symbols and 
not to be confused with a dot-notation for fluxions.) 

(46) As in [2], m is dx/dt or the ‘motion of } from a’. 

(47) Where ac = ab = od = x, dec = ao = y and, say, bf = z with as = sr = 1, Newton 
defines the hyperbola (f) by abxdf = 1, or 
xz = 1. From this the curve (d) is defined by 


Ho 
ao/as = Hyperbola-area (rsbf) or . = I, Zak 


Then, where ce = v is the subnormal at d, 
celcd = dy/dx = op/od, so that 


or the subtangent op ia constant. 

In modern terms, y = alog(x) and (d) is 
the logarithmic curve x = ¢¥/*, so that st = eV, 
The curve had been discussed extensively by Torricelli in the 1640’s, but his tract De Hem- 
hyperbola Logarithmica remained unpublished till the present century. (See G. Loria: ‘Le 
ricerche inedite di Evangelista Torricelli sopra la curva logarithmica’, Bibliotheca Mathe- 
matica 31 (1900): 75-89; and E. Torricelli, Opere, 1, 2 (Faenza, 1919): 335-47.) Curiously, 
the first researches into the nature of the curve were Descartes’ comments on and partial 
resolution of de Beaune’s problem (sent to Descartes by the latter in the winter of 1638/9) of 
finding the curve (y = —klog(x—y+hk)+C) which satisfies the relation dy/dx = k/(y—x). 
(See Descartes’ answering letter to de Beaune of 20 February 1639, first printed by Clerselier 
in his Lettres de M. Descartes, 3 (Paris, 1667): Letter 71 = Céuvres de Descartes, 2 (Paris, 1898) : 
no. CLVI: especially 513-17. Compare also Christoph J. Scriba, ‘Zur Lésung des 2. Debeaune- 
schen Problems durch Descartes’, Archive for History of Exact Sciences, 1 (1961): 407-19.) The 
first explicit printed account of the logarithmic curve was that inserted by James Gregory a 
year later in the Proemium of his Geometrig Pars Universalis. (It is possible that Gregory, who had 
spent the previous five years in Italy pursuing mathematical research under the experienced 
eye of Torricelli’s pupil, Stefano degli Angeli, had access to a manuscript version of Torricelli’s 
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[4] 
aayyy. cal =v n (48) 
bbyy. D ei y2 x yy yy 


November 8*® 1665. 


How to Draw Tangenis to Mechanicall Lines 


Lemma 
: 4 If one body move from a to 6 in y® same time in w™ 
another moves from a to ¢ & a 34 body move from a 
w'? motion compounded of these two[,] it shall (com- 
pleteing y® parallelogram) move to din y® same time. 
/ ; For those motions would severally carry it y* one from 


a toc y® other from ¢ to d &c.®) 

In y® description of any Mechanicall line what ever, there may bee found two 
such motions w“* compound or make up y® motion of y® point describeing it, 
whose motion being by them found by y® Lemma, its determinacon shall bee 
in a tangent to y° mechanicall line. 


work on the curve.) Newton himself, it is clear, had no contact with any of these apart from 
their printed works and must be ranked as an independent discoverer. Indeed, whether or 
not he then fully realized its exponential nature, he had already derived the logarithmica some 
time before, probably in autumn 1664, as the ‘instantaneous compound interest’ curve. (See 
3, 1, §3.3.) 

(48) These scribbled notes (on f. 34”) seem to belong with Newton’s calculations of the 
subnormal v in the form n/D in 5, §2 above, confirming the dating there given of autumn 1665. 

(1) Add. 4004: 50’, 51°. Newton revises his rough notes (made a week earlier) in §1 above. 

(2) Newton’s ‘Lemma’ is the classical parallelogram of forces which constructs the vector 
ad as the resultant of the component vectors ab and ac. He had, some time in the autumn of 
1664, already entered the axiom in his Waste Book as a paragraph ‘Of compound force’ 
(Add. 4004: 38", especially Coroll: 1), but went on to generalize it, in a complex of early notes 
on motion and force written up about the same time elsewhere in the Waste Book (Add. 4004: 
10'-15"), as ‘Two bodys being uniformely moved in y* same plaine their center of motion will 
describe a streight line... .They doe y® same in divers plaines.’ (13"— —14": §§27-31, especially 
13-14": §§27, 28.) The form of Newton’s presentation of the axiom at f. 38" suggests strongly 
that he has taken it over from his reading of Descartes’ Principia Philosophie (Amsterdam, 
,1644: Pars secunda: 50: xxx, Quomodo etiam motus proprié sumptus, qui in corpore unicus est, pro 
pluribus sumi possit). 

Newton originally entered this ‘Lemma’ below the next paragraph, but in accordance with 
his manuscript directions their order has been reversed. 

(3) This general resolution of the problem is repeated from §1, 1 above, almost word for 
word, 
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Example y® 18*. If abe is an helix described by y® point (4) the line ad 
increasing uniformely whilest it 
also circulates uniformely about y° 
center a. Let y® radius of y* circle 
dmbd bee ab. & let dmb measure y° 
quantity of the giration of ab (viz[:] 
ad touching y® helix at y® center) 
[&] let bf bee a tangent to y® circle 
dmbd. y® is y® motion of y* point d 
towards ¢ to its motion towards f as 
ab to dmb. therefore make 

bc = fg:bf=cg::ab: dmb. 
& (by y® Lemma) y® diagonall bg shall touch y* helix in 6. Or make 
be=fg=ab. & bf=cg=dmb. the diagonall bg shall touch y* helix. (y* length 
of bf may be thus found viz; ae:bc=ad=ab::dmbd:dmb=Df.) 

Example y* 24, If y® center (a) of a globe (dae) moves uniformely in a streight 
line parallel to eh, whilest y* Globe 
uniformely girates. Each point (3) 
in y® Globe will describe a Tro- 
choides: to w at y® point 6 I thus 
draw a tangent. Draw y® radis ab 
& bc perpendicular to it[,] y™ is y° 
circular motion of the point 5 deter- 
mined in y® line dc, & its progresive® 
in bf. If therefore I make dc=fg to 
bf=cg as y® circular motion of y® 
point b to its progressive y° Diagonall (by y* Lemma) dg shall touch y° 
Trochoides in b. As if ye Globe roule®™ upon y° plaine eh, & I make bc=fg=ab. 
& bf=cg=ae. y® doth y*® Diagonall bg touch y* Trochoides. (Or be, passing 
through y® point in w® y® globe & plaine touch, is a perpendicular to y* 
Troch.@») 


(4) That is, an Archimedean spiral. (See §1, note (5) above.) 

(5) This is not true, as Newton will realize, though the resulting construction is correct. 
(Compare §1, note (7) above.) 

(6) That is, a general cycloid (which Newton draws curtate). The example is taken from 
Schooten’s Commentarii in Librum II, O ( = Geometria: 268-70, especially 269-70). (Compare §1, 
note (11) above.) 

(7) Read ‘radius’. (8) That is, motion. 

(9) A valid application, since the component motions bc and Of are truly independent with 
the vector bg found as their resultant and so as the ‘determinacon’ of the motion of the point 6 
in the cycloid. 

(10) Read ‘roll’. 
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Plate III. Construction of tangents to ‘Mechanicall’ curves (2, 6, §2). 
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Example 34, If y* line bh 1 ak moves uniformely y* length of ah whilest ad girats 
uniformely from ak to am about y®* center a, 
the point of their intersection (d) will desc[r]ibe 
y° Quadratrix kbn.0® Draw bel abpi pg. & 
bf am. y® ah:am=ak::ka:kpm:: motion of (d) 
to f: motion of (pf) to q, (sup).4®) And motion 
of (p) to qg:motion of (4) to c:: 


am=ap:ab::kpm: sbt. 


Therefore motion of (5) to f: motion of (5) to 
c::ka:sbt::an:ab. Therefore makeing 


ak: sbt::an:ab::bf=cg:bc=fg. 


(Or makeing bf=an=cg. & bc=ba=fg.) y* 
Diagonall dg shall touch y* Quadratrix at 5.0 


Instead of y? third Example reade this.) 


Sometimes y® tangent may bee found by 
considering two absolute motions of y® 
describing point (4). As if bh ||am1 ak moves 
uniformely y* length of ka, whilest ab girates 
uniformely*® from ak to am about y* center 
a. The point 4 of their intersection will 
describe y® Quadratrix kbf. w'® y® radij ag 
& ak draw y® circles kpm & gbl, make 
pq || bd. abp ||ed. &, bc || ak. Then tis, ka: kpm:: 


(11) This second result, due to Descartes, is taken over from Schooten’s Commentarti in 
Librum II, O (=Geometria: 269). In proof, tet is equal and perpendicular to wed so that 
Abeg = Abae, and therefore bg is equal and perpendicular to be. Descartes’ own proof, given 
in his letter to Mersenne of 23 August 1638 (= Cuvres (ed. Adam and Tannery), 2 (Paris, 
1898) : 308-9) and printed in Schooten’s Latin translation in Geometria (267-8), is inadequate 
since it presupposes that ¢ is the instantaneous centre of motion at the point 6 in the cycloid. 

(12) See §1, note (9) above. (13) That is, by supposition. 

(14) The construction is irredeemably false. (Compare §1, note (10) above.) Here for the 
first time Newton realized his error and has corrected his figure by drawing the normal at c 
to bc through the meet of the tangent bg and the base am. (The realization of his mistake and 
the dangers of an uncritical application of the parallelogram rule presumably came quickly, 
but not before he had drafted the similarly erroneous ellipse-tangent construction in the 
scholium, on the tangents of ‘Geometricall lines’, which follows.) 

(15) This corrected version of Example 34 has been transposed from the page bottom in 
accordance with a note added to the following scholium that ‘This should follow y* 34 
Example’s substitute’. 

(16) Newton has cancelled ‘the length’. 
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whole motion of } to ¢ (or ec) [: whole motio]n of p to g. And ap:ab::kpm: gbl:: 
whole motion of to g: whole motion of b tod (or toed). Therefore af: ab: :ak: gbl:: 
absolute & whole motion of b towards ¢ (or acf): whole motion of 6 towards d (or 
ed) Soe yt makeing be:bd::af:ab. ab||ed1 bd & hb||\ce1 cb. The point d will bee 
moved to y° line[s] ce & edin [y*] same time w® cannot bee unlesse it move to ¢ 
(their common intersection). The point 5 therefore moves in y® line be w™ doth 
therefore touch y® Quadratrix at b. (The same is done by makeing b/= bd 1 de||ab. 
& drawing y* tangent be through y* common intersection of ed & aem.)“” 
Scholium. The tangents of Geometricall 


wets. lines may be found by their descriptions 
ean Ge after y°same manner. As the ellipsis (whose 
~ s—_._ foci are a & f) being described by y* thred 


© abf y® thred ab lengthens so much as y° 
thred bf shortens, or the point ) moves 
equally from a & to f. Therefore I take 
bc=bf=cg=fg.09 & y* diagonall dg will 
touch the ellipsis in 5.¢® 
Although y* nature of a mechanicall line 
is not knowne from its description but from some other principle yet may a 
tang™t be drawne to it by y®° same method. 

As if be is an Hyperbola, tad its asymptote & ¢f||ad. & gp:ph::cadf:adeb. to 
draw a tangent to y® line ghm,®@” I consider y‘, df:de::increasing of acdf:in- 
creasing of abde::increase of gp:increase of ph::motion of y*® point 4 towards 
k: motion ofh towards r, ifhk || gp. Therefore I make rh=sk:rs=hk:: de: df:: hp: pw. 
& y® diagonall hs or wh shall touch y° line ghm. Or if uyg=ta=ab=xy. gp=ad. 
ph=vxy || phr, vp ||yh. y® doth xhs touch y® line ghm at h.@® 


(17) The construction is now wholly correct, and it is interesting to compare the modifica- 
tions here introduced by Newton with Roberval’s own implicit rejection of any application of 
the parallelogram rule in finding the quadratix tangent. (See G. P. de Roberval, Observations 
sur la composition des Mouvemens, et sur le moyen de trouver les Touchantes des lignes courbes (1638?) : 
Exemple neuviéme de la Quadratrice. = Memoires de Academie royale des Sciences Depuis 1666 jusqu’a 
1699, 6 (Paris, 1730): 1-89, especially 57-67.) Newton himself pondered the whole problem 
of limit-motion anew during the winter of 1665/6 and finally drafted the impressive paper of 
14 May 1666 (§4.1 below), revising it two days later with examples (§4.2). 

(18) After Newton discovered the falsity of applying the parallelogram rule in this case 
(compare §1, note (13) above), he emended this to read‘... I take be =f. & cg 1 be, & fg 1 bf,’ 
and slightly altered his figure accordingly. 

(19) Having first correctly emended this erroneous construction for the ellipse-tangent 
(copied from §1.1 above), Newton has cancelled the whole paragraph with the note ‘See 
fol 57.’. In fact, on f. 57" of the Waste Book (printed below as §3.2) Newton entered the correct 
construction on 15 November. 

(20) This paragraph, presumably entered before Newton discovered the falsity of his 
Example 3, continues to refer to a ‘method’ which applies the parallelogram rule uncritically. 

(21) The logarithmic curve. (Compare §1.4 above.) 


[2, 6, §2] 


Tangents, curvature and limit-motion by fluxions 


381 


Tangents to Mechanicall lines may sometimes bee found by finding such a 
point w°" is immoveable in respect of y* line described & y” also doth not vary 


(22) Where td = x, de = y and ta = ab = a, the defining equation of the hyperbola (e) 


is xy = a, and so, where up = td = x, ph = z 
and vg = ta = a, ac = df = ¢, the defining 
equation of the (logarithmic) curve (h) is 
given by 


(*—a@)iz= [Pees [" yd, 
a a 


H x a 
or cz -{ y.dx =| = ee 
Since hk: Ar is the ratio of the limit-increments 
he 2d i 
of gb = x—a@ and ph =z (or = 5), it 


follows that the subtangent 


constant, the well-known defining property 
of the logarithmic curve. (In modern terms 
cz/a* = log(x/a).) In final simplification 
Newton takes xy = ta = ab = a, ore = a, 80 


that the defining equation of (A) reduces to = 
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in distance from y* describing point. for y* Secant®) must passe through y* 

point.@®, Thus in y® Trochoides when 

— y® point (e) toucheth y® plaine eA, tis 

la< immoveable, & tis ever equidistant 

me x from y® describing point 5 (being both 

of y™ fixed points in y* Globe). There- 

fore the line (be) drawne from y° 

describeing point to y* touch point of 

y® Globe & plaine (eh) is perpen- 

dicular to y® trochoides.@*) But in y° 

Spirall though y® point a doth rest®® 
yet it doth continually vary its distance from y* describing point 6. 


h 


§ 30) 
Novemb* y® 138 1665. 
[1] 
To find y velocitys .R.® An Equation being given, expressing y® Relation of 
of bodys by y’lines two or more lines x, y, z, &c described in y* same time by two 
they describe. or more moveing bodys A, B, C &c to find y* relation of their 
velocitys p, q, r &c: 


(23) The normal at the point considered. 

(24) Newton argues correctly that if we can find a point which is instantaneously at rest 
with respect to the generating point of a curve, then that point must lie on the normal to the 
curve (since a point instantaneously at rest as the point generates the curve must be the 
instantaneous centre of rotation and so the centre of curvature at the point). 

(25) Newton repeats this argument of Descartes from Schooten’s presentation of it (Com- 
mentarii in Librum II = Geometria: 269) but fails to see that, as there presented, it is fallacious. 
The ‘determinacon’ of the point 6 is correctly considered to be perpendicular to be (note (11) 
above), so that be is indeed normal to the cycloid. Descartes’ argument, however, which 
considers the rolling circle as the limit of a regular polygon of an infinitely great number of 
sides, whose turning points are indeed in the base eh (compare Geometria: 267-8), wrongly 
concludes that for the cycloid also the point ¢ will be a turning point and so ‘immoveable’. 
In fact, the point e has an instantaneous increment horizontally and so, in the curtate cycloid 
shown, can never be at rest. (Conversely, the centre of curvature at the point , the only point 
truly ‘immoveable’ and always indeed to be found in the normal be, can never coincide with e.) 

(26) Since (in Newton’s figure for the ‘helix’ above) the angle abg between the radius ab 
and tangent bg can never be right, it is hard to see how Newton can argue that the point a is, 
in any significant sense, at rest. 

(1) Add. 4004: 57", 57%. [1] was first printed, inadequately and incompletely, by Rigaud 
from a copy in Lord Macclesfield’s possession made by Newton himself at the time (c. 1714) 
of his fluxion priority dispute with Leibniz. (See S. P. Rigaud, An Historical Essay on the First 
Publication of Sir Isaac Newton’s Principia (Oxford, 1838): Appendix m: 20-2. Several similar 
autographs are to be found, in various states of completeness, in ULC. Add. 3968.) 
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Resolution 
Sett all y° termes on one side of y° equation y' they become equall to nothing. 
- D And first multiply each terme by soe many times “ as 
x hath dimensions in yt terme. Seacondly multiply each 


terme by soe many times : as y hath dimensions in it. 


2 
3 Thirdly multiply each terme by soe many times : as Z 


hath dimensions in it &c. The sume of all these products shall bee equall to 
nothing. Which Equation gives y° relation of p, q, r &c. 
Or more generally thus. Order y*® equation according to y® dimensions of x, 
& (putting a & b for any two numbers whither rationall or not) multiply y° 
termes of it by any pte of this progression viz: :929. abr WP ae ap at BEE ° B rhb: 
ap ap+bp apt+2bp apt+3bp g .. 
_-_—. ie nak 


: : : Also order y* ets according to y 


aq—2bq aq—bq ag 
; ; eS ee 
ad. —. sl &c. Also order it according to y* dimentions of z 
& multiply its termes by this progression viz: :029. 
ar ar+br ar+2br ar+3br 
ope See So 
equall to nothing. Which equation gives y* relation of p, g, r &c. 
Example 1st. If y° propounded Equation bee 


—Qxxy + 4xx + Txyy —y? —103=0. 


& multiply the termes of it by this progression. :029 


ar—3br ar—2br ar—Oobr 
oS 


. &c. The sume of all these products shall bee 


(2) This letter was added for reference on 14 May 1666 when Newton composed the first 
draft (§4.1 below) of his paper on limit-motions. 
(3) Thus, where f(x, y, z) = 0 = X(a,, ;,,x'y/z*), Newton’s ‘resolution’ sets 


0 = (24245) (a yaxyitt), or 0= Beta, tHe 


It follows that p:q:r = dx:dy:dz, and in fact, where ¢ is an independent variable of time, 
Newton opts for a model in which , g and r are the respective ‘velocitys’ dx/dt, dy/dt and 
dz/dt. 

(4) This reduces to the former since, where a, # and y are arbitrary, 


a+ip FH eo") ig pd ok - (= B t) inj ok 
0 = 5(=2% : (a; ;.x'y!z*) = ee" 2(4;, 5p X*'yFZ*) 


y 
tb jq, kr Ae 
+3(% te +2) (a; j.nxtyiz*). 
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By y® precedent rule y° first operation will produce 3xxp — 4xyp + 8xp + Tyyp. The 
seacond produ[cleth —2xxq+14xyq—3yyq. Which two added together make 
3xxb — 4xyp + 8xp-+ Tyyp — 2xxgq+ 14xyq—8yyq=0. (Now suppose a yarde to bee 
an unit & yt A hath moved 8 yardes, y (by y° 18‘ equation) B hath moved two; 
ie,x=3. y=2. And at that time by y® last Equation 55p+54g=0. Or 
55:—54::p:q:: velocity of A: velocity of B. Onely ifx increaseth y" y decreaseth, 
yt is, A & B move contrary ways because p & q are affected with divers signes). 

Example 24, If ye Equation bee x8 — 2a?y + z2x— yx + zy?—z3©—=0, The first 


oe (8) £- OF: +B; 0 
x x 


operation will produce x? * + zzx—yyx—2aay + zy? —z°. Or 3pxx+pzz—pyy. 
The second produceth — 2aaq—2yxq+2zyq. The third + 2zxr-+yyr—3zzr. The 
summe of w% is 3pxx-+pzz—pyy —2aaq—2yxq + 2zyq+ 2zxr + yyr— 3zzr=0. 
(Note yt in this Example there being three unknowne quantitys x, y, z, There 
must be two of them & two velocitys supposed thereby to find y® 34 quantity & 
y® third velocity. Or else there must be some other equation expressing y* 
relation of two of these x, y, Z. (as in y® first example) whereby one quantity & 
one velocity being supposed y* other quantity & velocity may bee found & y® 
by this 24 Example y* 34 quantity & 34 velocity may bee found.) 
Example 34, Of y® more generall rule. If y* equation bee 


x* — 30yxx + yyxx — geyy —2y*=0. 
ap  ap+2bp . ap+4bp 
ee ees 


eee x 
y first operation gives x4 * -+yyxx * —geyy Or 
— 3gy — 2y4 


3 Se _ apggyy _ 2apy* (8) 
apx? + apyyx — sapgyx eer ae 


4 
+ 2hpyyx — 6bpgyx — a _ 8bpy 


x 
the 2% gives 
aq—2bq x —2y®-+-aq x xxy — gey +aq+bq x —3gxx + aq[ + ]2bq x “0 


The sume of w“ two products is equall to nothing. &c. 


(5) Newton has cancelled the additional term ‘ + zzy’. 
(6) Read 2 more correctly (though the result is unaffected). 


(7) Read ‘zy’. 
(8) Which, since (ap/x) (x4 — 3gyx* + y*x? — g@y* —2y4) = 0, reduces to 


(bp|x) (2y2x® — Bgyx? — 4g%y? — 8y*) = (bp/x) (4x4 — 6gyx? + 2y?x?). 
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Demonstration. 


serie ee deere an Lee. avo bodys . move uniformel 

B ¥-¥° 
b d ene. one a oo % gs ; : & 
PTT: EOE Tee te ahaa from , OF its &c in y® same time. y 


are y° lines “ hd oe 3 if & & th © &c as their velocitys : . And though they move not 


uniformly yet are y® infinitely little lines?Y w* each moment they describe 
as their velocitys are w°® they have while they describe them. As if y* body 
A wt y® velocity p describe y® infinitely little line o in one moment.@? In y* 
. For so: 2 a3) 
Sake 
Soe yt if y* described lines be x & y in one moment, they will bee x+0 & y+5 
in y® next.@4 

Now if y® Equation expressing y° relation of y® lines x & y be rx+- xx—yy=0. 


moment y® body B w* y* velocity g will describe y° line “4 


I may substitute x+0 & y se into y® place of x & y because (by y* lemma) they 
as well as x & y doe signifie y* lines described by y* bodys A & B.“*) By doeing 
so there results rx-+ ro + xx -+ 20x + 00 —yy —+~+ — +—=0. But rx+xx—yy=0 


by supposition: there remaines therefore 70+ 20x-+00——~—*+—-=0. Or 


divideing it by o tis r+2x+0— a =o. Also those termes in w“ 0 is are 


infinitely lesse y those in w“® 0 is not therefore blotting y™ out there rests 
r+2x———o, Or pr+ 2px = 2qy.0© 


(9) That is, since (aq/y) ( — 2y4 — gy? + x2y? —3gx2y+x*) = 0, 
(bq/y) (4y* — 3gx%y + 2x4) = (—bg/y) (— 8y* — 2g%y* + Qxty? — 3gxty). 

(10) Adapted from Add. 4000: 152" (= 5, §4.1 above). 

(11) Newton has cancelled ‘spac[es]’. 

(12) That is, since p = dx/dt, the segment ce = o described ‘in one moment’, say #, is the 
limit-increment of ac = x, with o/f = dx/dt (or o = pt). 

(13) The limit-increment df of bd = y is similarly t(dy/dt) = qt = (q/p)o. 

(14) Newton has cancelled ‘or better p:¢::po:qo. &c:’. 

(15) In general, where 0 = f(x, y) then also is 0 = f(x+0, y+(og/p)), the incremented 
function. 

(16) More generally, 0 = f(x-+0, y+(og/p)) = f(x, y) +0(f,+ (4/p) fy) + (0%), and so 
(Aare etn) Ht) =fitt Sy or =f Y ¢ ae 


0 = lim 
Oo->Zero 


(Immediately g/p = dy/dx = —f,[f,.) 
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Hence may bee observed: First, yt those termes ever vanish in w 0 is not 
because they are y* propounded equation. Secondly y*® remaining Equation 
being divided by o those termes also vanish in w™ 0 still remaines because they 
are infinitely little. Thirdly yt y® still remaining termes will ever have yt forme 
w“ by y° first preceding rule they should have.@” 

The rule may bee demonstrated after y° same manner if there [bee] 3 or more 
unknowne quantitys x, y, z &c.@®) 


[2] 
By helpe of y® preceding probleme divers others may bee readyly resolved as 


Of tangents to 1. To draw tangents to crooked lines (however they bee related to 
Geometricall lines. streight ones). 
Resolution. 


Find (by y® preceding rule) in wt proportion those two lines to w® y® crooked 
line is cheifly related doe increase or decrease; produce y™ in yt proportion 
from y* given point in y* crooked line; at those ends draw lines in which those 
ends are inclined to move, through whose intersection y* tangent shall passe. 

Example \s'. \fab=id=x. ai=bd=y. &r = yy. Then is p:g: 2y 1 2, 


(by y® former rule) Therefore I draw de:dg:: pg: 2ysr The point g is 


(17) Newton has cancelled ‘as may partly appeare by Oughtreds Analyticall table’. (The 
reference is to the table of binomial coefficients ([ Tabula] Posterior) given by Oughtred in his 
Clavis Mathematice (Oxford, ,1652): Cap. xu, De Genesi et Analysi Potestatum: 34-8, especially 
37.) Newton thereby seems to intend the differentiation of x* by considering 


ae ee ae 


Oughtred’s table gives the expansion of (A+£)*, k = 1, 2,..., 10 as a triangular ‘Pascal’ 
array, from which it follows that (x+0)* = x«*+kx*-19+ O(0?): immediately 


ian (Se) = kxt1, 


o->Zero 


(18) Compare notes (15) and (16) above. 
(19) Newton first wrote ‘...draw perpendiculars to y™’. 
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inclined to move in a parallel to abc & y* point ¢ in a parallel to atk (for bg & te 
vd Therefore I draw 
gf\labc & ef ||aik. & through y* intersection (f) I draw hdf touching y* crooked 


line at d. Soe y* gd:de::db: bh::qip::r——"*:2y. 


a a , one a 
(by supposition) move parallel to y™ selves y other UPO? , 


Hence may bee pronounced those theorems in Fol 47,0 

Example y*¢ 23.2) If ac=x. bc=y, (w move about y® centers a & b as in y* 
Hyperbola or Ellipsis by a thred) And 
y* Equation bee —a+x+y=0. y® is 
p+q=0.% or p= —q. therefore Imake 
cd:cb::p:q::1:—1. (Note yt I draw cd 
& cB y® one forward y* other backward 
because p & g have contrary signes.) 
y* points d & B are inclined to move y* 
one in a perpendicular to acd y® other 
to bBc (for they move in circles whose 
centers are a & b) therefore I draw 
dei acd & Be. bBc & y® tangent ce through y° point e. 


a b 


Of tangents to 2. Hitherto may bee reduced y* manner of drawing tangents to 
Mechanicall lines. mechanicall lines. see Fol. 50.2%) 


Of y° crookednesse 3. To find y* quantity of crookednes in Geometricall lines. 
of Geometricall lines. 


Resolution. 


Find y* point of y® perpendicular to y® crooked line w“ is in least motion let 
y' bee y® center of a circle w“ passing through y® given point shall bee of equall 
crookednesse w'® y* line at yt point. 

This point of least motion may bee found divers ways,@ as 

First. From any two points in y® perpendicular to y* crooked line draw 2 
parallel lines in such proportion as y* perpendicular moves over y™; through 


(20) See Newton’s entry of 20 May 1665 in the Waste Book (Add. 4004: 47'/47" = 4, 
§3.1 above). Newton’s first reference was to ‘pag 47’. 

(21) Corrected from the ‘Scholium’ on ‘Geometricall lines’ to §2 above. (See §2, 
note (19) above.) 

(22) By ‘y*® former rule’. 

(23) That is, Newton’s entry of 8 November in the Waste Book (Add. 4004: 50°/517 =§2 
above). 

(24) See his entries in the Waste Book between December 1664 and May 1665 (Add. 4004: 
30” — 33 = 4, §2 above). 
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their ends draw another line w® shall intersect y® perpendicular in y® point 
required. 

As if ab=x. be=y. ce ck=y* tangent of y® crooked line. kbe=cd||abef. & as 
y® motion of b from a to y* motion of e from a so kb to ef. Then, drawing dfg 
through y° points d & f, cg is y* radius of a circle as crooked as [y*] line ac/ at ¢c.@° 


(26 ae eS ae 
Example.°® Suppose ax ry 0. y® is be=v a kb ears int OF 
And edn ke = ee ee Ee, bk=p=velocity®® of b from a, 


bc=y=velocity of y’s increase[,] r=velocity of v’s increase. [y™] 


2bv— ba+ 2ax= 0.2% 


(25) This discussion of the curvature centre as the point of instantaneous rest is elaborated 
from the first sketch in §1.1 above (= Add. 3958.2: 34°). 
(26) Newton first began to draft this example before the preceding paragraph was com- 


posed, but broke off after writing: ‘Example. Suppose ab =x. be=y. x1 y. a = yy. 


b 
be=v = 5——. p=motion of b from a. r=—% = motion of e from b. g P= — motion of 
x ch wt op ny nee ee eee 
from a. hah pao, = Y- nd == ie cd= ke. 


(27) Newton has cancelled ‘motion’. 

(28) Accurately the ‘velocity of b from a’, the ‘velocity of y’s increase’ and the ‘velocity of 
v’s increase’ are respectively the ‘speeds’ dx/dt, dy/dt and dv/dt (where ¢ is an independent 
variable of time). However Newton represents the second by y = y(dt/dy.dy/dt), so that 
pb = y(dt/dy.dx/dt) = y(dx/dy) and r = y(dt/dy.dv/dt) = y(dv/dy) in his scheme. 

(29) Since v = y(dy/dx) = 4(a—2ax/b). 

(30) For p = y(dx/dy) = y°/u. 

(31) More generally, where the point c is defined by some given relation between 


ab=xibe=y 


with the subtangent kb = p = y(dx/dy) and subnormal be = v = y(dy/dx), and where cb =y 
is taken to represent the ‘velocity of y’s increase’ dy/dt, then will kb represent the ‘velocity of 6 
from a’ and r = y(dv/dy) the ‘velocity of v’s increase’ (or the ‘velocity of e from 6’) and so 
p+r the ‘velocity of ¢ from a’. However, where cn = kb, nm = be and md is perpendicular to 
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2byy @% .. 3 
therefore 2br+2ap=0, or (since p= — ) fis. r= Lastly 


ab —2ax 
cd—ef:ce::cd:cg (orv—r:y::u+p:ch. if cht gh) y 
—Abyy+4abx—abb—4axx  aabb— aD te 


2yy 
—p+- 2x" 


—2hb+4bx it 2Qabb —4abx 
aaby + 4by’—4ay* , — 4by* — — day" aaby at ~ _4¥* ay 
aab aab ab 


Hence may bee pronounced those theorems in Fol iit 


cm = kc, then in the same scheme cd = p+v will 
represent the ‘velocity’ of the normal cg away 
from a in the line cd and similarly ef = p+r will 
measure the velocity of the same normal from a 
(that is, the ‘velocity of e from a’) in the line ael. 
Immediately, 
ie jose: 
ch = = iat _ get 
d a 2 ax d*y 
or, since r = Yay (v3) = v+y* dy ax? 
1 + (dy/dx)? 
d®y/dx? ° 
(This ingenious but rather muddy argument may become clearer if we take a normal 
m'd'f’, evidently motes the centre of curvature g, indefinitely close to cé and consider the 
differential triangle m’n'c, where cn’, n'm', cm’ and ef” are the limit-increments of ab, bc, ac and 
ae respectively.) 
(32) See 4, §3.2 above (=Add. 4004: [49"]), where Newton evaluates ch, hg and the curva- 
ture radius cg in terms of OC = = y) = 0, the defining equation of (c), with DC = xf, 
OL = yf; VM = xf, DW = xyf,, and 0 = y*f,,. Specifically, Newton notes in 1: mageoega 


form that —— F,((F)2+ (F,)") 
(Sy) "Sea — Say Say + (Fe) Sow 
which may be derived in any of several equivalent ways from the above-found total derivative 
i oh = 1+ (dy/dx)? 
d®y/dx? * 
(Thus, applying the operator d/dx = 0/@x + dy/dx(0/@y) twice to f(x,y) =0, we deduce first 


ch =— 


0 wie and again 
dy d 
=e af +e 
2 », 
= Sx t qt = aa = 
It follows therefore that dy/dx = —f,/f, and, with this substituted in the final line, 


oY = Ya BS + WI) 


so that the two forms of ch reduce one to the other.) 
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§4. REVISED THOUGHTS ON LIMIT-MOTION 
nym [May 1666] 
May 14. 1666. To resolve these d& such like Problems these following propositions 
may bee very usefull. 


‘ Prop 1. If y® body a being in y* circumference of y* 
eae circle or sphere adce doth move towards its center 5 its 
: . motion or velocity” towards each point d, c, e of y* cir- 
cumference is y" as y® cordes ad, ac, ae, drawn from yt body 


to those points are.© This may be Demonstrated by 
Theorem R pag 57. 
d Prop 25, If [A ]adc sim Aaec although they bee not 
in y° same plane” & three bodys move uniformely 
- froma. y° first® to d, y® 2% to e, y* 3% to cin y* same 
time,®, & adce is a parallelogram then is y° motion of 
y® third body compounded of y® other two. 
Demonstration. For makeing df|| eb. ac y* motion of 
y® first body towards d is to its motion towards f as ad to af (prop 1); & y*° 
motion of y® second body towards ¢ is to its motion towards b as ae®® to ba 
(prop 1). But af+ab=ac. Therefore &c.4» 
Prop 3°. If a moving line keepe parallel to it selfe all its pts have equall 
motion. 


é 


(1) Add. 4004: 51', a first (cancelled) attempt presented more successfully in the revised 
version [2] below. 

(2) That is, the problems of constructing tangents to ‘mechanical lines’ and, more general, 
curves of any kind, which Newton had discussed in the immediately preceding entry of 
8 November 1665 (Add. 4004: 50°/51'=§2 above). 

(3) Having pondered the general problem of limit-motion over the winter and early spring 
of 1665/6 and seeking reasons for the failure of his first fluxional constructions of the tangents 
to quadratrix and ellipse (in §1.1), Newton now gathers his thoughts in orderly fashion. 

(4) Newton has cancelled ‘acceleration’ (a Galileian rather than Cartesian word). 

(5) This first proposition (used here mainly in the proof of Prop. 24) seems drawn in 
inspiration from Newton’s reading of Galileo’s Discorsi e Dimonstraziont Matematiche, intorno a 
due nuoue scienze Attenenti alla Mecanica & 1 Movimenti Locali. (This work, first printed in the 
original Italian at Leyden in 1638, had in 1665 appeared in Thomas Salusbury’s translation 
as Mathematical Discourses and Demonstrations touching Two New Sciences pertaining to Mechanicks 
and Local Motion, one of the tracts in Mathematical Collections and Translations Englished from the 
originall Latine and Italian, 2, 1 (1662?) [London, 1665]. One of the rare copies of this second 
volume, apparently issued only to subscribers—the bulk of the copies were consumed in the 
Great Fire in 1666—was available to Newton in the library of Trinity College, Cambridge. 
See Stillman Drake, ‘Galileo Gleanings II. A Kind Word for Salusbury’ Jsts, 49 (1958) : 26- 
33.) In the Third Day (De Motu Locali) of his work Galileo began, with the Scholium to 
Theorem n, to consider the motion of bodies falling from rest under the accelerating force of 
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Prop 4, If a line move in plano, so y* all its points keepe equidistant from 
some common center the motions of those points are as their distances from y* 
center.) 

Prop 5‘. If y° motion of a line in plano bee mixed of parallell & circular 
motion, y® motion of all its points are compound (see prop 2) of that motion 
which they would have, had y° line onely its parallel motion, & of yt w® they 
would have, had y° line onely its circular motion. 

Schol: All motion in plano is reducible to one of these three cases, & in y® 3¢ 
case any point in yt plaine may bee taken for a center to y* circular motion.“ 

Prop 6. If y* streight line ea doth rest & da doth move: 
soe y* y® point a fixed in y® line da moveth towards b: 
Then from y° moveing line da drawing de ||ab, & y* same 
way w" y® point a moveth; These motions, viz[:] of y* 
fixed point a towards J, of y® intersection point a in y* 
line ad towards d, & of y® intersection point a in y® line ae 
towards ¢, shall bee one to another, as their correspondent lines de, ad, & ae are. 

Prop 7, If y® streight lines adm, ane, doe move, soe y* y® point a fixed in y® 
line amd moveth towards b, & y® point a fixed in y* line ae moveth towards c: 


simple gravity and along planes of differing inclinations. Thus, where the diameter ac in 
Newton’s figure is made vertical, Galileo was able to show in his Theorem v1 that the times of 
fall along any chord ae or ad was equal to that of free fall down the diameter ac. In the limit 
where the circle becomes indefinitely small, this is Newton’s present theorem in equivalent 
form. 

(6) That is, Theorem ‘.R.’ on Add. 4004: 57° (=§3.1 above: compare §3, note (2)). 
Presumably Newton intends this as a theorem in limit-motion (when all velocities may be 
considered uniform). Since then, by ‘Galileo’s’ theorem (note (5) above) the body a would 
be moved in equal times along the chords ae and ad by a force acting in the direction ac, by 
Newton’s Theorem R the velocities of a along ad and ae will be proportional to their respective 
lengths. (Compare §7, note (48) below.) 

(7) Newton first wrote simply ‘If adce is a parallelogram’. 

(8) Newton has cancelled ‘from a’ (three times). 

(9) Newton first wrote ‘their motions being each to other as y° directing lines ad, ae, ac are’. 

(10) Newton has cancelled ‘ =de’. 

(11) A neat proof of the parallelogram law, apparently original with Newton. 

(12) Since they share a common angular velocity. 

(13) That is, all movement in a (Euclidean) plane may be represented as the product of a 
translation and a rotation. 
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Then) from the line amd, draw de ||ab & y® same way; & from y® line ae draw 
nm || ac, & y® contrary way, to make up y* Trapezium denm. And if any two of 
these foure lines de, mn, md, ne, bee to any correspondent two of these foure 
motions, viz: of y® point a (fixed in y® line dma) towards 4, of y® point a (fixed in 
y® line ane) towards c, of y* intersection point a moveing in y® line dma according 
to y® order of y* letters m, d, & of y* intersection point ain y® line ane according to — 
y® order of y® letters n, ¢: Also all y* foure lines shall be one to another as those 
foure motions are.) 

Note yt in y® two last propositions y° moveing lines may bee crooked so y‘ 
amd, ane, bee tangents to them in y® point a.0% 

Note also yt by y® place of a body is meant its center of gravity.” 


[2] 
May 16. 1666. To resolve Problems by motion y* 6° following prop: are necessary 
& sufficient. 


Prop 1. If y° body ain y® perimeter of y° circle or sphere adce moveth towards 
its center b, its velocity to each point d.c.e. of yt circum- 


ference is as y® cordes ad, ac, ae, drawne from y* body to d 
those points are. oa 
Prop 2°, If y® As adc, aec are alike a ¢ 
a though in divers planes; & 3 bodys =, 


move from y* point a uniformely & 
in equall times, y® first to d, y® 2° 
to e, y® 34 toc: y® is y® 3S motion compounded of y° 
motion of y* 18t & 24.0% 

Note yt by a body is meant its center of gravity. 

Prop. 3. All y* points of a body keeping parallel to it selfe are in equall motion. 

Prop. 4. If a body onely move circularly about some axis, y* motion[s] of its 
points are as their distance from that axis. 

Call these 2 simple motions. 

Prop. 5. If y° motion of a body is considered as mixed of simple motions; y* 
motions of all its points are compounded of their simple motions, so as y* motion 
towards ¢ (in prop 24) is compounded of y* motion towards d & e. 


é 


(14) Newton first wrote ‘from each line to y® other draw two lines de, mn parallel to the mo’. 

(15) This proposition (of which Prop. 6¢ is the particular case where ea is at rest) is crucial 
in the application of the method of fluxions to the construction of tangents, inflexion points and 
extreme values of a function in general. 

(16) Newton will develop this aspect in [2] below. 

(17) This seems rather out of place in what is otherwise a severely mathematical piece. 

(18) Add. 4004: 517/51’, partially printed in Correspondence of Isaac Newton, 3 (1961) : no. 348. 
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Note y‘ all motion is reducible to one of these 3 cases: & in y® 34 case any line 
may bee taken for the axis (or if line or superficies move in plano any point of 
y' plaine may bee taken for y® center) of motion. 


Prop. 6. If y* lines ae, ah being moved doe continually intersect; I describe y® 
Trapezium abcd & its diagonall ac; & say y', y° proportion & position of these 
five lines ab, ad, ae, cb, cd, being determined by requisite data;@) they shall 
designe y® proportion & position of these 5 motions; namely, of y* point a fixed 
in y* line ae & moveing towards 4); of y® point a fixed in y® line ah & moveing 
towards d; of y* intersection point a moveing in y° plaine abcd towards ¢ (for those 
5 lines are ever in y® same plaine, though ae & ah may onely touch y* plaine in 
their intersection point) ; of y* intersection point a moveing in y° line ae parallely 
to cb & according to y° order of the letters c, b; & of y* intersection point a move- 
ing in y° line ah parallely to cd & according to y* order of those letters.@?) 

Note y‘ a streight line is said to designe y* position of curved motion in any 
point either when it toucheth y® line described by yt motion in y* point, (as ad, 
ad, ac), or when tis parallell to such a tang™ (as bc, cd). 

Note also y‘ one line ah resting, (asin Fig 3 & 4) y® points d & a are coincident 
& y® point ¢ shall bee in y°® line ah if it bee streight, (fig 3), otherwise in its 
tangent ac (fig 4). 

Prop. 7. Haveing an Equation expressing y® relation of two lines x & y 
described by two bodys A & B whose motions are p & qg; Translate all y* termes 
to one side & multiply y™, being ordered according to x, by this progression 
*P. 2. a 0. af. =, &c: & being ordered by y* dimensions of y, multiply 


(19) There are, in fact, seven! Prop. 7 was presumably added as an afterthought. 

(20) Note that Newton has omitted the points 6 and f from his accompanying figure since 
the argument for which they are needed in [1] is abandoned. 

(21) The lines bc and dc must be taken parallel to the tangents at a to the curves ae and ah 
respectively. 

(22) Thus, ab and ad ‘designe’ the limit-motions of the curves ah and ae respectively, while 
bc and de represent the ‘determination’ of the motions of a in these two curves, so that ac 
represents the composition of both sorts of motion. 
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them by this =! =i 2 0. a &c. y® summe of these products shall bee an 
equation expressing y° relation of their motions p & q.@* 


To draw a tangent to y° Ellipsis. 


Suppose y® Ellipsis to be described by y’ 
thred ach, & y* ce is its tangent. Since y® 
thred is diminished with y® same velocity 
y' bc increaseth, y* is, y* y® point c hath y° 
same motion towards a & d, y® angles dce, 
ace, must bee equall, by prop 1. And so of 
y° othe[r] conicks.@® 


To draw a Tangent to y* Concha. 


Suppose y* gae, gic, alf are y® rulers by w™ y® concha is usually described, & 
yt gt\|aficb=||mn, & ng=cl1 in||rl. And (since equality is more simple y® 
proportionality) suppose yt ch=nm is y® 
velocity of y® point ¢ towards J, or of n 
towards m. Then is nt y® circular motion 
of y® point n about g (prop 1), & Ir y° 
circular motion of y® point / fixed in y° 
ruler ng, (prop 4). And /g is y® motion of 
y® intersection point / (y* is, y® velocity of 
y® point c) moveing in y* line glnc from g 
(prop 6). Now since a twofold velocity of 
y® point c is known namely cb toward 6 
& lg towards d, make fdi dc=/g; & y° 
motion of y® point ¢ shall bee in y® line 
je y* diameter of y* circle passing through y* points dcdf (prop 1°) & therefore 
tang™ to y® Concha.@® 


——-ft—— at nee sees, es 


r & 


(23) Adapted from Add. 4004: 57'=§3.1 above. : 

(24) See Add. 4004: 57”=§3.2.1: Example 2. Though Newton does not say so explicitly, 
where the vectors ca, cd, ce represent the limit-motions of a in ac, bc and the ellipse, then 
ca = cd and the angles cae, cde are right. 

(25) More correctly, by its converse. Newton first wrote ‘(prop 6)’, and indeed Newton’s 
first proposition is the particular case of his sixth where the angles abc and ade are right. 


(26) More shortly, since # represents the limit-motions of 


moving to alf in rotation round ¢ b erie Seat 
5 aati: aif a " d be its instantaneous direction, 
in translation along gic from ¢ df 
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To find y° point c w™ distinguisheth twixt y* concave & convex portions of y* Concha. 


Those things in y® former prop: being supposed, make Agfh like gnt or lbc;@” 
& df. fr||=hk=2gl1 kp,@® & draw kf. Now had y° line fd onely parallel motion 
directed by gd or rf, (since de=/g) y® motion of all its points would bee /7,& 


(prop 3): & if it had onely circular motion about g, y® motion of y* point f fixed 
in y' line df would be fh (prop 4): But y* motion of y® point fis compounded of 
those two simple motions, & is therefore fk (prop 5 & 2); & y® motion of y® 


therefore cf represents in direction and relative magnitude the limit-motion of ¢ in the con- 
choid ec and so is tangent at c. 

Alternatively, where CLg is a position of the 
‘ruler’ indefinitely close to cig, then the tangent 
cf at c is the limit-position of the chord cC. ‘Then, 
where fd and r/ are drawn normal to clg from 
f and to / respectively (meeting CLg in 6 and 
A as shown), it follows, since cl = CL, that the 
increments Cy of cg and LA of lg are equal. 
Hence 


é 


— i a eal ————— 
— 


and so —=--—, or de = lg. 


(27) Or, equivalently, where hef a fed the point / in fg is constructed by taking hf 1 fe. 
(28) Newton intends ‘...Ak (=2gl) 1 kp’. 
(29) That is, de-+lg (which ‘designes’ the limit-motion of dce+ cg). 
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intersection point f made by y° lines af [&] df, & moveing in af, shall bee /p 
(prop 6).®9 Now if y® line ¢f touch y* concha in y® required point, tis easily 
conceived yt y® motion of y* intersection point fis infinitely little,” & therefore 
y' y® points p & fare coincident, df & fk being one streight line, & y® triagles gdf, 


Skh being alike.©® 
Which may bee thus calculated. Make cl=c. ag=b. ch=y. y® is bl=\/cc—yy. 
phn she bl: be: Dif tes Pils 2a 
y Y Vec— yy 


Vee—yy:y::bl:be::gf:fhi:dfikh:: oe FI by yy: ab ce— 9. 


Jee—yy 
Therefore 2bcc — 2byy = byy+y®. Or y3+ 3byyx — 2bcec = 0.8?) 


(30) As before, take CLg a position of the ruler indefinitely close to clg with D and F (in 
FD | Dg) the corresponding positions of d and f (taken as fixed in fd). Then Dé, the increment 
of dg, is the sum of the (equal) increments of deand cg, or Dd = 2LA. Further, where /gH = dgD, 

fH = RF is the component of the limit-motion of f to F in the direction normal to fg. Simi- 
larly, Dé = Rf 1 fd is the component of this motion in the direction parallel to dg. Hence F is 
found by completing the parallelogram fRFH. In Newton’s scheme 


rf = 2gl and fh = df.feldg 


represent Rf and fH respectively (since in the same representation df and ¢f represent cy and 
cC), so that fk represents fF and therefore the limit-motion of /, fixed in df, in direction; 
finally, fp represents fP, the limit-motion of the meet of df with af. (Note that, where ¢ is the 
meet of DR and FH, D¢ will be the parallel displacement of df outwards from g as d passes 
to D.) 
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In stead of y® ordinary method de Maximis et Minimis,®* it will be as 
convenient (& perhaps more naturall) to use 


This; Namely. To find y* motion of y‘ line or quantity & suppose it 
equall to nothing, or infinitely small. 


But y" y® motion to w® tis compared must bee finite.) That is, y° unknown 
quantitys ought not to bee at their greatest or least, both at once.®® 


Example [18]. In y® Triangle bcd, y* side bc saan 


being given & fixed, y® side dc being given & \ 
circulating about y® center c, I would know x 
when bd is y* shortest it may bee. Icallbd=x. 4 


da=y. bea. dc=b. -y" 1s Jxx—yy=ab. & ue : 
Jbb—yy=ac. & Vxx—yy+Nbb—yy=a. Or < 
xx —aa—bb = —2aVbb—yy. & a ae al 
x4— Qaaxx+a*t+b*=0. 
—2bb —2aabb 
+ 4aayy 
4hx3— 4aapx-+ 8aaqy=0. (prop 7).%? And makeing p=0, tis 8aaqgy=0. Or 
—4bb 

sais —y=0. (For qsignifieing y* motion of d towards bc may bee finite though f, 


(31) For if is an inflexion point, all tangents to the conchoid at points indefinitely close to 
¢ will coincide with cf and so, as the point ¢ describes the conchoid, the tangent ¢f at ¢ will be 
instantaneously at rest. 


(32) It follows that the increment of P must be zero and 80 correspondingly must /p. 


Hence dfFk is a straight line and fkA right, and therefore, since gfh is right (by construction), 
df a khf and the triangles dfg and khf are similar. 

(33) This general result, first.proved by Huygens on 25 September 1653 (Huygens, 
(CEuvres, 12 (1910): xx: 83-6), was taken by Newton from Schooten’s first printed analytical 
exposition of it in his commentary on Descartes (Commentarii in Librum II, O = Geometria: 252-9, 
especially 258-9). A fuller history of the problem is given in part 3 below (3, 3, §3, notes (2/4)). 

(34) That is, Hudde’s as expounded in his tract de Maximis et Minimis. (= Geometria: 507- 
16. Compare 2, Historical note, above.) 

(35) Newton states Hudde’s rule in equivalent form: that is, where f(x, y) = 0, a necessary 
condition for y to attain an extreme value is that dy/dx = 0. He then deduces correctly that 
a sufficient condition for this to happen is that ‘y® motion’ (dy/dt) of y be instantaneously zero 
provided that the corresponding motion dx/dt of x be not also simultaneously zero. (In other 
words, where # and g are the fluxions of x and y, a sufficient condition for dy/dx = q/p to be 
zero is that g = 0 with p + 0.) 

(36) A curious turn of phrase. Newton argues that, since g = 0 determines an extreme 
value of y, then the indeterminate case g = p = 0 determines that y and x reach an extreme 
value together. 

(37) That is, where p and gq are the fluxions (dx/dt and dy/dt respectively) of x and y. 
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its motion towards 6 doth perish). Wherefore xx=aa ¥ 2ab+bb. or x=a—b. 
x=b—a. x=b+a. x=—b—a. are y° greatest & least valors of y® line bd.@® 
Should I have taken ba=y, instead of da=y, The effect would not have 
followed because both y* motions p & q would have vanished at once®® in y° 
point e. But I might have taken y* tangent dm for y, or any other line w® would 
not coincidere® w* bc at its being greatest or least.@ 
Example 25, If ne?) is ye Conchoid (ga=b. ae=c=nl.@ nb@=y. ab=x.) 
fn its tang™t [&] em parallell to it. Then 


is Jee=yy=blie=d:rdl=og=c+ = (vide 
coy bec gp boc ty” as) 


supra) : //= ———. 
Pr) lea yrloc—yy 
bc? + cy? 
& y=cb: fb::ea=c:am=—__——=—— =z. et 
yy co — yy 


bbc8 + 2hety3 + ccy’ —ccy*zz[ + ]y8zz=0. 


ponatur esse motus puncti m, & q esse 
motus puncti c versus b. Erit“) (prop 7) 


6hctyyq + becy>g — 4ccy®zzq| + ]6y°qzz 
— Qccpy*z[ + |2pyz=0. 


(38) Since bd must have positive length, the two negative values are not representible (and 
appear, in fact, as extreme values of the more general analytical form 


+ 4/[<?—-y?] + /[6*—y"] = a). 
(39) At the point e both be and bd = x reach minimum values together, and so if be is taken 
for y, at that point both x and y have zero increments, or dx/dt = dy/dt = 0. 
(40) Read ‘coincide’. (Newton absent-mindedly uses the Latin equivalent.) 
(41) Specifically, where bd = x and dm = y, then, since 


hi 2 (ry 2 - en 2 2 42\ 3 
cutee GS 652 py EE ocpeating det p_ (| 
2a 2a 


deh 2 (ab)? — (a? + b® — x2)? 
da 2ab a* +b? —x 

Al ea ee os ae OO ee 

d y= 6 act b ( (a? +b? — x2)? 


whose derivative is  2gy(a® +b? — x”)? — 2xp(b? +?) (a? +b?—x?) = 0, 


p at (a + 5? —x?) y 
q  _x(+y?) 
The condition p = 0, g + 0 for an extreme value of x (which is obviously satisfied) yields 
y = O and so a?+b?—x? = + 2ab, as before. 

(42) For each occurrence of ‘n’ read ‘c’. Newton first denoted the point ¢ by n in his 
accompanying diagram, but halfway through his textual argument altered the denotation to 
correspond with his previous figure (and Schooten’s in Geometria: 252-62) but has not com- 
pletely altered his text correspondingly. 


or (b2-+y2) (a? +b2—22)? = (206%), 


and so , since x7 + a*+05?, 
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supposeing [f]=0 (for when am is y® least yt it may bee, y* point ¢ is yt w™ 
distinguisheth twixt y® concave & convex portion of y® Conchoid,@) & y® y* 
motion [/] vanisheth.) it will bee. 

BheA+ Becy> _ _ be toy |? (46) ee 

2ccy — 3y8 yy Jcc—yy| 2Qcc—B3yy ccy®—y? 
& coy? = 2bc*— 3becyy. Or yF= — 3byy 4+ 2hec.@” 


(43) See his preceding calculations on the conchoid’s inflexion point above, and note that 
fb = fl—dl. 
(44) ‘Make the motion of the point m, and g the motion of ¢ towards b. Then it will 
iS peers 
(45) Since ae is constant and ae/am is the slope of the tangent cf. 


‘ 8 \2>? 
(46) Read (2 | 
yyco— yy 

(47) Where c is an inflexion point, the corresponding tangent cf and so its parallel em has 
maximum slope and am is a minimum. Newton finds the relation f(y, z) = 0 connecting 
cg = y and am = z and hence its derivative in the form 0 = gf,+7f,, with ¢ = dy/dt and 
r = dz/dt. It follows that dz/dy = —f,/f, = r/q and the condition r = 0 with g + 0 yields 
0 =r = f, as a sufficient condition for am = z to attain an extreme value (here a minimum). 
Newton’s previously found condition for an inflexion point (a cubic in y with one real root) 
then follows by eliminating z between f(y, z) = 0 and f, = 0. 

Unknown to Newton this method of reducing the problem of finding inflexion points to 
maximizing or minimizing the tangent slope had in essence been suggested by Pierre Fermat a 
quarter of a century before and by him written up about 1640 as an application of his general 
method de maximis et minimis. (See Fermat’s Céuvres, 1 (Paris, 1891): 17° Partie, Maxima et 
Minima, §v1: 166-7, first printed in his posthumous Varia Opera Mathematica (Toulouse, 1679).) 
Apparently, Fermat had succeeded in constructing the general conchoid tangent about 1632, 
but it was Roberval who, some time before 11 October 1636 when he told Fermat that he also 
was able to construct tangents to the conchoid ‘comme étant déterminations d’équations 
quarré quarrées’ (Fermat’s CEuvres, 2 (1894): 82), first noticed that the conchoid had two 
(finite) inflexion points and pressed Fermat to apply his method de maximis et minimis to their 
determination. (Compare Jean Itard, ‘Fermat précurseur du Calcul différentiel’, Archives 
Internationales d’ Histoire des Sciences, 1 (1947/8) : 589-610, especially 606-8: Les points d’inflexion.) 
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THE OCTOBER 1666 TRACT 
ON FLUXIONS 


From the original in the University Library, Cambridge 
[1] 
October 1666. To resolve Problems by Motion these following Propositions are 
sufficient. 
1 Ifthe body a in the Perimeter of y® cirkle or sphere adc moveth towards 
its center 5, its velocity to each point (d, c, e) of y' circumference is as y® chords 
(ad, ac, ae) drawne from that body to those points are. 


2 If y* As adc, aec, are alike viz: ad=ec &c (though in divers plaines) & 3 
bodys move from the point a uniformely & in equall times, y® first to d, the 24 
to e, y° 3° toc; Then is the thirds motion compounded of y* motion of the first & 
second. 

3 All the points of a Body keeping Parallel to it selfe are in equall velocity®. 


(1) Add. 3958.3: 48’-63¥, first printed in A. R. Hall’s and Marie Boas Hall’s Unpublished 
Scientific Papers of Sir Isaac Newton (Cambridge, 1962) :1, 1: 15-64. In this tract Newton gathers, 
sifts and revises his calculus researches pursued over the two previous years, autumn 1664— 
May 1666. During Newton’s life and especially at the time of his death the manuscript, in one 
or other of several variant copies, had a limited circulation among English mathematicians. 
There exists, in private possession, an early contemporary copy in the hand of Newton’s room- 
mate and amanuensis, Wickins, which was possibly destined for John Collins though we have 
no evidence to show that it ever passed out of Newton’s possession before his death. With this 
copy are some extra sheets of notes in the hand of William Jones (and especially on Prob. 9): 
we may conjecture that these are first drafts for the rearranged copy in his hand in the Uni- 
versity Library, Cambridge (Add. 3960.1: 1-50). (An eighteenth-century entry, in the hand 
of James Wilson, affirms correctly of the latter that ‘The Transcriber has here put %, y and Zz 
for p, g and 7 of the Original.... Here seems to be some transpositions and interpolations, as 
Mr Jones was wont to make in those papers of St Isaac Newton, which he distributed to his 
scholars, that none might make a perfect book out of them.’) Compare Wilson’s Mathematical 
Tracts of the late Benjamin Robins, Esq; 2 (London, 1761): Appendix: 351-6, which prints 
extracts from Wickins’ copy of this ‘small tract of fluxions’, then in the hands of Newton’s 
executor Pellet. 
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angularly 
circularly 
points are as their distance from that axis.© 

5 The motions of all bodys are either parallel or angular, or mixed of y™ 
both after y° same manner, y‘ the motion towards ¢ (Prop 2) is compounded of 
those towards d & e. And in mixed motion any line may bee taken for y® axis 
(or if a line or superficies move in plano, any point in yt plane may bee taken 
for the center) of y® angular motion. 

6 If y® lines ae, ah being moved doe con- ale 
tinually intersect; I describe y* trapezium Si 24 
abcd, & its diagonall ac; & say y*, y° proportion 
& position of these five lines ad, ad, ac, cb, cd, 
being determined by requisite data; shall 
designe y® proportion & position of these five fig 3 
motions; viz: of y® point a fixed in y® line ae & 
moveing towards }, of y* point a fixed in y* line ak & moveing towards d; of y° 


4 Ifa body move onely about some axis, y® velocity of its 


=— a 
a 
ao 


/ 
nese mee 
\ 


fig 4 fig 5 


da 
er) 


intersection point a moveing in y° plaine abcd towards c, (for those five lines are 
ever in y® same plaine, though ae & ah may chanch® onely to touch that plaine 
in their intersection point a); of y® intersection point a moveing in y* line ae 
parallely to cb & according to y* order of y* letters c, b; & of y° intersection point 
a moving in y* line ah parallely to cd & according to y° order of the letters c, d. 


(2) Ff. 48"-52¥, the first of two parts into which the tract naturally divides itself. The 
analytical theory here introduced is, in the second part ([2] below), applied to the resolution 
of various problems. 

(3) This date was squeezed in at the head of the manuscript at a later stage in its composition. 

(4) A revision which compresses his previous entries on 13 November 1665 (§3.1) and 
16 May 1666 (§4.2). 

(5) Newton has cancelled ‘motion’. 

(6) Newton then copied but immediately cancelled ‘Call these 2 simple motions, parallel 
& angular’. 

(7) In each of these figures cb and cd are parallel to the tangents at a to the curves ae and ah 
respectively. 

(8) ‘chance’. 


26 WHN 
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Note y*, one of y® lines as ah (fig 34 & 4) resting, y° points d & aare coincident, 

& y® point c shall bee in y* line ah ifit bee streight (fig 3), otherwise in its tangent 
(fig 4th), 

7 Haveing an Equation expressing y* relation twixt two or more lines 

x, y, z &c: described in y* same time by two or 


en more moveing bodys A, B, C, &c: the relation 


: of their velocitys p, g, r, &c may bee thus found, 
viz: 


Set all y® termes on one side of y® Equation 


: ; (c) that they become equall to nothing. And first 
multiply each terme by so many times f as x hath dimensions in y* terme. 


Secondly multiply each terme by so many times 7 as y hath dimensions in it. 


Thirdly (if there be 3 unknowne quantitys) multiply each terme by so many 
times * as z hath dimensions in y* terme, (& if there bee still more unknowne 


quantitys doe like to every unknowne quantity). The summe ofall these products 
shall bee equall to nothing. w Equation gives y* relation of y* velocitys f, q, 
r, &c. 

Or thus. Translate all y® termes to one side of y* equation & multiply them 


being ordered according to x by this expression, :029. a 


a =  &e: & being ordered by y® dimensions of y tess them by this, 


02. e a yo rar =a. &c. The sume of these products shall bee equall to 
nothing, which equation gives y* relation of their velocitys p, q, &c. 
Or more Generally y* Equation may bee multiplyed by y® terme[s] of these 


progressions sae ee na $i ee ab ma a o a! : é eae wi . &c. And 


aq-+ 26g ; ag + bq =, aq—b9 &c. (a & b signifying any two numbers whither 


rationall or irrationall). 


(9) Compare 5, §4, note (7) above. (This last sentence was added after the following 
paragraph was begun, for it is crowded into a double space on the right-hand side of Newton’s 
page.) 

Xa a 

(10) For y= B yo = alogX—alog(0) = alogX +5. 

(11) In Descartes’ sense of not by an admissibly accurate mathematical procedure, and so 
by implication here to any desired degree of numerical approximation. (Compare 6, §1, 
note (2) above.) 
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8 Iftwo Bodys A & B, by their velocitys p & q describe y° lines x & y. & an 


Equation bee given expressing y° relation twixt one of y® lines x, & y° ratio F of 


their motions g & f; To find y° other line y. 

Could this ever bee done all problems whatever might bee resolved. But by 
y° following rules it may bee very often done. (Note yt +m & +-narelogarithmes 
or numbers signifying y® dimensions of x.)® 


First get y° valor of - Which if it bee rationall & its Denominator consist of 
but one terme: Multiply yt valor by x & divide each terme of it by y* logarithme 


m+n 


x soy, 


of xin y' terme y* quote shall bee y° valor ofy. Asif axt = . Then is — "= 


Ce ee 1 Then is ons q 
p n 


, — 1—_= _ Pg 
x.” =, (Soet ec . Then is 5x y. soe yt y 


is infinite. But note yt in this case x & y increase in y*® same proportion y‘ 
numbers & their logarithmes doe, y being like a a added to an infinite 


number = it 40) But if x bee diminished by c, as if ——_ =2, y is also diminished by 


as < 
y® infinite number = 6 & becomes finite like a logarithme of y* number x. & so 


x being given, y may bee mechanichally®» found by a Table of logarithmes, as 
shall bee hereafter showne.4 


Secondly. But if y° denominator of y* valor of 4 consist of more termes y" one, 
it may bee reduced to such a forme y* y® denominator of each pte of it shall have 
but one terme, unlesse y‘ pte bee a : Soe yt y may bee y® found by y* precedent 


rule. Which reduction is thus performed, viz: 15‘, If the denominator bee not 
a+ bx, nor all its termes multiplyed by x or xx, or x8, &c: Increase or diminish 
x untill y® last terme of ye Denominator vanish. 24¥, And when all y* termes in 
y® Denominator are multiplyed by x, xx, or x? &c: Divide y® numerator by y* 
Denom! (as in Decimall numbers) untill y* Quotient consist of such pts none of 
whose Denominato*™ are so multiplyed by x, x? &c: & begin y* Division in those 
termes in w x is of its fewest dimensions unlesse y° Denominator be a+ bx.@%) 


(12) Newton returns to this point briefly at the end of this first section (compare note (34)), 
but it seems possible that he intended to add, on the lines of his later De Analyst per A:quationes 
Numero Terminorum Infinitas (1668?), an extended discussion of power-series in revision of his 
researches into the Binomial Theorem (1, 3, §3 above). The basis of Newton’s argument may 
perhaps be clearer in the modern form 


x ee ' - = ie 
v= fo are = ial) ee 4] - tm Fer 2-2] ~ ate). 
(13) Compare 5, §3 above. 
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If y= y® termes in y* valor of 1 bee such as was before required, y® valor of y may 


bee found by y*° first p** of this Prop: onely it must bee so much diminished or 
increased as it was before increased or diminished by increasing or diminishing 
x. But if the aa of any terme consist of more termes y® one, unlesse y‘ 


terme bee —— : = . First find those pts of y’s valor w“ correspond to y® other pts 


of ; its valor. & y" by y* preceding rules &c: seeke y* pte of y’s valor answering 
to this pte of ; its valor. 


Example 1. If —— 7 Then by Division tis = =~ — — = (as 


ae ~ p aaa’x+aab ax+b a. 
may appeare by multiplication.) Therefore (by 1st pte of this Prop:) tis 
xx —bx ay 0b 


bb cei 
a) pee tse ee t h 
Qa aa TE ax+aab?’ (c aex + aab signifys yt pte of y® valor of y w“ is 


correspondent to y® terme of y* valor of > w“ may bee found by a 


a®x + aab 


Table of logarithmes as may hereafter appeare.®) 


3 3 8 

pier ypsss 6 8 wy I as Ein A | 

Example 29.08 Tf rae I suppose x=z—a. Or oe 4 
pon Salle +aa__q 

And by Division “po esas ” , (as may appeare by multiplication.) 


—aa_+aa_q_ [-]* 
2x + 2a 2a—2x pp aa—xx 
a 

Sepa +? age) 
But sometimes The last terme of y° entire e:- cannot bee taken away, (as 
if ye Denomin’ bee aa+x«x. or a4+x4. or at+bbxx+x4. &c) And then it will 


And substituteing x-++a into y® place of z, tis [— ]x 


And therefore (by pte 1%* of Prop 8) [— {= > +o 


(14) Read ‘y® area of’. (See, for example, 5, §3: passim.) 
(15) See note (12) above. 


3 
(16) Newton has cancelled a first choice, ‘If : ae suppose x = a+z, & conse- 
—aat+xx fp 
ES, ee cca sete. as 
quently Sirecbigmental & by division, eee ee Rea T 


(17) The list of integrals which follows, though loosely based on his previous lists in the 
undergraduate notebook ULC. Add. 4000 (printed in 5, §§1/4), is for the most part freshly 
calculated and the pattern of the tabulation is more pronounced. 


: d cx C Qhcex? 
ey a alate) ~ atbx® (a+ bx)?” 
C Cx bcx? 
men \lae* “sie 1 Gee 
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bee necessary to have in readinesse some examples w‘" such Denominators to 
w* all other cases of like denomination may bee by Division reduced. As if@” 


OR anal ne a 
hes Make bxx=z, Then is 0 Sp tobe!" 
BEE Bs Se 
aT ae Make 6x? =z, Then is O Hanae 
cg bes e 4 = 
rae eet Make dx4=z, Then is O Beas &e. 
In Generall if 
ox"? Se a nj c one 
poe Make bx"=z, & y* 1s Oo e- 


Also if 


eee | Phat ofa Ss dg Qzlac azz _ (18) 
a+bxx p a a Na+bxx is atbxx 7 b be 


That is, 1f¢% 


eee oa mis 
= ee ee 8 08 an eae 
Or if 
ae | Jaane == CRO y 
tae e Make eS 2=CB, 
2 |¢—$ 22—y=BD.™ &i=Cor=g. C VB c 


Thirdly Ify* valor of 4 is irrational being a square roote, The simplest cases 


may bee reduced to these following examples. 


F l dz lbx 
so that if we take i “ae and so . aoe ee 
2 
and equate rato in = [v.ae 
Ae i vee eT ee 
we deduce that os (at-bat) ~ 1 (22—a(z—k)?): 


Newton’s result follows by taking k = ./[¢/a] and 1 = —,/c. 
(19) An unexpected conjunction, since the two integrals are not narrowly connected. 
(20) Read ‘z= VB’ and ‘v=BD?’. It follows that 
y= [ade = zx | 2ex.dz om gx [v.de, 


since v = 2zx, and therefore that y = ACDB—area (VDB) = area (CDV). 
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1. 16 Japhet = 4. Then 2a ee Jat bx =y. 
2n 2n eee : 
2. 1 Jat bat = 5 Then Chee t SS ett atta. 
3n Spyon a n 3 
3 fo /arbersk, cn 305% cx" + 6abbex pees +164 kG Chay. 
> p 105nbd 
4n 
4. If ~—Ja+ bx = Then 


dng Sex3n an Shcx" — 96at 
Se eae, 


5n 
5. re Jab as. Then 
, x p 


1eo0btes310aie = BéeaiMa + spaePibem 2 aeketben BONE Jas 5 on 
n 


1. ee Then 4 Jat bx=y. 

2. fet. Then Peon et Satta my, 

3. if : =. Then a aa Mane bar y. 
an 

4. If 5-5 Then is 


Spon __ 2n re 3 
305% cx —_— . — 96a%c ey 


(21) Where f(t) =£xt(a+bx")# and F(t) = | ox*™l(a + bx")t. dx, 
Of(k) —2kaF(k) 
(2k+3) 
and Newton uses this recursive rule to evaluate F(k) in terms of F(1) = 2f(0)/30. 
(22) Where f(t) = 52!(a+bx")# and F(k) = | cxt™-1(a+bx")-t de, 


then F(k+1) = 


2f(k) —2ka F(k) 
(2k+1)6 


by which F(k) may be expressed in terms of F(1) = 2f(0)/. 


then F(k+1) = 
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C on q 


&. lf ———— = 4 
xlJatbxe p 


SS ae lar Ret erm y.2) 
n 


. Then 


Se ae a+ bx" - ee _., (28) 
l. If | pari Vax + bx capes ax + bx ag, 


n 2n n ee 
. li aa Jaxt ba Then is 208 Oe ar ba my. 


sais n 3n 
2. re ee fax ba Then ts 


= x axr + hx®n x Jax" + bx?" = y. 
3 yn 34n 
g, 1p ee ert =4. Then 
ee n Se Se eae ee 
70aa —_ +96bbx Reet aro ay. 
a 4n 4,5n 
1 Jae be —4, [Then] — 6300868 
(23) Where 1 
f(b) = = x(ax"+bx)t and F(R) = | xt1(ax" 4 batn)h. dx, 
then 2f(k) = (2k+6) bF(k+2) + (2k+3) aF(k+1), 


so that f(—2) = bF(0) —4aF(—1). 
(24) As in the previous note, where 


Fk) = = e(ax"+dx)t and F(k) = | xt—1(ax" + bx2*)b de, 
then F(k-+2) = see 


and Newton uses this recursion to eliminate all F(i) intervening between F(k) and F(1). 
(Example 4 is left unfinished and should read 


= 630a® + '756aabx" — 864abbx2" + 48053x3" 
n 


‘The x ax" + bx2” x ax" + bx = y.’) 
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f ax" + 2bx2" q 
xlax®+bxtn pp 


Sax" +-4bx8" eer re Pe 
2. tea Then is = ax” + bx?" = y, 


I 


Then is : Jax” + bxtr—y, 


a . 2n 
3. qe 150asT — 24h ol Then is Loar == Blan ax" + bx?n = y. 
eal at - bx2n p n 


a If 105a°x2"—19258x*" gq 
xr ax® + bx2n p n 


1. If Naat + bat =F Make x"=zz. y™ is, 
20 08 fa om 0 a bey, 


2. i, ee eS Make x"=zz. And y" iso * fap baz=y.0 


3. If, aa oe =f Make x*=z. Then is o < /az-+ b2z=y. 


: 2n 3n 
ct Then 70aax 56abx + 48bbx Jax" + bx — y,25) 


(25) Where 1 
fk) = + x(ax+bx)# and Fh) = | xt—1(ax" + bx2”)-# dx, 


then Of(k) = (2k+1)aF(k+1) +(2k+2) bF(k+2) 


and Newton’s results follow by suitable elimination of all but two of the terms Ff). 
(26) Where x" = 2%, | extent a [ax® + bx*"] .dx = = iG [a+ 6z?] .dz, 

and in particular for a Lax” + bx®”] .dx = = fu [a+ z*] .dz. 

Further, where f(k) = 2**+1(a+6z*)# and F(k) = zk (a+bz*)t. dz, 


then f(k) = (2k-+1)aF(k) +(2k+4)bF(k+1), sothat F(—1) = Ao *) +2070) 


(27) Where x =z, cx—1 /[ax* + bx®) dx = - | zk-1,/[az +z] .dz, 
and so in particular | ox") Jax" + bx") dx = : { [az + bz"). dz. 
Where again _f(k) = ~ 2*(az-+b2%)t and F(k) = = | z*(az+bz*)t. dz, 

_ 2f(k) —(2k+3) aF(k) 
then F(k+1) = a 


and it may therefore be evaluated in terms of F(1) and the various f(z). 


[2, 7] The October 1666 tract on fluxtons 4,09 


re 
4, If Naat + bat" Make x"=z. Then 


Qacx” + 2Qbhexn 


enb Jax" + bx" — 1 SS Jaz+bzz=y. 


2Qnb 
3n pon 
b. if —— ax + baths Make x"=z. Y" is 


LEC NOM 5 ax + ba x Lae FoR +O = alaz-+ b2z = st Ag 
i: Lf en % Make Ja+ bx" =z. Y® is, 
% Jar cb oS [TA 
a =F Make Ja+bx"=z. y® iso aay 
saeco Make Jatbx=z. y*is 


fat ba td af Make x"=z. Then is o~ < Ja+be+de=y. 


ges vd-rex" _4 Make Ja+bx"=z. Then iso ial aia _ == y 9) 


xlatbxr p nb»/b 
(28) Where 
fk) = £ xim(ax"+ batt and F(A) = | xk" (ax" 4 bain) 2, dx, 
then Of(k) = (2k-+1)aF(k+1) + (2k-+2) bF(k+2). 
Hence F(1) = ee and F(3) = a, 


2 
where, if z = ,/[a+ 5x"] (or x" om =) , we have 
—a\t 
F(2) = [cat (axt + dat), dx = = (= 5 *) dz. 


| “ 
(29) Where [a+ bx"] = z (or w= 2% and nett = a a. 


fon esa 3 | len (Ee 


4.10 The October 1666 tract on fluxions [2, 7] 


pox a+ bx" =  ACAIDCR? _pomertne——es  a 
ee . Then is ger ag — Jaa — Qabx" — 3bbx®" = y. 
oxen, /3a+ bx" gq - Be 2Qc./bbzz— 403 _ 1) 
os Make “4 } ae x" a-+ bx" =z. Then is 0-—— =, 
1 a © oO a oe 
: b+c¢z b+cz C 
Note 2. yt Jaz+6zz: is to OVaz+bzz:: as 
3. Ja+bzz: oO Ja+bzz:: 
y° ordinately applyed line dc in some of y® Conick b 


séctions: is to its corresponding superfices abc,” y® 
axis ab being in like manner —— to z. But all 


those areas (& consequently 0 ;— 3 8 Jaz-+bzz, 


b a 
o Va+bzz) may bee Mechanichally®® found either by a Table of logarithmes 
or signes & Tangents.4 And I have beene therefore hitherto content to 
suppose y™ knowne, as y® basis of most of y* precedent propositions. 


Note also y' if y® Valor of : consists of severall pts each pt must bee considered 


(30) Where 
fk) = £ xt [ot 2abs"— 36%] and Fk) = | Ce dé, 
then fl) = ka®F(k) — (2k-+1) ab F(k-+ 1) — (3k-+3) BF (k-+2). 
Hence f(0) =—abF(1) —30%F(2), (1) = a*F(1) —3abF(2) — 66°F (3) 
and 80 -| Eh dx = —aF(2)—DF(8) = 33 (af(0) +2f(1)). 
2cVbbzz +4a3 


(31) Read correctly ‘Make 241 ef ad bx =z, Then is 0 


b =y.’ (In 


3nbb 
proof, where x” = 2, 


{ aa [Sot ds - {é —" 
cx 

+ bx" a+bv 
which on taking 


bz = (2a+bv)./[—a+bv] becomes equal to anh =a | [bz + 4.28] . dz.) 


Where Newton has been unable to give an exact quadrature, his general principle has been 
to attempt the reduction of the integral to quadrable functions and to an integral which may 
be interpreted as the area under a central conic, that is, which is a circular or hyperbolic 
function. (Compare Newton’s first note immediately following.) After this set of integrals 
Newton left two blank pages and it would appear that he intended to extend the tabulation 
considerably. 
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ax* bbxx bbx* 


ee 3 
ax” — boxe _¢ Then is Oo & mee” meet 


a cA act 
ax —bbxx ax* bbx' 


_  S 


Dee = alo get Oe 


Note also yt if y° denominator of y* valor of t consist of both rationall & 


p 


surde quantitys or of two or more surde quantitys First take those surde 
quantitys out of y° denominator & y" seeke (y) by y® precedent theoremes.®° 
¢#@6) Note y‘ if there happen to bee in any Equation either a fraction or surde 
quantity or a Mechanichall one (i:e: w“ cannot bee Geometrically computed, 
but is expressed by y° area or length or gravity or content of some curve line or 
sollid, &c) To find in what proportion the unknowne quantitys increase or 
decrease doe thus. 1 Take two letters y* one (as &) to signify yt quantity, y* other 
(as 7) its motion of increase or decrease:®” And making an Equation betwixt 
y® letter (£) & y° quantity signifyed by it, find thereby (by prop 7 if y* quantity 
bee Geometricall, or by some other meanes if it bee mechanicall) y* valor of y* 
other letter (7). 2 Then substituting y° letter (€) signifying yt quantity, into its 
place in y® maine Equation esteeme y* letter (€) as an unknowne quantity & 
performe y® worke of [y*] seaventh proposition; & into y® resulting Equation 
instead of those letters  & m substitute theire valors. And soe you have y° 
Equation required. 

Example 1. To find p & g y* motions of x & y whose relation is, yy = xl aa— xx. 


first suppose é—/aa—xx, Or f&+xx—aa=0. & thereby find 7 y* motion of , 


severally, as if . Therefore 


viz: (by prop 7) 27+ 26x=0. Or wis —.. Secondly in y® Equation 
da— xXx 


yy =x aa—xx, writing € in stead of Jaa—xx, the result is yy—xt, whereby find 


y° relation of y® motions f, g, & m: viz (by prop 7) 2gy=p&-+x«7m. In w“ Equation 
instead of € & 7 writing theire valors, y® result is, 2qgy=pV.aa—xx OES geet 
/da— xx 


was required. Sees 
(w® equation multiplyed by Jaa—xx, is 2qyr/ da—xx=paa—2pxx, & in stead 


(32) An entirely unconventional use of the symbolism of arithmetical proportions to 
express a relational identity between analytical and geometrical models for the integral. 

(33) See note (11) above. 

(34) In the cases where comparison is made with the area under a hyperbola, and with that 
under a circle respectively. 

(35) Newton has cancelled ‘rul[es]’. More generally, as the ink and quality of the writing 
show, this note was added in afterthought after the following paragraph had been inserted. 

(36) These two following notes were inserted, at a fairly late stage in composition, on the 
blank sheet (48”) facing the opening page of the tract. Though Newton has given no specific 
instructions for their reordering, their present position seems natural and justifiable by the 
similarity of mathematical content. 

(37) That is, Newton takes 7 as the fluxion dé/dt of &. 
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of /aa—xx writing its valor oe it is => ow =paa—2pxx. Or 2qy? = paax — 2pxxx. 


Which conclusion will also mans found by taking y® surde quantity out of y° 
given Equation for both parts being squared it is yt=aaxx—x*. & therefore 
(by prop 7) 4py? = 2qaax — 4x°,°®) as before.) 

«* Note also y' it may bee more convenient (setting all y° termes on one side 
of y® Equation) to put every fractionall, irrationall, & mechanicall terme, as 
also y° summe of y® rationall termes, equall severally to some letter: & then to 
find y* motions corresponding to each of those letters y° sume of w“ motions is 
y® Equation required. 


Example y® 2°. If a ayy + — xxlay Fa +xx=0 is y® relation twixt x & y, 
=9; & 


whose motions p & q are required. I make x3 —ayy=T; 
— xxlay + xx=€. 
& y* motions of 7, ¢, & & being called f, y, & 3;® y° first Equation x? — ayy =7, 
gives (by prop 7) 3pxx—2qay=f. y*® second by?=ad+y¢, gives 
Sqbyy = ay + yy +99; 
Or i il Se nel A A & y® Third ayx*+ x§=&£, gives 


at+y aa-+-2ay+yy 
gax*-+-Apayx3+6pxt=26E; Or fet — Shays Opn _ 


7 
at+y 


2,/ ay +xx 
+ 3gabyy + 2qby® — gaxx — 4payx — 6px8 
Lastl 6(40) — 3hxx —2gay —*—2__* = 4 __ = + =0, 
aay Land Leah 8 cep Ragaeys Jay + xx ae 


Equation sought. 

Example 35, If x=ab.. be=Jax—xx. be=y. & y® super- 
ficies abc =z suppose y' zz-+ axz—y*=0, is y® relation twixt F 
x,y & z, whose motions are p, g, & r: & y' p & gq are 
desired. The Equation zz+axz—y*=0 gives (by prop 7) 

27z + rax + paz—4qy?=0. 
Now drawing dh ||ab 1 ad=1=bh. I consider y* superficies ; 
abhd=ab x bh=xx1=x, & abc=z doe increase in y® 
proportion of bh to be: yt is, 1l:Jax—xx::p:r. Or 
r=p/ax—xx. Which valor of 7 being substituted into y° 
Equation 27rz+rax + paz—4qy?=0, gives 


2pz-+ pax x Jax—xx + paz—4qy>=0. 


f—O----- 
> 


w*> was required. 


(38) Read ‘4qy? = 2paax —4px°’. 
(39) That is, @, y and dé are the fluxions dr/dt, dp/dt and d&/dt respectively. 
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How to proceede in other cases (as when there are cube rootes, surde 


denominators, rootes within rootes (as Vax-+/aa—xx) &c: in the equation) 
may bee easily deduced from what [ha]th bee[n] already said. 


But this eighth Proposition may bee ever thus resolved mechanichally. viz: 
Seeke y* Valor of , as if you were resolving y® equation in Decimall numbers 


either by Division or extraction of rootes or Vieta’s Analyticall resolution of 
powers ;“@» This operation may bee continued at pleasure, y* farther the better. 

& from each terme ariseing from this operation may bee deduced a parte of y® 
valor of y, (by pte y 1st of this prop). 

ain 

b er ae os 


gia. wh-paceue. Ax acts _-aciz® .: ac®x® 


ne es 


-t ee eo! ee 


82m 
And consequently y= + Sit ; +5 a tone &c.(42) 


Then by division is 


Example 2. If /aa—xx= 3 Extract y* roote & tis 


(SESS. Col oat. Se are 
pb 2a 8a® 16a5 128a° 256a® 1024a1 


(as may appeare by squareing both pts). Therefore (by 1st pte of Prop 8) 


Sone —x® —x? —§x® —TxU &c (43) 
¥=a%—~e 40a® 112a® 11520? 281609 ~~” 


(40) That is, the fluxion (d/dt) (r+¢+8). 

(41) See his extensive notes on Viéte’s De Numerosa Potestatum ad Exegesim Resolutione (Paris, 
1600 = Schooten’s Francisci Viete Opera Mathematica, Leyden, 1646: 162-228) in 1, 2, §1 above. 

(42) An example of resolution ‘by Division’: 


|, rea (or {log =) ae £z gl ( ae (5) | ax|, 


with implicitly F | < 1 for convergence. 


(43) An example of resolution ‘by extraction of rootes’, which yields the binomial expansion 


[ovata] a (or (4X [1-X¥] + 4sinX)) = lim E ( Papell’ Ale <) |. ax |, 


= 2 


with implicitly 2 
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Example 3. rf x — ax — 0 = 0.40 
But y® Demonstracons of wt hath beene said must not bee wholly omitted. 
Prop 7 Demonstrated.) 


Lemma. If two bodys A, B, move uni- ene. 
one See Ae se pee Leper seen war Tas wae: Re 
formely y*® pe ae from j t0 ne he &c:in ; | 
a oe 
TA Ne > Be ees ee | 
y* same time. Then are y® lines he & ai 
& i & d> &c: as their velocitys/ . And though they move not uniformely yet 


are y® infinitely little lines w“* each moment they describe, as their velocitys 
w‘h they have while they describe y™. As if y® body A w* y* velocity p describe 
y* infinitely little line (cd=)p x o in one moment, in yt moment y* body B w™ 
y® velocity g will describe y® line (gh=)qxo. For p:q::po:qo. Soe y* if y® 
described lines bee (ac=)x, & (bg=)y, in one moment, they will bee (ad= )x + po, 
& (bh=)y+ qo in y®* next. 

Demonstr: Now if y* equation expressing y* relation twixt y* lines x & y bee 
x3 —abx-+a—dyy=0. I may substitute «+o & y+ qo into y® place of x & y; 
because (by y* lemma) they as well as x & y, doe signify y* lines described by y* 
bodys A & B. By doeing so there results 


x3 + 3hoxx + 8ppoox + p308 — dyy — 2dqoy — dqqoo=0. 
—abx —abpo 
+a 


But x?—abx+a®—dyy=0 (by supp). Therefore there remaines onely 


3poxx + 3phpoox + p08 — 2dqoy — dqqoo=0. 
—abpo 


Or dividing it by 0 tis 3px?+ 3ppox + p300 — 2dqy — dqqo=0. Also those termes are 
—abp 


(44) Newton left the remainder of the page blank for the completion of this third example 
of resolution ‘by Vieta’s Analyticall resolution of powers’, but never returned to it. Where 
z = g/p = dy/dx, the root z of z3—axz—x*® = 0 is to be extracted as an infinite series in powers 
of x, say z = ¢(x): it then follows that 


y= [zd ‘ { 6). 


As Newton soon realized there are some difficulties in applying the method, but five years 
later he wrote up a lengthy account of it in his 1671 tract, the Methodus Fluxionum et Serterum 
Infinitarum, which will be printed in the third volume. 
(45) A slight adaptation of the Lemma in 6, §3.1 above, written on 13 November 1665. 
(46) Newton has cancelled ‘y" those in w* tis not’. 
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infinitely little in w® o is.“® Therefore omitting them there rests 
3pxx — abp —2dqy =0. 

The like may bee done in all other equations. 

Hence I observe. First yt those termes ever vanish w are not multiplyed by 
0, they being y* propounded equation. Secondly those termes also vanish in 
w 0 is of more y" one dimension, because they are infinitely lesse y" those in 
w“ 0 is but of one dimension. Thirdly y® still remaining termes, being divided 
by o will have yt form w%, by y® 1‘t rule in Prop 7", they should have (as may 
ptly appeare by y°® second termes of Mt Oughtreds latter Analyticall table”). 

After y* same manner may this 76 Prop: bee demonstr: there being 3 or more 
unknowne quantitys x, y, z, &c: 

Prop 8 is y® Converse of this 7° Prop. & may bee therefore Analytically 
demonstrated by it. 

Prop 18‘ Demonstrated. Ifsome body A move in y° right line gafc from g towards 
c. From any point d draw dfiac. & call, 
df=a. fo=x. dg=y. Then is aa+xx—yy=0. 
Now by Prop 7, may y® proportion of (/) 
y° velocity of yt body towards f, to (gq) its velo- 
city towards d bee found viz[:] 2xp—2yq=0. 
Or x:y::q:p. That is gf:gd:: its velocity to 
d: its velocity towards f or c. & when y* body 
A is at a, y' is when y° points g & a are coincident then is ac: ad::ad:af:: velocity 
to c: velocity to d.@®) 

Prop 2°, Demonstrated. From y* points d & e draw df. ac. ge. And let y® first 
bodys velocity“ to d bee called ad, y® seconds to 
ée bee ae, & y* 3° toward ¢ bee ac. Then shall y® 
firsts velocity towards c bee af (by Prop 1): & The 
seconds towards c is ag, (prop 1). but af=ge (for « 
Aadc=Aaec, & Aadf=Agec, by sup). Therefore 
ac=ag+gc=ag+af. That is y* velocity of y* third 
body towards ¢ is equall to y° summ of the velocitys : 
of y® first & second body towards c.@)) 


2) 


(47) That is, the second terms (kx*-10) in the binomial expansion of (x+0)*, which in a 
different notation is tabulated for a few low positive values in Oughtred’s Clavis Mathematice: 
Cap. x= 31652: 37: [ Tabula] Posterior. (See 6, §3: note (17).) 

(48) This seems to be the proof hinted at in the coricluding sentence of Prop. 1 in his first 
draft of the theorem on 14 May 1666 (ULC. Add. 4004: 51"=6, §4.1 above: see especially 
note (6)). 

(49) Newton has cancelled ‘it moveing’. (50) Newton first wrote ‘similis’. 

(51) The proof is repeated from 6, §4.1: Prop 24. This concludes the first part of the present 
tract except for a blank page (53") apparently left for possible future additions. 
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[2]6) The former Theorems Applyed to Resolving of Problems. 


Prob. 1. To draw Tangents to crooked lines.©* 

Seeke (by prop 7**; or 34, 4% & 24, &c*) y® motions of those streight lines 
to w® y® crooked line is cheifly referred, & w‘* what velocity they increase or 
decrease. & they shall give (by prop 6‘, or 18t or 2°) y® motion of y® point 
describing y® crooked line; w“ motion is in its tangent. 


Tangents to Geometricall lines. 


Example 1.) If y* crooked line fac is described by y* intersection of two lines 
ch & dc y® one moveing parallely, viz: 
ch\|ad, & [y*® other] dc||ab;©® soe y* if 
ab=x, & bec=y=ad, Their relation is 
x4 — 3yx3 + ayxx —2y’x+at=0. To draw 

+10a — yt 
y® tangent her;©” I consider y* y* point ¢ 
fixed in y® line cb moves towards ¢ paral- 
lely to ab (for so doth y* line cb (by supp:) 
& consequently all its points): also y° 
point ¢ fixed in y° line de moves towards 
g parallely to ad (by sup): therefore I 
draw ce||ab & cg||ad, & in such proportion as y® motions they designe & so 
draw er||cb, & gr||dc, & y® diagonall cr, (by Prop 6), y* is, if y° velocity of y® line 
cb, (y* is y° celerity of y° increasing of ab or dc; or y® velocity of y* point ¢ from d@) 
bee called p; & y® velocity of y® line cd bee called g; I make 


ce:ge::p:q (::ce:er::hb:cb) 


& y® point ¢ shall move in the diagonall line cr (by prop 6) w is therefore 
the required tangent. Now y° relation of p & q may bee found by y* foregoing 
Equation (f signifying y° increase of x, & q of y) to bee 


4px3 — 9pyxx + 30paxx + 2hayx — 2phy® — 3qx3 +- qaxx — 6qyyx — 4qy>=0. 


— py) Byx8 —ayxx+ by®x+ 4y4 4 
. — id — ——" hb= 7 ip ee ie a we 
etermines y® tangent fc. 


(52) Add. 3958.3: 53”—62". Newton applies the general theorems in [1] to the resolution 
of a set of geometrical problems. 

(53) A revised version of 6, §2 and §3.2: Prob. 1 and 2, with a generalized introduction 
based on 6, §4.1/2. 

(54) That is, analytically or geometrically. 

(55) Adapted from 6, §3.2: Problem 1: Example 1**. 

(56) Newton first wrote ‘...viz: cb||ad & insisting upon ab, y* other dc||ab insisting [ ]’. 
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«* Hence may bee observed this Generall Theorem®® for drawing Tang" 
to crooked lines thus referred to streight ones, y‘ is, to such lines in w“? y= dc is 
ordinately applyed to x=ab at any given angle abc. viz: Multiply the termes of 
y® Equation ordered according to y® dimensions of y, by any Ari[th]meticall 
progressi6 w“ product shall bee y° Numerator: Againe change y* signes of y° 
Equation & ordering it according to x, multiply y® termes by any Arithmeticall 
progression®») & y® product divided by x shall be y* Denominator of y* valor of 
hb, y' is, of x produced from y to y* tangent Ac. 
S.<: bis; 


As if rx— = =yy. Then first yy +* ‘re =0, produceth 2yy, or, 2rx—2 : xx. 


—1x 
2. ae hs 0.—1. —2. 
Secondly a xx +1x—yy [=0], produceth rx — a Therefore ay = bh, Or 
r——x 
2r q 
2X —— XX 
2qrx — 2rxx 
else ——-~4— = )h=—_____. 
2r qr — 2rx 
r——x 


Example 2.6) If y® crooked line chm bee described by y® intersection of two 
lines ac, bc circulating about their centers a & b, soe y' if ac=x, & bc=y; their 


relation is x8 —abx-+cyy=0. To draw y® tangent ec I consider y* y* point c fixed 
in y® line dc moves towards fin y° line cf. bc (for y° tangent to a circle is perpendi- 
cular to its radius). also y® point ¢ fixed in y° line ac moves towards d in y® line 


(57) A lengthy cancelled first draft, fully incorporated in the revised text, is omitted. 
(58) That is, hb = y(dx/dy), the subtangent. 

(59) Adapted from 6, §3.1 above, but compare 4, §3.1. 

(60) With necessary restriction that it have the same added difference as the former. 
(61) Adapted from 6, §3.2: Problem 1: Example 24. 
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cd. ac & from those lines cd & cf I draw two others de||cg & ef||bc w® must bee 
in such proportion one to another as y® motions represented by y™ (prop 6), y* 
is (prop 6) as y® motions of y® intersection point ¢ moveing in y® lines ca & cb to 
or from y® centers a & 5; y* is (y® celerity of y° 
increase of x being called p, & of y being q), de:ef::p: 4. goes 
Then shall y* diagonall ce bee y® required tangent. Or 
w°) is y® same, (for Aecg=Aececd, & Aecf=Aecn), | pro- 
duce ac & be to g & n, so y* cg:en::p:q, & y® draw 
nel bn, & gel ag; & y® tangent diagonall ce to their 
intersection point e. Now y° relation of p & g may bee 
found by y* given Equation to bee, 3pxx — pab + 2qcy =0 
(by prop 7). Or 2cy:ab—3xx::p:qi:cg:cn, w™ deter- 
mins y® tangent ce. 
~ But note y* if p, or q be negative cg or cn must bee 
drawn from ¢ towards a or b, but from a or ) if 
affirmative. 
Hence tis easy to pronounce a Theorem for Tangents 

to such like cases & y® like may bee done in all other cases however Geometrical 
lines bee referred to streight ones. 


Tangents to Mechanichall lines.) 


Example y° 34, If y° Quadratrix kbfis described by y* intersection of y* two 
lines hb & ap, y® one hp||ma moving uniformly 
from k to a, whilest y® other af circulates from 
k to m about y® center a. Draw y? circle gbl w'® 
y° Rad: ab; & make b/=bd.1ab|\de; & to y° 
intersection point e of y® lines am & ed draw eb 
w“ shall touch y® Quadratrix in 6. For suppose 
y® motion of y* point # fixed in y° line ap, towards 
m to bee pm, y® y® motion of y® point 5 fixed in 
y® line ab, towards d is b/=bd (prop 4), & y° 
motion of y® line bf towards ca, & therefore of 
y® point b fixed in it towards ¢ (prop 3) is ha==be 
(by supp). Also ce||bh & ed||ap (sup). Therefore 
(by Prop 6)® y* intersection point 5 of these two lines ap & Ab, moves in y*® 
diagonall eb, & consequently eb toucheth y* Quadratrix in bd. 

Example 4° ,6®) 


(62) In a cancellation Newton first wrote the more usual ‘velocity’ for ‘celerity’. 
(63) Revised from 6, §2 above. 
(64) Newton has cancelled ‘is y® diagonall eb y* motion of’. 
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Prob 2%. To find y* quantity of crookednesse of lines.©® 

Lemma.®® The crookednesse of equall parts of circles are as their diameters 
reciprocally. For the crookednesse of a whole circle (acdea, 
bfghmb) amounts to 4 right angles. Therefore there is not 
more crookednesse in one whole circle acdea y® in another 
bfghmb. Suppose y® perimiter acde=bfgh. Then tis ar: br:: 
bfgh=acde: bfghmb::crookednesse of bfgh:crookednesse of 
bfghmb = crookednesse of acdea.®®) 

Resolution.6® Find That point fixed in y*® crooked line’s 
perpendicular w“ is y" in least motion, for it is y* center of 
a circle w*" passing through y° given point is of equall crookednesse w™ y® line 
at yt given point. Now, since y® crooked line’s tangent & perpendicular &c: 
(at yt moment) circulate about yt center; I observe, 1* yt every point fixed 
in y° Tang™ or Perpendicular, or whose position to y™ is determined, doth 


(65) A considerable space, never filled, is left on 54" for the insertion of this second example 
of a mechanical curve. Presumably, on the line of his previous work, this would be either an 
Archimedean spiral or a general cycloid. 

(66) A revised version of 4, §2.1 and 6, §3.2: Problem 3. 

(67) Adapted from 4, §2.1: Theorema. 

(68) Newton first added a second lemma as follows: ‘Lemma 2. That point of a Crooked 
Line’s Perpendicular w“ is in least motion is y® center of y® circle whose crookednesse is 
required. 

‘Resolution. This may bee done by drawing perpendiculars to 2 curved lines described by 
y® motion of any two points fixed in y* Tangent, w" two perpendiculars shall intersect in y° 
center of a circle, whose crookednesse was required. One of those curve lines & perpendiculars 
may bee y® given crooked line & y® perpendicular to it at its given point.’ 

Immediately, however, Newton cancelled it, incorporating it in the following ‘Resolution’. 

(69) Adapted from Add. 4004: 57’=6, §3.2: Problem 3 above, where the argument is 
discussed in detail in the accompanying notes. See also D. T. Whiteside, ‘Patterns of mathe- 
matical thought in the later seventeenth century’, Archive for History of Exact Sctences, 1 (1961): 
376-7. 
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describe a curve line to wch y® right line drawne from y‘ center is perpen- 
dicular, & is also y® radius of a circle of equall crookedness w it: 2%¥ yt y® 
motion of every such point is as its distance from y' center; & so are y® motions 
of y* intersection points, in w any radius drawn from y‘ center intersects two 
parallel lines. 

Example 1.0 If ch=y is ordinately applyed to ab=x at a right angle abc, nc 
being tangent & me perpendicular to y* curve line ac: I seeke y* motion of two 
points c & d fixed in y° perpendicular cd; or (w™ is better & to y® same purpose) 
I draw cg||ab, & seeke y® motions of y* two intersection points c & din w™ y°® 
perpendicular cd intersects those fixed lines ¢fg, & abdk: & y® draw cg & dk in 
such proportion as those motions are, & y* line gkm drawn by their ends shall 
intersect y® perpendicular cd in y® required center m: mc being y® radius of a 
circle of equall crookednesse w y* curve line ac at y® point c. Now, making 
Ategfe= & like Ancdbc, suppose y* motion of y* line cb & consequently of y* points 
c & b fixed in it & moveing towards f & k, to bee p=nb=cf:™ Then is ce=cn 
y° motion of y® point ¢ in w“ dc intersects y® tangent ne (by Prop 6), y* is of y° 
point ¢ fixed in y* perpendicular cd, & moveing in y* tangent ne: & therefore 
cg—nd=p+bd (=p+v if bd=v), is y* motion of y® intersection point ¢ towards g 
in w® point y* perp: cd intersects cg (by Prop 6). If also y° motion of y* inter- 
section point d from y° point b (y* is y® velocity of y* increase of v) bee called r,( 
y" is dk=nb+r=p-+r. soe y', og—dk:cd::¢g:cm; y*is, 


y— ried lyons: p+ vio =P EPA 


Also v—riy: ptoick= UY . Lastly y® motion of y® point ¢ from 8, (y* is, y® 


velocity w® w y=cb increaseth) will bee g=ch=y."®) 
As if y® nature of y® crooked line bee x3 — axy+ayy=0. Then is 


nb = ee (by examp: 1. Prob: 1.) 
g SOUS phd 
ax — 2ay 
& therefore (by Prop 7) 6pxy—pav—2qay+3qxx-+ 2qav—rax+2ray=0. & 
axy — 2ayy & Bxxy — ayy 
3xx—ay ° ax — 2ay 
Equation The product will bee 


(for nb:be::be:bd) Soe that 3xxy—ayy—axv+ 2ayv=0. 


substituting , & y, into y® places of p, v & q in this 


6axxyy — 12axy 


Tey es 3ayy + 3YxXx 


+ 6xxyy — ay? _ se 
Bia has ae By rax + 2ray=0. 


(70) Newton’s accompanying diagram has two points k, but there is no confusion in leaving 
the text without emendation. 
(71) That is, p = y(dx/dy) represents the fluxion dx/dt. 
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a — bayyx® — 1 2ay®xx + 24ay*x + 3aay®x— 4a7y4 


“a L2ayx3 — a®yxx + 12ayyxx + 4a°yyx—4ay3 =r. And therefore 


— 18yyx* + 24ay?xx—24aytx — 2aay>x + 2aay* 
3ax4 — 1 2ayx* — aayxx + 1 2ayyxx + 4aayyx — 4aay? 
__ 2aay*— 2aay*x — 24ay*x + 24ay>xx — 1 8yyx4 hii 


aaa 3x3 — 6yxx — ayx+ 2ayy in ax—2ay 


axy—2ayy | 3xxy—ayy _9x*y— Baxxyy + 5aay® — daaxyy + aaxxy 


t 
3xx—ayY ax—2ay 3xx — ay X ax—2ay rey 


p+o= 
ee py+vy _ 9x*y— baxxyy + 5aay® — daaxyy + aaxxy in 3x8 — Bxxy — axy + 2ayy 
v—r 2aay® — 2aaxyy — 24axy? +-24axxyy —18x4y in 3xx— ay 


ee 9x° — 6ax®y + aax® — Baaxxy + 13aaxyy + 12axxyy — 10aay®?—1 Sixty 
2aayy — 2aaxy — 24axyy + 24axxy —18x4 

Which Equation gives y* point k & consequently y® point m. for km||abk. 

¢«* But in such cases where y is ordinately applyed to x at right angles, From y® 


consideration of y* Equation > Py TY z aes “t =¢k; Or rather U + %Y =ck: may y° following 


Theoreme bee a To w“ purpose let OC signify the given Equation, 
y' is, all y° algebraicall termes (expressing y® nature of y® given line) considered 
as equall to nothing & not some of y™ to others. Let SC signify those termes 
ordered according to y® dimensions of x & y" multiplyed by any arithmeticall 
progressi6. Let UC signify those termes ordered according to y® dimensions 
of y & y® multiplyed by any Arithmeticall progression. Let 29 signify 
those termes ordered by x & y" multiplied by any two arithmeticall pro- 
gressions one of y™ being greater y" y® other by a terme. Let 0 signify those 
termes ordered by y & y® multiplied by any two Arith: Progr: differing by a 
terme. Let SC signify those termes ordered according to x, & y® multiplyed by 
y° greater of y* progressions w“ multiplyed SC; & y® ordered by y & multiplyed 
by y® greater progression w** multiplyed UC. Then (observing y* all these 
progressions have the same difference & proceede y® same way in respect of y® 
dimensions of x & y;) will y° 3 Theorems bee 


LAC Gyy + WIWWxx 
Day + 2CIcacy— Ococacy 


DC yy + LC xx 


ip AG ee PR 
TH 4 30aey—OEICy 


ag 


(72) Similarly, where v = y(dy/dx), r = y(dv/dy) represents the fluxion dv/dt in the same 
scheme as the previous note. 

(73) Since g = y represents the fluxion dy/dt. 

(74) Summarized from Add. 4004: [48%] =4, §3.2 above. Note that Newton slightly 
changes his notation, using 3C for x?f,, and LE for y?f,,, where DO = f(x,y) = 0. 
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pt LK yy +H fg py —__ yy + TET 
— OC UE x + BICOL x — OEE x _900Gx + 20C Ie —— 


gd MICyy + WIC xx in ICV yy + DWC xx 


° ICICI yx + LCI IC yx — DOC IC yx =(m = radio circuli zequalis 


curvitatis cum curva ac 
in puncto c.{?) 


As if y® line bee x? — axy+ayy=0. Then is SC = 3x3 —axy,. DO= —axy+ 2ayy. 
3x2, 1x0. OX =41. Ox—l. 1x0. 2xl 
M=6x3= x3 — axy + ayy. BW=2ayy= x — axy + ayy. & 
ax, Ixa. UxXe. 
' G=—axy= x8 — axy + ayy. 
Which valors of 3C, XC &c being substituted into their places in y° first rule, y° 
9x8 yy — 6ax4y® + Baaxxy* + aaxtyy—4aaxtys 

— 18ax%y3 + 12aaxty* — 2a8xxy? A ORE 


2ayy — axy 
conveniently reduced is 


result is; 
+ Qaaxxy? — 12ax8y3 


9x5 — Gax8y + aax® — Gaaxxy + 13aaxyy + L2axxyy — Waay’— 18xly _ op 
18x! — 24axxy + 24axyy + 2aaxy — 2aayy ae 


; ] 3ay + ay—3xx 
(76) [xt —e coe” SB i OR C8 5 
As was found before.‘® [yt is] ck 52 + 8Y aan 
Or suppose y® line is a Conick section whose nature rx yy 9) Then is 
mB dd 0.0 1-2 


Som net Tat! etre — yy. 5 OE = yy =" xe br ey 


S>eips a OS 5, Ox-—l. Ox—1.1x0.2x1. 
Rata! xx + m — yy. OE = — 2yy == xx + 1K x —YYy 


(75) ‘y® radius of a circle of equall crookednesse w"® y® curve line ac at y* point ¢.’ 
(76) In the immediately preceding example. 
(77) For, since 


(18ax + 12x) ay® = —13ax4—12x5 + 13a%x*y + 12ax8y and —10a*y® = 10ax4 


+ 10ax%y + 10a*x*y, 
therefore 


9x5 — Bax8y + a2x3 — 6a®x?y + 13a2xy? + 12ax*y? — 10a?y8 — 18x4y 
= (ax? + 6x8y — 3ayx*) (a—3x) +x3 (ay —3x*) 
and 18x4 — 24.ax®y + 24axy? + 2a®xy —2a*y? = —2x3(a—3x). 
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2x O14 «0. °0 X2 
HE =0=7 xx -+ rm — yy . Which valors of 3C, 3C,% 3C, &c being sub- 


stituted into their places in y°® first Theoreme, give 


Lit all A 


Dose ny a 8 pa ty 4s? 4qryy — qqrr— 4qrrx —41rxx 
q 19 q 
Or (since 4qryy — 4qrrx — 4rrxx =0) tis, 
gp a 8 
NN Tg amet of bagel odros tok Ores 
So by y® second Theorem tis 


4r 
rrxxyy +— xxy* + 4xxy* 
OF ys “3 Sa 
q 2r 
Tx + q XX 


Or b/=- 5 +2x 2x-+ i ++ ides +-— = +—- cl 8) And so by y® 34 Theoreme, tis 


q q 49 


TY XXYyYy + = x8yy + se xtyy + 4xxy4 ae ga ge FET RTT TS 

q: qq 4rr 4rr 4 

cm = OE PIR pee Pe x [ray + — x8 yy +-— xtyy + dxxy!, 
2rrxey3 + 8 — eae = x5y3 8 xy q 79 


oa sorb oases in ee GAS Ore. 
2q°rr 
_ Fr 4qyy + 4ryy 


narr + 4aqyy + 4aryy. 82) 
Saar (NAOT Aggy + Sarg. 


(78) Compare 4, §2.2: Example 24. The ‘Conick section’ is here a hyperbola. 

(79) Read ‘OC’. 

(80) Eliminating x? by nett: its value — gx +(q/r) y?. 

(81) Where correspondingly y? is eliminated by substituting its value rx + (r/q) x°. 

(82) Substituting gy? for grx+ 1x. 

(83) Newton wrote immediately afterward ‘This Theoreme may bee thus Demonstrated’, 
but cancelled it. 
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Note y* y® curvity of any curve whose ordinates are inclined from right to 
oblique angles is as y* curvity of a circle whose ordinates are in like manner 
inclined so as to make it becom an Ellipsis. 

Prob: To find y° points of curves where they have a given degree of curvity.®° 

Prob 3°. To find y* points distinguishing twixt y° concave & convex portions of crooked 
lines,®®) : 

Resolution. The lines are not crooked®” at those points: & therefore y* radius 
cm determining y® crookednesse at yt point must bee infinitely greate. To w™ 
purpose I put y® denominator of its valor (in rule y*® 3¢)®® to bee equall to 
nothing, & so have this Theoreme DCICUE — 2DCOE DE + OCOCIC = 0. Or better 


phaps TG — 2° te oak), 


Example, was this point to be found in y® Concha whose nature is 


+ bb 
x* + Qhx8 — cc xx —2becx — bbcc=0. 


+yy 


Then is SC = 2x4+ 26x38 + Qhecx + 2hbec. WE = Qxxyy =WE. DC = 2x4 — 4becx— 6bbec. 
OC =0. Which valors subrogated into y° Theoreme, they produce 


2x4 — 4becx — 6bbcc x W2xxyy 


Ot ope Lobel Ob 


2x4 + 2hx8 + Qheex + 2hbce + 


(84) A neatly made point. Where m is the centre of the circle of curvature at the point ¢c on 
the curve (c) defined by a given relation between the perpendicular Cartesian axes ab = x and 
bc = y, Newton considers the curve (c’) defined by the same relation between the oblique 
Cartesian axes ab = x and bc’ = y. In this correspondence we may without loss suppose all 


points in the axis arbls invariant. It follows that all perpendicular ordinates (as bkc, mc) in 
the left-hand figure appear on the right unchanged in length but rotated into the given 
oblique angle abc’. Likewise all lines parallel to abl appear unchanged in length though 
translated in position. Hence 

ck? ek 


Ae ED VR LE® 
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And subrogating — x4— 2bx° For: + 2bhecx + bbec y® valor of xxyy into its stead & 


twice reducing y® Equation by y° divisor x+). Tis 


x4 — 2Qbecx — 3bbcc x cc — xx 


re =0. Or x4+4bx3 + 3bbux—2Qbecx —2bbcc = 0. 


x8 + bee+ 
Which being againe reduced by x+5=0. Tis x3+3bxx—2bcc=0.8 See 
Geometr: Chart: pag: 259.0 

Probl: 4. To find y* points at w* lines are most or least crooked.©») 

Resol: At those points y® afforesaid radius cm neither increaseth nor decreaseth. 
So yt y® center m in yt moment doth absolutely rest, & therefore neither y° line 


and so, as Newton correctly states, the circle of curvature (c) passes into (c’) ‘an ellipse of 
curvature’ whose ordinates ‘are in like manner inclined’ and whose centre m’ we may con- 
sider as a centre of (elliptic) curvature. (Clearly this ellipse will have a triple point in common 
with (c’) at c’ since this is true of the corresponding circle at ¢. Note too that, where 
the angle y’k’c’ = abc’ is given, the Apollonian symptom c’k’* = y'k’.k’d’ defines a family of 
similar ellipses so that the osculating ellipse will be unique.) 

Immediately after this note a gap follows in the manuscript. In it at some later time Newton 
entered the unnumbered ‘Prob:’ which follows. 

(85) Newton restricts himself merely to the enunciation of this problem, which is indeed 
little more than a corollary of the preceding Prob 24. Having found the radius of curvature at 
a general point on the given curve, we need only resolve the simultaneous equations which 
result (one the given defining equation of the curve, the other equating the radius of curvature 
to a fixed value) in order to find the values of ordinate and abscissa of the points sought. 

(86) The first original section in the present tract and an ingenious corollary to the pre- 
ceding problem. 

(87) That is, have zero curvature. 

(88) In the preceding Prob 24, 

(89) In equivalent terms, Newton takes the defining equation of the conchoid as 


O = x°y? — (c? —x*) (b+x)? = xf (% ¥)s 
where S (xs y) = x® + 2bx + (6% — 0? + y?) — 2bc®x-} — b2c2x-?, 


lf Y¥ 
i lee 2 el te 
so that 2x. f+x y os (fh 0, 


with CK=8f, Lat, Wtf, LM = xyf,, and LG = xy, 


fly) 9. - + Wilf) 
se 2xuf, J = 0. 


Hence the inflexion condition is 

(90) The reference is to Schooten’s Commentarit in Librum IT, O=Geometria: 259. (See 6, 
§4.2: Example 24 and note (33) above, and compare 3, 3, §3.) The half page following this 
example is left blank for future additions. 

(91) Newton finds straightforwardly the condition for the radius of curvature to attain an 
extreme value, namely that its instantaneous increment be zero. Further, when cm is 
stationary the point m is ‘at rest’, and therefore the increments of both a/ and /m will also be 
zero. 
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bk nor al doth increase or diminish, y‘ is, ck & bl doe soe much increase or 
diminish as y & x (cb & ab) doe diminish or increase. Or in a word the point m 
resteth. Find therefore the motion of al or cm or lm & suppose it nothing. 


Thus®) to find the point of least crookednesse in y® curve x?=ccy. By the 
rule in prob 2 I make SC = 3x3. OC = —ccy. DO= 6x3, We _ & OD =0 & thence 
obteine hires or nee w is least when — <li = 0.08 x=,/4: - 

a Oe 2cc 2c¢ % 27 
And then therefore happens me greatest crookednesse. 


In like manner if y® curve be xxy=a® The rule gives 00=2a°. O=a'. 


O=—6a8, D=0=0.0% And thence a eran which is least when 


y=aJ[3:] 5. 


(92) With the revealing remark that ‘The computation is too tedious’, Newton has can- 
celled a first example of the conchoid 0 = x*y?— (c?— x?) (b+<)?: 

‘Thus in the Concha to find the point of least crookednes beyond the point of reflection 
[sc. inflexion], having substituted y* valors of DC, O€ &c (exprest in the precedent, problem) 
into this’. Clearly, it will be easiest to substitute 


MC = 2(b+x) (x8 +be%), OC = Qx2y® = 2(cP8— x2) (b+x)2 = IE, WC = 2(xt—e2x 35%?) 


ee eee = (SC2y? + OC2x?) OC 

ane = 0) in = = eine — ee Pa) x 

and we may then deduce that 
-ilee aes (x4 + 2bx8 + bc?) (x3 + bc?) 


x3 (x3 + 3bx2 — 2bc?) 


It follows that the only real points of extreme curvature are given by x = O(y = oo) and 
x3 4+ 3bx2—2bc2 = — which yields the points of inflexion. 

(93) Here x*y—a® = f(x,y) = OC with OC = x8f,, D = yf, ... (as in note (89)). 

(94) Since ck = i+ a®/6y? reaches an extreme value for 0 = 4-2 /3y°. 


[2, 7] The October 1666 tract on fluxtons 427 


Soe if y® curve bee x8=dyy. Then is 0C=3x3. D=—2byy. IC=—6%'%. 
OE = —2fhlyy. DS=0. And therefore ck) = 3y + = , which hath no least nor 


the curve any least crookednesse.®® 

Prob 5‘. To find y* nature of y* crooked line whose area is expressed by any given 
equation. 

That is, y° nature of y* area being given to find y® nature of y*® crooked line 
whose area it is. 

Resol. If y® relation of ab=x, & Clabe=y 
bee given & y® relation of ab=x, & bc=q 
bee required (bc being ordinately applyed at 
right angles to ab). Make de||ab1 ad||be=1. 
& y" is Dabed=x. Now supposing y° line cbe 
by parallel motion from ad to describe y* 
two superficies a¢=x, & abc=y; The velocity 
wth wh they increase will bee, as be to be: y* 
is, y° motion by w™ x increaseth being 
be=p=1, y* motion by w® y increaseth will 


Sie 


Paes 


bee bc=q. which therefore may bee found by prop: 7". viz: on J mg— oc." 


[ (3x9) ?y? + (—2by?)? x2] . — 2by? 
— (3x8)? (—2y°b) y — (— 2by”)? (6x*) y” 
(96) Newton entered this in cancellation of ‘which is least when x = et Where 
ck = 3y+4x?/3y = 3y+$btyt, then d/dx(ck) = 3+4b/9x 


which increases uniformly as x decreases and is zero for x = —4b/27. However Newton wishes 
here to consider only real points on the curve and so restricts x to the interval [0, co]. Hence 
this ‘minimal’ value for curvature defined by x = —46/27 is not admissible in his scheme. 
More directly, we may calculate the radius of curvature to be 


_ (9x2 4+4bx)8 d(cm) _ /[9x2+4bx] 
m= Fee > sO that s == ——— (9x? + 6x) 


and cm has therefore an extreme value for x in [0, 00] at x = 00 (which, in fact, defines the 
inflexion point at infinity on the semicubic parabola by* = x*). We may also show that cm 
increases with x in the region of x = 0, so that the curvature at a real point takes on an 
apparent maximum at x = 0, y = 0. (Compare the difficulties which Newton had in the 
winter of 1664/5 in considering the extreme values of curvature in the case of a conic. See 


4, §2.5 above.) 
(97) Since, where DC = f(x,y) = 0, we have DX = xf,, LD = yf, and f,+ ee = Q, 


therefore g = — =a = =m Hence the area ‘Z] abc’ = | q.dx = y, a statement of the 


(95) Or 


fundamental theorem of the calculus that { (2) Ax my, 
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— 


Example 1. ie = Vit y. Or —4rx® + 9yy=0. Then is ry =q=/rx. Or, 
rz=qq & therefore abc is y° Parabola® whose area abc is 7 3 * x= = 
Bex yO) 3axx — 2x 
d — Bi sess. alanine 
Example 2%. If x? — ay + xy=0. Then is ——_~ Vig Se ee be. 


gate 209 
x ™ —y=0. Then is axe =@. Or if axtretyt se y% 29 


maxm-1(101) 
nbxn-1 oa 

Note yt by this probleme may bee gathered a Catalogue of all those lines 
w“} can bee squared.? And therefore it will not bee necessary to shew how this 
Probleme may bee resolved in other cases in w® q is not ordinately applye[d] to 
x at right angles. 

Prob 6. The nature of any Crooked line being given, to find other lines whose areas may 
bee compared to y® area of y' given line.O) 

Resol: Suppose y* given line to be ac & its area abe=s, y® sought line df & its 
area def=t; & yt b¢=z is ordinately applyed to ab=x, & ef=v to de=y, soe y' 
Labc=Ldef; & yt y® velocitys w'* w ab & de increase (y* is, y® velocity of y° 


points b & e, or of y® lines bc & ef moving from a & d) bee called p & ¢.°™ Then 
may y® ordinately applyed lines bc & ef multiplyed by their velocitys p & q, (y* 
is pz & qu) signify y® velocitys w® w y® areas abc =s & def=tincrease.0%) Now 
y’ relation of y® areas s & ¢ (taken at pleasure) gives y° relation of y* motions pz 
& qv describing those areas, by Proposition y* 7“; Also y* relation of y® lines 


, dy Cy 
a ape ah, 
(98) Defined by cb? = r.ab. (99) Applying ¢ 2 Ex" 
m~1? 
et n—1 ° 
(102) See Add. 4000: 152'—163” = 5, §4 above. Even in 1691 when he came to compose 


his De Quadratura Curvarum, Newton’s only general method of algebraic integration remained 
a fundamental, though sophisticated, application of the inverse operation of differentiation. 


(100) Read ‘dy”’. (101) ead™ 
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ab=x & de=y (taken at pleasure) gives y* relation of p & g, by Prop 7: w 
two equations, together w" y® given Equation expressing y* nature of y° line ac, 
give y® relation of de=y & ef=v[,] y* is y° desired nature of y® line df. 

Example 1. As if ax + bxx=2zz is y® nature of y® line ac: & at pleasure I assume 
s=tto be y® relation of y* areas abc & def; & x=yy is to bee y* relation of y* lines 
ab & de. Then is pz=qv (prop 7), & p=2qy (by prop 7). Therefore 2yz=v (by 


y® 2 last Equations), & a =zz=ax+bxx=ayy+ by*. or vv=4ay*+4by. & 


v=2yy/a+ byy: W% is y® nature of y® line def whose area def is equall to y® area 
abc, supposing Jab =de=/x=y. 

Example 2. If ax-+bxx=2zz as before; & I assume as+bx=t, & x=yy. Then is 
apz+bp=qu (by prop 7), & p=2qy. 2azy+2by=v=2by+ Qay/ax+bxx. Or 
v= 2Qby + 2ayy/a+byy; The required nature of y* line def. 

Example 3°, If “ /xx—a=z: & at pleasure I assume a ayt+yy—s=t, & 
xx—a=y. Then is 4ccay + 4ccyy =aass + 2aast+ aatt, And (by prop 7) 


4ccaq + 8ccyg = 2aaspz + 2aatpz + 2aasqu + 2aatqu = 2aapz + 2aaqu x “ wh ay + yy. 


& (by prop 7) 2px=qg. Therefore 8cax+ 16cyx=4az+ 8avx x Jay+yy. But 
“ we a=2= Ay. & x=J/a+y. Therefore 


8ca + lé6cy/a+y=16ce/y+ 8avJa+y x Jay +yy. 


That is ca+ 2cy =2cy+avJay+yy. Or See 
y U] YY yy oy uy 


Example 4, If ax+bxx=zz as before & I assume ss=t, & x=yy. Then is 
Qspz=qu, & p=2qy (by prop 7) Therefore 


Asyz=v = 4syax + bux = 4syy/a+ byy. 


(103) Generalized from the transform 


fo.de = [y.as 
in 5, §4.2/3. 


(104) It follows that $= [zd and t= | v.dy 


with » and g the fluxions dx/dT and dy/dT respectively, where 7 is an independent time 
variable. 
(105) Clearly pz = ds/dT and qu = dt/dT. 
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Where note y* in this case y® line v = 4syya-+ byy is a Mechanical one because s 
y® area of y° line ax + bxx = zz canott bee Geometrically found. The like is to bee 
observed in other such like cases. 

Probl: 7. The Nature of any Crooked line being given to find its area, when it 
may bee. Or more generally, two crooked lines being given to find the relation 
of their areas, when it may bee.@°?) 

Resolution.2°9 In y® figure of y® fift prob- 
leme Let abc=y represent y* area of y® given 
line acf; ch=q y® motion describing y* area; 
abed=x another area w is equall to y® basis 
ab=x of y* given line acf (viz: supposing 
ab||de1. be\||ad=1); & be=p=1 y* motion 
describing y' other area. Now haveing (by 
supp) y® relation twixt ab=x=abed, & 


bc= q=! = given, I seeke y° area abc=y by 


Sw 


y® Eight proposition. 


Example 1. If y* nature of y® line bee, ————— ——= ee - I looke in y® tables of 


— Xxx 
y® Eight see for y° Equation corresponding to this Equati[6] w“* I find 


to b 1, (For if instead of ¢, a, b, n I writ a, aa, —1, 2, it will b 
o bee ————= = TE 2 ite will bee 

ora Z ) And against it is y° equation = a + bx"=y. And substituting a, 
—s qa—xx 


a, —1, 2 into y° places of c, a, b, nit will bee, —avaa— x0) — y= abc y* required 
area. 


PY 
Example 2. If J ee —bce=!, Because there are two termes in y° 
A x aK— KX p 


valor of bc I consider them severally & first I find y* area correspondent to y° 
x 1 2 2 Je 
ses — xs: mae mage Sa : 

terme é » OF Bas To bee Batt? 8 EN Ge by prop: 8. part 1. Secondly to 


find y® area corresponding to y*® other terme ee I looke y® Equation (in 
Kl AX — XX 


(106) As Newton’s repeated use of the example z = ,/[ax+5x*] (with correspondingly 
$= { ,|[ax + bx?] .dx) shows, his main purpose here is to reduce the integral of a wide class of 


algebraic forms to the area under a general conic section, that is, to a circular or hyperbolic 
integral. 3 

(107) The inverse of the two preceding problems. 

(108) An unimportant first partial draft of this is omitted. 
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prop 8. part 3) corresponding to it w°" is eee ; (for if instead ofc, a, b, n, I 
xJatox* p 


ecb” eeb ): Against which is 


xe —1 + ax?’ x/ —xx-+ax 
y® Equation —; = Ja+bxt=y. In which writing eeb, —1, a, —1, instead of, a, b, n, 
the result will bee a /—1-+ax?; Or, —— J —xx-+ax=y w* is the area 


corresponding to y* he terme. Now 
to see how these areas stand related one 
to another I draw y*® annexed scheme, in 


write eeb, —1, a, —1 it will bee 


which is™™ ab =x. bd= c Yaak 
pax — xx 

2 b 
foe Brees poet ten satin gs pe 
: a xJax—xx * pee Petooes 


abd =; aS = is y® superficies corresponding 


to y® first terme bd, w® because it is 
affirmative must bee extended (or lye) from 
y® line bd towards a. Also y® other super- 
ficies correspondent to y® 2¢ terme de, 
being negative must lye on y® other side 


‘ ax—xx. Lastly if x=ab=r Then is 


bd from a, w is therefore gde=— 
rd 5 
=2 ff. & gde=— et Wr. Ang f6B=—x*=—s5, y° is? /<—aBD, And 

r 3 


pe i tn ft P — 7 = bBDd. & 


= _ Jas— 5 _ os aeady SP ar—rr=DdeE. 


& substracting DdeE from bBDd there remaines 


2/52/75  Qbee 
Me Vas— 


bBEe= _ = Jar—rr—bBEe.“2) 


(109) Read ‘ —aVaa—xx’. 

(110) Newton has cancelled ‘Lastly’. 

(111) A cancelled variant of the following two lines is omitted. 
(112) That is, 


mes = (Jordan) = [Ets] 
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w“ is y° required Area of y* given line &c *EkeEg. Where note y'* for y* quantitys 
r=ab & s=aB taking any numbers you may thereby finde y* area bBdD corre- 
spond([ent] to their difference 5B. 

Note yt sometimes one parte of y° Area may bee Affirmative & y® other 
negative. as if a#B=r, & ab=s. Then is 


b?B* Ke = kbe—K°B2E 


Soff 
_ W298 =- = J as — $5 — —_ Jar —rr = b®B*Ee = kbe — kh? B2E.O18) 
5J/a as ar 
Prob 9.44 To find such crooked lines whose lengths may bee found. & also to find theire 
lengths.) 


Lemma 1. If to any crooked immovable line acg the streight line cdma moves 
to & fro perpendicularly every point of y* said line cdma (as y, 0, ¢, &c) shall 
describe a curve line (as fy, 60, Av, &c) all which will bee perpendicular to y° 
said line cdmo, & also parallel one to another & to y® line acg.41® 


(113) The next page and a half in the manuscript is left blank. Perhaps Newton intended 
to add further examples, but probably the gap is left for the insertion of a Prob: 8, lacking in 
the tract. (The following problem was first entered as ‘Prob 8’ but later emended to ‘9’.) 
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2. If acg bee not a circle, there may bee drawne some curve line fdmA, w°® 
y® moveing line cdma will always touch in some point or other (as at m) & to 
_w therefore all y® curve lines fy, 00, Ao, &c: are perpendiculars. 

3. Soe that every point (y, 0, m, a, &c:) of y®* line cdmo, when it begineth or 
ceaseth to touch y* curve line fdmA, doth y" move perpendicularly to or from it: 
& therefore y* line ydmo doth not at all slide upon y® curve line fdmA, but exactly 
measure it by applying it selfe to it point by point: & therefore y® correspondent 
parts of y* said lines are equall (viz: fm=ym. dm=Om. dA=60. &c). 

Resol. Take any Equation for y® nature of y® crooked line acg, & by y* 2° 
probleme find y* center m of its crookednesse at c. That point m is a point of y* 
required curve line fdmA. For yt point m whereat cdmo y* perpendicular to acg 
doth touch y* curve line fdmA is lesse moved y" any other point of y® said per- 


pendicular, being as it were y® hinge & center need w° y perpendicular 


ares 
turneth 
Example 1. If acg is a Parabola whose nature (supposing ab=x 1 bc=y) is 


8 
rx=yy. By Theoreme y® 1** of Problem 2¢ I find cbh+im=y +L, By y® 2¢ 


Theoreme, 6 =2xtor And by y*® 3¢ Theoreme A Eon, Soe y' 


118)_ 1 118 4y* 
supposing ab@! ae G1) = Beez, = 


] a “) 


} at that moment.@!” 


=v. The relation twixt v & z will 
bee 27rvv = 1623, (for {yy = 16y* = 16r°x* = w°" is y® nature of y* required 


line fomA. And since cy=af =5. Therefore 


< rr+ Faber — Sp = ES Jor iB —5. 


is y° length of its pte 
Example 2. Soe if aa=xy,“™ is y® nature of y* line acg. By y® afforesaid 


Theoremes I find, cb-+ m=", &, bl= ma, ; whereby y® nature of y° 


(114) See previous note. 

(115) Generalized and adapted from his notes of May 1665 in the Waste Book (ULC. Add. 
4004: 32"'=4, §2.2 above). 

(116) In the s sense that the angles acm, Bym, 86m, Aomareeach right, so that the instantaneous 
increments of ac, ac, By, 88, and Ao are parallel. 

(117) Newton finds the evolute (m) as the locus of the instantaneous centre of rotation. 

(118) Read ‘f’ for ‘db’ in each case. 

(119) An Apollonian hyperbola. 


28 WHN 
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curve line, fdmA is determined. And lastly I find m= Y Lx yy which 


determine[s] its length. 

Prob: 10. Any curve line being given to find other lines whose lengths may be compared 
to its length or to tts area, & to compare y™. 

Resolution. Take any Equation for y® relation twixt ad[ =x] & y® perpendicular 
cd=y (whither yt relation bee expressed by an@*® Equation or whither it bee y° 
same w“" some streight line beares to a curved one or to its superficies &c).@4 


(120) Newton has cancelled ‘Geometricall’. 
(121) This unusual semi-intrinsic system of co-ordinates ad = x, dc = y with de normal to 
the curve (c) may be reduced to the perpendicular Cartesian one with co-ordinates 


z: = X = x—y(dy/dx) x = X+Y(dY/dX) 
eX bem ¥ by] y y y[1—(dy/dx)*] | y = cna 
with dX|dY = ./[(de/dy)?—1). 


(Newton’s permissible forms of defining equation, 


fas =e sof] 4) = 


and more generally f (y, [ee : dx) = (, seem chosen with the intention that their derivatives 


may be algebraic.) 
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Then (by prop 7) find y* relation twixt y® increase or decrease (p & q) of y® lines 
ad=x, & de=y.9*) & say (by prop 6) y* g:p::dc:dn =". And soe is y* triangle 


dnc (rectanguled at c) given & consequently y® nature of y*® curve line acg to w“® 
dc is perpendicular, & cn a tangent. 

Now y* center (m) of y* perpendiculars motion (w™ gives y® nature & length 
of y* required curve line fm) may be found as in y® 2¢ or 9** Probleme,“?* But 
more conveniently thus. Draw any fixed line he||ad1 ah=a=ef ad. Also call 

fd=v. & y® increase or decrease of (fd) call r. And y® increase or decrease of y* 
motions p & gq, call # & y. Now considering yt y® motion (p+7)@ of y® inter- 
section point ¢ in y® line he is to y° motion (f) of y° intersection point (d) in y® line 
(ad), as (em) is to (dm) (see prob 2); That is y* y® difference (7) of those motions 
is to y® motion (p) of y® point () soe is (ed) to (dm): First I find y® valor of v. 
viz: —/pp—9q:q:ien:ed:sef =a: fd=v=——4— 
Pp—99°9 of =a: f joan 

Secondly by this Equation I find y® valor of 7, viz: (by Prob 7), 

| Qaaqy + Qvogy + 2rvqq — 2rvpp — 2vvpf =0. 


4 
Thirdly pa 2Y et — PB. 9g 2”. ty, — —_P°22—PPNI22 aes) Last! 
mey T= ppo—qqu PG" gaaay + vogqy —vpgp Z 


. Or aaqq+vvgqq—vopp=0. 


(122) As before, p and q are the fluxions, dx/dt and dy/dt respectively, of x and y. 
(123) Newton, in fact, proceeds immediately to show that 

_ 1-(dy/dx)? 

\o. ee” 

which we may reduce to the familiar Cartesian form 


ye wiht (a¥/dx)*)! 
= GRY dX? 


cm 


by applying the transform (note (121)) 
. = X+Y(dY/dX) 
y = Yy[1+ (d¥/ax)4) 


Specifically, we may prove 


a dY\? d?Y oe dX\%\ -4 gy as 
ix 1+(ae) +¥ ae ad Se = (1+) ) (1+ (Ge) + YZ): 
dy _ dX\*\-4 ay* a 

Further, since 

ad --(5) of os Faka a (1+(3)) (0+) +e = 

dy* —s- \d¥j dx" de®” dX \de} dx dX dX? aX dX? 
and the reduction follows since —cm = —[cd+(—dm)]. 

(124) That is, the fluxion of ad—fd. 


(125) Read ‘__ pivu—ppqque - 
aaqqy +vugy —vopgB 
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supposing y* motion # to bee uniforme y* its increase or decrease f may vanish, 
& also substituting ppzz42 ye valor of aagq + vvqq in its stead in ye Denominator 


of dm, y° result will bee eM — dm =——4 if p=1. And to find y° lines dl 
aie 3 Erato: wes oy.) We gee 
& ml, say —p:q:tdm:dl= TOE & pivlpp—aq::dm:ml =~. 


Soe yt by the equation expressing y® relation twixt x & y first I finde g & 


y" y. w°} two give me ; Sdn &c, 27) 
Example 1. If y* relation twixt x & y bee supposed to bee yy—ax=0. Then 
(by Prop 7) I find, first 2gy—ap=0, Or 2qy—a=0. & ere 2yy + 2qq=0. 


And substituting these valors of qm. & y= aes rig “ in their stead in y° 


Equatio : = de, &c: The results will bee a0 — $Y" — dm. ey =dl. & 


(126) Read ‘ppv’. 
(127) Where ¢ is an independent variable of time, p = dx/dt, g = dy/dt and so 
res dp _ d*x dq_ dy dv 
“a. a ee dt’ 
where v = aq/(./[p?—q?]). Hence 
_ (8 +0") gy— "bb thay neg A. comms 
(ayy ANE SO A = = Cala gy Bb 
Newton finally takes ¢ = x (so that p = 1, g = dy/dx, 8 = 0, y = d*y/dx* and r = dv/dx) and 
deduces, since p*v? = (a*+v*) q’, that 


dm = 


1—@ _ 1—(dy/dx)? 
Y d*y|dx? * 
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aa— 4yy 
2aa 


is Cm = —, & al =" “t y 5 / W° determine y¢ nature & crookednesse of y* line 


J4yy—aa=Im. (And adding cd= —y to dm, & ad =n to dl, y* result 


bm. (For ifap=<.  % im=0: The relation twixt z & v will bee 1628 =27rvy.0®) 


3 
The length of fm being my= ~ — == = a i 


/9aa+ 12az— =A. as before was 


found) 1 


We might, alternatively, have set the argument up in terms of infinitesimal increments. Thus 
where c’d'm is the normal at the point c’ indefinitely near to c on the curve and dod, ck, c’b’, e'f’ 


are drawn perpendicular to c’d’, c’b’ and abd respectively, then 
ed __ ee’ (or ff’) —dd’ f'd' —fd 


—— irr ee eee Se 


dm dd’ ae 


and the indefinitely small triangles ddd’ and ckc’ are similar to chd. Hence, where ab = X 
bo = Y;ad=x,dc=y, then 


8-5-0) ) « GN] 


ee = of ¢ a a(d®y/dx®) 
nee Tea thet 5 AT Ea) 7 (1 — (dy/dx)®)* 


Further 


Finally, since ed = ai ; dx) |’ it follows that 
oe _1—(dy/dx)? 
= d®y/dx® ’ 
as before. 

(128) Read ‘27avv’. 

(129) That is in Prob. 9, Example 1 above. Converting the given equation y? = ax to 
Cartesian co-ordinates by : 

= = x—y(dy/dx) 
Y = yy[1— (dy/dx)*] 

(note (121) above), we find, where ab = X, be = Y, 
that Y* = a(X+4a) is the defining equation of the 
curve (c)—that is, that the curve (c) is the parabola 
of Example 1 of the previous problem, apart from a 
horizontal translation through ja of the origin a. It 
follows at once that its evolute (m) is the same semi- 
cubic parabola z? = {4av* as before. The point / is 
given as the meet of (m) with the axis abd and so as the 
point where d and / are coincident—that is, such that 


dl = (—a?+4y?)/2a = 0, or y = fA = fa 


and x = af = fa. Hence fl = z = 3(4y?—a*)/a and 
lm = v = [(4y?—a®)#]/2a?, frets which the defining 
equation of (m) may be derived directly by eliminating y. Finally my = cm—AfP = 4y/a*? — 4a, 
from which Newton’s alternative form is found by substituting y = %./[9a?+ 12az]. 
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Example y* 2°. Ifx=ad1. dk = ~ , is y® nature of y® crooked line (y*® Hyperbola) 


gkw: And I would find other crooked lines (fm) 
whose lengths may bee compared w" y° area sdkg 
(calling as=0 1 gs) of that crooked line gkw: I call 
y' area sdkg@8—, & its motion 7.43) Now since 
1:dk::p:0, (see prob 5. & y® Note on prop 7 in 


Example 3); Therefore dk x p=dk%)=@= 


& 


| 
j 
! 
1 
| 
1 
| 
| 
That being knowne I take at pleasure any : 
Equation, in w* € is, for y* valor of cd=y.“8*) é 


As 18tsuppose ay = ¢,484 That (by prop 7) gives ag=@= , Or gx=a; w" also 


(by prop 7) gives yx-+-gp=0. Which valors of =", & yaad =-— ; by helpe 

of y® Theorems ==f =dm &c: doe give a = den) aad, & 
x 72 

(130) That is, - i; © ds = alog (5 


(131) And so, where p = dx/dt, 0 = d&/dt = a*p/x, or O/p = d&/dx = a*/x = dk. 
(132) Taking the independent time variable ¢ = x, so that p = 1 and 0 = a?/x. 
(133) That is, Newton proposes to consider examples of the function 


ee) 
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xx—aa ;——— ; 
—_- Nixx—aa=Im. w determines y® nature of y® required curve line fm. 


The length of yt portion of it w is intercepted twixt y* point m & the curve 


Ae 7. _S+XX—Ad age 
=~ a 


line acg being —cm=cd-+ dm) = mc 


«* (Note yt in this case although y* area sdkg=€ cannot bee Geometrically 
found & therefore y® line acg is a Mechanicall one yet y* desired line fm is a 
Geometricall one. And y* like will happen in all other such like cases, when in 
ye Equation taken at pleasure to expresse y° relation twixt x, y, & €; neither x, y, 
nor £ doe multiply or divide one another, nor it selfe, nor is in any denominator 
or roote, except x w*" may multiply it selfe & bee in denominators & rootes, 
when y or & are not in those fractions or rootes. & herein onely doth this excell 
the precedent 9** probleme. Such is this Equation 


x 


—5xx/ab—xx=0. &c. 
ax — XX 


até — aby + ax? + 


But not this &=a’y. nor €=xy. &c.)@89 

Secondly suppose =xy.488 yt (by prop 7) gives @= y+xqg=—, Or 
xy +-xxq=aa, & yt (by prop 7) gives y+gx+2qx-+yxx=0. Which two valors 
of ——t— 4, And prey; by meanes of y°® The- 


oremes <4 — am, Po 1d, & 8 S199 =m; 


doe determine y*® nature & length of y° desired curve 
line fm. 

Example y® 34, In like manner to find curve lines 
whose lengths may bee compared to y* length gk of 
y® said curve line (Hyperbola) gkw. Call gk=£, & its 
motion §. Now, drawing kh y® tangent to gkw at k, | 
consider that ad=x & gk=£08 doe increase in y® proportion of dh to kh; 


| 
| 
| 
| 
| 
| 
i. 
| 
| 
5 


(134) Or y = alog(x/d). 

(135) Strictly, +(—dm). 

(136) Note that the position of f is fixed by the condition that dl be zero, or af = x = a. 
(137) Here 6 = d&/dx is supposed algebraic (in the present example 


£ = alog(b/x) sothat @ = a*/x) 
and the general condition for the evolute (m) to be ‘Geometricall’ is that dy/dx, and hence 


d*y/dx®, be algebraic. 
(138) Or y = (a?/x) log (x/b). 


(139) That is E = f° /[1+(-S) | 
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y' is, dh: kh::p:0. Now finding (by prob 1) yt dh= —x,0 & kh= — Jaa+xx,04D 


therefore is AXP_MP_aaata¥"_g Which being found, I take any 
equation, in w% € is, for the valor of cd=y. & y" worke as in y* precedent 
Example. 

Note yt by this or y° Ninth Probleme may bee gathered a Catalogue of 
whatever lines, whose lengths can bee Geometrically found.*) 

Prob. 11.94%) To find curve lines whose Areas shall bee Equall (or have any other given 
relation) to y* length of any given Curve line drawn into a given right line. 

Resolution. The length of any streight line, to w™ y® given curve line is cheifely 
referred, being called x, y® length of y*® curve line y, & their motions of increase 


p & q. The valor of . (found by y° first probleme) being ordinately applyed at 


right angles to x, gives y° nature of a curve line whose area is equall to (y) y° 
length of y® curve.@*) 

And this Line thus found gives (by prob 6) other lines whose areas have any 
given relation to y® length (y) of y® given curve line.4*” 

Prob 12.947 To find y* Length of any given crooked line, when tt may bee. 

Resolution. The length of any streight line to w™ y° curve line is cheifly related 
being called (x), y® length of y® curve line (y), & theire motions (p & q) first 


2 
(140) Since - - = (5) = 
with dk = y. 
141) Read a Naé+x4 , since kh = —,/[(a?/x)?+(—x)?]. 
x 
(142) Read Vat x . 


xx 

(143) The condition that the length of a general arc of a curve whose Cartesian defining 
equation isf (x,y) = 0 be ‘Geometrically found’ is that the integral of ,/[1+ (dy/dx)*] be exact 
and algebraic, and hence each rectification of the general arc of the evolute (m) by the 
technique developed in Prob. 9 may be reduced to the exact integration of a corresponding 
rational algebraic form. Clearly, if we were to tabulate such rectifications systematically we 
would derive a Catalogue of exact integrals similar to those in Prop. 8 above. Similar con- 
siderations hold for the rectification technique in the present Prob. 10. 

(144) This was first entered by Newton after the following problem, but is here set before 
it to correspond with Newton’s renumbering. 

(145) Where p = dx/dt and q = dy/dt, then the arc-length 


= | fide 
ape 
where x is the length of the corresponding abscissa. Then, where z = g/p = (x), he finds 


the numerical value of the arc-length y as the area [zd under the curve z = ¢(x) = dy/dx. 
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(by prob 1) get an equation expressing y® relation twixt x & x & y" seeke y* 


valor of (y) by y® Eight proposition. (Or find a curve line whose area is equall 
to y° length of y° given line, by Prob 11. And then find that area by Prob 7.)¢* 

Prob 13. To find y® nature of a Crooked line whose length 1s expressed by any given 
Equation, (when 1t may bee done). 

Resolution. Suppose ab=x, bc=y, ac=z. & their motions fp, g, r. And let y° 
relation twixt x & z bee supposed 
given. Then (by prop 8) finding the 
relation twixt p & rmake /rr—pp=@: 
(For drawing cd tangent to ac atc & 
de\ chi. ab: y® lines de, ec, dc, shall bee 
as p, q, r. but Jde x de— de x de=ec, 


& therefore /rr—pp=q). Lastly, y° 


ratio twixt x & ! being thus knowne, 


seeke y (by prop 8). Which relation 
twixt ab=x & be=y determines y® nature of y* crooked line ac = z,49) 


[3 ]@5o Of Gravity. 
Definit®. 1. I call yt point y® center of Motion in any Body, w™ always rests 
when or howsoever y' Body circulates w‘*out progressive motion. It would 


(146) The remainder of the manuscript page is left blank, presumably for the future 
insertion of examples. : 

(147) Originally ‘Prob 11’. (See note (144) above.) 

(148) Where the ordinate z corresponds to the arc-length y and abscissa x of the curve, with 
their corresponding fluxions 


r = dzidt,q = dy/dt and p = dx/dt, 


then q? = #?+7? and so y= [ga = [,/[.+5]-4 


(As before the rest of the manuscript page is left blank, probably for the insertion of examples.) 

(149) The inverse of the preceding problem 12. Since the relation between x and z is given, 
then so is the ratio of their fluxions p = dx/dt and r = dz/dt, so that, where g = dy/dt is the 
fluxion of the ordinate y, 2+ q? = 7? and finally 


y = [lds = { [5-2] 4 


(Yet again the remainder of the page is left blank presumably for future insertion of examples.) 
(150) Add. 3958.2: 62'-63’. This last section is virtually an appendix to the main tract, 
though the numbering of the problems is in unbroken sequence from [2]. 
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always bee y®* same w*" y® center of Gravity were y® Rays of Gravity parallel & 
not converging towards y* center of y® Earth.@°) 

Def: 2. And y® right lines passing through y* point I call y* axes of Motion or 
Gravity. 

Lemma 1. The place & distance of Bodys is determined by their centers of 
Gravity. Which is y® middle point of a right line[,] circle or Parallelogram: 

Lemma 2. Those weights doe equiponderate whose quantitys are reciprocally 
proportionall to their distances from the common axis of Gravity, supposing their 
centers of Gravity to bee in y* same plaine w* yt common axis of Gravity.4°?) 


(151) Presumably Newton intends a strict definition of the centre of gravity of a body as 
the point at which the total mass of the body ‘equiponderates’, under the given gravitational 
pull, with the body. The proviso is an acute observation, but Newton was not the first to point 
out difficulties in the concept of gravity towards a finite centre of force. In a letter to Mersenne 
on 13 July 1638 where, among other things, he discoursed on the principles of the lever, 
Descartes had sketched a ‘proof’ that, where gravity is supposed (following Beaugrand) to 
vary inversely as the distance and to be directed to a finite point-centre of force (so that the 
‘Rays of Gravity’ are ‘converging towards y° center’), the centre of gravity of a loaded beam 
must move in relative position as the beam rotates round its centre. (See Descartes—Mersenne, 
13 July 1638 = Gewores, 2 (1898) : No. cxxix: 235 ff.: 3 Exemple. Du Levier.) Mersenne included 
extracts from the letter in Latin translation in his Cogitata Physico-Mathematica (Paris, 1644), but 
the original letter was first printed by Clerselier in his Lettres de M. Descartes, 1 (Paris, 1657): 
Lettre txxm, of which an English version was inserted by Thomas Salusbury in his Mathe- 
matical Collections and Translations, 2, 1 (London, 1665), while the section relating to machines 
was republished in the posthumous Traité de la Mechanique, composé par Monsieur Descartes 
(Paris, 1668) as the Explication des Machines et Engins, par Vayde desquels on peut avec une petite 
force, lever un fardeau fort pesant. (See especially 12-15: Le Levier.) Already in the middle 1650’s, 
however, a manuscript of Descartes’ text was circulating in Holland and his proof that the 
centre of gravity in a rotating body is not at rest had aroused a considerable degree of attention. 
In particular, Johann Hudde composed a valuable clarification of Descartes’ remarks and this 
was duly printed in 1657 by Schooten with the introduction: 

‘Gravitatis centrum in unoquoque corpore non fixum existere, ex proprio principio ante 
complures annos deduxit Vir illustris Renatus des Cartes in tractatu suo de Mechanica, ubi 
naturam Vectis persequitur. Quoniam autem eo nondum edito centri hujus naturam cuivis 
ex illo perspicere haud obvium est, visum fuit hoc loco ejusdem centri explicationem, qua 
natura ejus perfacilé ab unoquoque intelligatur in medium afferre; Qualem eam ingenio- 
sissimus ac sepils laudatus D. Joh. Huddenius Ger. Fil. excogitavit, mihique illius participem 
fecit, statuens cum D. des-Cartes gravitatem in corpore, quod grave dicitur, nil esse preter 
conatum aut vim descendendi versts Terre centrum, qui per aliorum corporum motum 
causetur.’ 

(Schooten: Exercitationes Mathematice: Liber v, Sectio xxx, Quemadmodum centrum gravitis in 
magnitudinibus mobile sit intelligendum: 515-16, especially 515.) It is difficult to believe that 
Newton, who as we have seen (1, 1, §3) had made elaborate notes on earlier Sectzones in the 
same Liber v, overlooked this provocative fragment of Descartes’ thought. However, having 
pointed out that the centre of gravity to a finite point may not in general be identified with 
‘y® center of Motion’ (though, implicitly, for any position of the body it is always a unique 
point), Newton in the following problems equates the two and hence supposes the point- 
source at infinity, the radiating ‘Rays of gravity’ to which may be considered parallel. (See 
also the Abbé Varignon’s ‘Sur le Centre de Gravité Des Corps Sphériques’, Memoires de 
’ Academie Royale des Sciences. Depuis 1666; jusqu’a 1699, 10 (Paris, ,1730) : 722-7. 


[2, 7] The October 1666 tract on fluxtons 443 


Prob [14,]@°9) To find y* center of Gravity in rectilinear plaine figures. 


1. In y* Triangle acd make ab=bc, & cf=fd. & draw db, \ j 
& af, their intersection point (e) is its center of Gravity.454) 


2. In y® Trapezium abdc, draw ad & cb. d . 
Joyne y® centers of Gravity ¢ & h, f & g of y® 
opposite triangles acb & dcb, bad & adc w'® 
y° lines eh, fg. Their intersection point n is y° 
center of Gravity in y° Trapezium. (Andsoof 
Pentagons, hexagons &c.) / 


Prob: [14,.] To find such plaine figures w°" are equiponderate to any given plaine figure 
in respect of an axis of Gravity in any given position.0°®) 

Resol. That y® natures & positions of y* given curvilinear plaine (gbc) & sought 
plaine (/de) bee such y* they may 
equiponderate in respect of y® 
axis (ak;) Isupposex=ab 1 bc=z, 
& y=ad1de=v to bee either 
perpendicular or parallel or 
coincident to y® said axis ak: And 
y® motions whereby x & y doe 
increase or decrease (ie: y® 
motions of bc, & de to or from y® 


(152) These lemmas, summarizing the basis of the elementary theory of the centre of 
gravity derive ultimately from Archimedes’ tract On the equilibrium of planes (see E. J. Dijkster- 
huis: Archimedes (Copenhagen, 1956) : 286-313, 346-60) but more directly probably from one 
or other of the works relating to the finding of the centre of gravity of mathematical figures 
which it inspired in Europe from the middle of the sixteenth century. (We have seen that 
Newton had, in the winter of 1664/5, noted the sophisticated theory of the centre of gravity 
which Wallis made use of in his printed correspondence in 1657: see 1, 3, §3.4.) Lemma 2, 
in particular, is Archimedes’ celebrated postulate of equilibrium, stated most generally in the 
case where the two balancing point-centres are in line with the fulcrum in Proposition 7 of 
his Book I. 

(153) This and the following problem are left unnumbered by Newton, but room is left 
(between problems 13 and 15) for a single ‘Prob 14’ only. 

(154) Proposition 13 of Archimedes’ Book 1 (note (152) above) = Dijksterhuis: 309-11. 

(155) A generalization of Propositions 10 and 15 of Archimedes’ Book 1 (note (152) 
above) = Dijksterhuis (note (152) above): 308, 312/13. 

(156) Compare his earlier annotations on pp. 52-6 of Wallis’ Commercium Epztstolicum 
(1658) =1, 3, §3.4. 
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point a) I call p & g.45) Now y® ordinatly applyed lines bc=z, & de=v, 
multiplyed into their motions p & q (y* is, pz & qu) may signify y* infinitly little 
parts of those areas (ach,45®) & ide) w°® each moment they describe; w* infinitely 
little parts doe equiponderate (by Lemma 1 & 2), if they multiplied by their 
distances from y* axis ak doe make equall products. (y‘ is; pxz=qyv, in fig 1: 


pxz= 5400 in fig 2: 5 pzz=qu x fm, in fig 3; supposing dm=me. &c.).4°) And if. 


all y° respective infinitly little parts doe equiponderate y* superficies must do 
so too.60) 

Now therefore, (y* relation of x & z being given by y* nature of y® curve line 
cg,) I take at pleasure any Equation for y® relation twixt x & y, & thereby (by 
prop 7) find p & q, & so by y® precedent Theorem find y* relation twixt y & 2, 
for y® nature of y® sought plaine?®™ (de. 

‘Exam: 1. If cg (fig 2) is an Hyperbola, soe yt aa=xz. & I suppose 2x=y. y” 


is 2b=gq (prop 7). & paa=pxz==quo=pov. Or aa=vv. Or a=v=de. Soe y* le 


is a streight line, & /de a parallelogram. w equiponderates w‘* y* Hyperbola 
cgkabc (infinitly extended towards gk) if 2ab=ad. al x al=ab x be. 


Example 2. If cg (fig 3) is a circle whose nature is, /aa—xx=z. & I suppose 
at pleasure 3aax—x*=6aay. Then (by prop 7) I find 3aap—3xxp=6aag. And 
therefore 


1S suds 2 Pee _ fie gz_ 1 \ Qeutqa_vw+a ta aap—xxp 
5 baa = pan 9S — qu x fm= (if fd=50) EO =p Og ee 


(157) Where, as always, p and gq are the respective fluxions dx/dt and dy/dt. 

(158) Read ‘gcb’. 

(159) These imply by the axiom of integration (note (160) below) the necessary conditions 
for balance 


[az.de = [yv.dy, [az.de = 5 | ody and 5 [eds = [o.fin.dy 


respectively in figures 1, 2 and 3. 
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vv + av 
2 


Or aa x paa—pxx = x aap—xxp. Or 2aa=vv+av. Or 


] 9aa 
v= — ja [asa 


Soe that /e is a streight line & alde is a parallelogram. 
Example 3. If abcg is a parallelogram (fig 4) whose nature isa=z. & I suppose 
at pleasure x=yy—b. Then (by prop 7) tis 


p=2qy. Therefore snap = aaqy = ; pzz=qvy. 


Or aa=v. Soe y' aed is a parallelogram. 
Or if I suppose at pleasure, x =y?— bd. Then 
is (prop 7) p=3qyy. & therefore 


] 3 1 
94 = Pe ed a pzz=qvy. 


Or 3aay = 2v. soe that aed is a triangle. 

Of if I suppose x=y*—b. y® is, p=4qy? & 
Qaayy=v. so that aed is a Parabola. (Soe if 
Batqy./y Saaqy* 1 
Sy oe ers we 


xx=y5, y” is 2ox=5qy*. & ap = p22 =qvy. Or 


saaqy/y=4quy. & 25a*y=16v. 


soe y' aed is a Parabola.) 
Example 4. If gbc (fig 1) is an Hyperbola whose nature is xx—aa=zz. & I 
suppose x=y+. Then (by prop 7) is p=g. Therefore 


Px XX — Aa = pxz= qyy = pyv. 


(160) A basic axiom which allows the introduction of integration into the theory. Though 
Newton here makes no attempt at its justification, its validity depends on the sum of the 
‘infinitly little [equiponderating] parts’ tending to a unique limit as a definite integral. 

(161) Newton has cancelled ‘area’. 

(162) Or —2a if we were to take the sign negative. 
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Or +b x Jyy+2by + bb —aa=x/xx—aa=yr. 
Or yy+2by+6b in Jyy+2by+bb—aa=yyov. &c. 


Or if I suppose xx = 2y. Then is 26x=2q. Therefore q/xx—aa=pxz=qyv. Or 
(xx —aa=)2y—aa=yyvv. 
Or if I suppose xx = yy+aa. Then (prop 7) is 26x =2qy. Therefore 


Gyz = pxz= qyv. 
Or y= xx—aa=z=v. & y=; 80 y* aed is a triangle.469) 

Note yt This Probleme may bee resolved although the lines x, z, y, v, & ak have 
any other given inclination one to another, but the p’cedent@® cases may 
suffice. 

Note also yt if I take a Parallelogram for y* knowne superficies (as in y* 3¢ 
Example) I may thereby gather a Catalogue of all such curvilinear superficies 
whose weights in respect of y® axis, may bee knowne. 

Note also I might have shewn how to find such lines whose weights in respect 
of any axis are not onely equall but have also any other given proportion one to 
another. And y® have made two Problems instead of this, as I did in Probl: 5 & 
6; 9 & 10. 

Prob 15. To find y* Gravity of any given plaine in respect of any given axis, given in 
position, when it may bee done. 

Resol: Suppose ek to bee y® Axis of Gravity, 
ach the given plaine, ch=y, & db=z to bee 
ordinatly applyed at any angles to ab=x. 
Bisect ch at m & draw mn ek. Now, since 
(cb X mn).is y® gravity of y® line (cb), (by Lem 
1 & 2); if I make cb x mn=db=z, every line 
bd shall designe y® Gravity of y® superficies 
acb. Soe y* finding y® quantity of yt superficies 
adb (by prob 7) I find y® gravity of y* super- 
ficies acb. 


(163) Newton has left a considerable space immediately following, presumably for the 
insertion of further examples. 
(164) ‘precedent’. 


(165) That is { crhst de. 


(166) Or § [z.ds, since dh:db = bn:ba = e:d. 


(167) Newton breaks off his exposition though a space is left for future completion of the 
example. The details as given are too vague for a restoration of his intended text, but pre- 
sumably the defining equation of the circle will be taken in the simple form x*+yy = 2ax, 


where ab = x, bc = y and the angle abc must be taken right. 
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Example 1. If ac is a Parabola; soe y', rx=yy, & y* axis ak is || todcb. &, nb 1 ak, 
& yt, ab:nb::d:e. Then is 


be xnb=y xe 8 = Bi 


Or eerx® = ddzz, is y* nature of y* curve line ad. 
whose area (were abd a right angle would be 
= xtrbass = = rx, butnowit) is oe ola 180 
(by prob 7) w is y® weight of y® area acb in 
respect of y® axis ak. 

Examp: 2. If ac is a Circle@&” 

Prob 16. To find y* Axes of Gravity of any Plaines. 

Resol. Find y*® quantity of y® Plaine (by Prob 7) w call A & y® quantity of its 
_ gravity in respect of any axis (by prob 15) w™ call B. & parallell to yt axis draw 


a line whose distance from it shall bee 4 That line shall bee an Axis of Gravity 


of y® given plain.4®) 


Or If you cannot find y* quantity of the plane: Then find its gravitys in 
respect of two divers axes (AB & AC) w® gravitys call C & D. & through (4) 
y° intersection of those axes draw a line AD w*® this condition y* y® distances 
(DB; DC) of any one of its points (D) from the said axes (AB & AC), bee in such 


(168) The ‘gravity’ of the area A = | y.dx round the ordinate (x = 0) at the origin is the 
moment of that area, B = | xy .dx, round it, and the condition for x = x to be an ‘axis of 


Gravity’ of the area is that 0 = [o-» y.dx, or 


foy.as 


x= 
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proportion as (C to D) the gravitys of the plane. That line (AD) shall bee an 
axis of gravity of y® said plane EF.“®®) 

Prob 17. To find y* Center of Gravity of any Plaine, when it may bee. 

Resol. Find two axes of Gravity by the precedent Prop, & their common 
intersection is y° Center of Gravity desired. If y* figure have any knowne 
Diameter that may bee taken for one of it[s] axes of Gravity.” 


(169) Where D is the centre of gravity of the area (EF) and C, D its respective moments 
round the axes AB and AC, then (EF) = aa = *m or BD:CD = C:D, constant, and hence 
D will be on the line AD. Immediately, since AD is a straight line through the centre of 
gravity, by definition it is an axis of gravity. (Note that the ‘distances’ BD and CD are 
perpendicular to AB and AC respectively.) A small gap is left for the insertion of examples. 

(170) Since a diameter bisects all ordinates at a fixed inclination to it and hence each 
ordinate must ‘balance’ on the diameter. 


PART 3 


MISCELLANEOUS EARLY 
MATHEMATICAL RESEARCHES 
(1664-1666) 
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INTRODUCTION 


We need say little in general preface to the miscellany of mathematical items 
which form the last part of the present volume. With the exception of the pieces 
in the first section on trigonometry and especially of the second section in which 
are gathered Newton’s earliest researches into the theory, resolution and geo- 
metrical construction of equations, no general themes connect them and their 
content is in general interesting rather than profound. Despite their chaotic 
nature, however, they give a vivid picture of Newton’s early mathematical 
probings and the considerable extent to which they were still dependent for 
initial inspiration on the work of others, and of Descartes especially. 

All these pieces here receive their first printing, in their original form at 
least. (It is indeed interesting to notice how many small, insignificant items— 
the concluding fragment on the length of‘ Ellipticall lines’ is a perfect example— 
have crept into some corner or other of Newton’s later, more mature work and 
we can begin to appreciate that characteristic side of his personality which was 
unwilling to discard anything.) All were to be superseded more or less, if not by 
an improved full-scale later treatment (as with the researches on equations) at 
least by their insertion in a logically more stringent form in one or other of 
Newton’s compendia of mathematical examples. That we have them at all is 
sufficient reason for inserting them in a collected edition, but in many cases 
their intrinsic interest is considerable. The reader, we are sure, will wish to make 
up his own mind from a study of the texts themselves. 
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EARLY SCRAPS IN NEWTON’S 
WASTE BOOK 


[Late 1664?] 


From the original in the University Library, Cambridge 


$1.2 
[1] [1] 
Led 
(ee a | 
LBs Sack 
1.4. 6.4. 1 
1... Oe See 1 
1.6. 36690. 6-08.24 
1. 7. 21. 36. 35. 21. 7.1 
1. 8. 28. 56. 70. 56. 28. 8. 1 
1. 9. 36. 84. 126. 126. 84. 36. 9. 1 
1. 10. 45. 120. 210. 252. 210. 120. 45. 10. 1° 
2 
7 | JaaxV3:8=J6:[aJ2#=/ : 
3 


to find y® proportion of two irrationall rootes 
to free ye Numerator or denom[:] from Surde quantitys 


a a _b—Ne_ ab—we & 


bide bide bode Ue 


(1) Add. 4004. The present extracts are taken from a group of mathematical papers (mostly 
printed in Part 2 above) which bear dates from September to December 1664. 
(2) Mathematical notes entered on the verso of the flyleaf. 


(3) The ‘Pascal’ triangle of binomial coefficients (’) , r= 0,1, 2,..., 10. Elsewhere 


Newton refers to the array as ‘Oughtreds Analyticall table’ (2, 6, §3), and here also, we may 
presume, he has in mind the [ Tabula] Posterior (OQughtred, Clavis Mathematice, ,1652: Cap. xu, 
De Genesi et Analysi Potestatum: 37) which lays out (A+£)*, k = 1, 2, ..., 10, as a triangular 
array spreading to the right. 

(4) In general, ‘Vaax V3: = a? = Wa, 

(5) Newton rationalizes the (binomial) surd denominator )+.,/c of the fraction by multi- 
plying it into the conjugate surd b—./c. (Compare §3, [2], note (18) below.) 
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§ 2.0 
[1664/1665?] 


Problems 


1. To find y® axis, diameters, centers, asymptotes & vertices of lines. 

2. To compare their crookednesse w‘® y* crookednes of a given circle.® 

3. To find y* longest & shortest lines w“ can be drawn win & perpendicular 
to the line & to find all such lines [w“*] are perpendicular at both ends to y® 
given crooked line. 

4. To find where their greatest or least crookednesse is. 

5. To find y® areas, lengths, & centers of gravity of crooked lines when it 
may be. 

6. If y (one undetermined quantity) moves perpen- b 
dicularly to x (y® other undetermined quantity[)]. ifs=a 
secant =db. v=dce. y=be. x=ca. Then having y°® pro- 
portion of v to x to find y, or having y* proportion of v to 
y to find x: when it may bee.® —d 4 2 


(1) A list of problems entered by Newton on f. 4" and probably begun in late 1664. As the 
variation in ink colour and writing style shows, these entries were not made at a single sitting 
but rather at various times over a period, and they are here broken up correspondingly into 
sets. What Newton’s intention was in gathering and numbering these problems now seems 
difficult to know with any certainty. The inference, plausible at first sight, that this list is the 
outline of a projected general work on mathematics seems denied by the lack of order in its 
layout and repeated duplication in its topics. More probably, Newton is collecting for his 
own satisfaction and future attention brief notes on the problems that from time to time 
possessed his mind and lay there fermenting. However that may be, these notes offer an 
exciting glimpse of Newton’s mind at work, and with little imagination we can see him 
probing, analysing and deepening the topics as they presented themselves in sequence to him. 
It.is a satisfying comment on the completeness of our present knowledge of Newton’s early 
mathematical researches that for almost all but the most cryptically enunciated problems we 
can (as we suggest in later notes) trace a corresponding place in the corpus of his extant early 
papers where a detailed treatment is given. (It is entirely possible, of course, that Newton 
never returned to those topics which do not appear in more elaborate form in his other papers.) 
Such a reminder that nothing, apparently, of importance in his early work on mathematics 
has been lost is heartening. 

(2) This enunciation agrees with that on ULC. 4004: 15v ff. (=2, 1, §4). 

(3) See ULC. Add. 4004: 30” ff. (=2, 4, §2.1). 

(4) Compare ULC. Add. 4004: 8” (=2, 1, §1). 

(5) ULC. Add. 4004: 33'/33”, revised in the October 1666 tract’s Probl: 4. (See 2, 4, 
§2.4 and 2, 7.2 respectively.) 

(6) The last clause is a late insertion. The Problem itself is very fully treated in the October 
1666 tract’s Prob. 5‘-Prob. 17 (ULC. Add. 3958.3: 57'-63" =2, 7.2). 

(7) That is, normal. 

(8) Compare ULC. Add. 4000: 94™-116" (=2, 5, §1), revised as ULC. Add. 3960. 12 
(=2, 5, §2). 
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7. To reduce all kinds of equations, when it may bee.®) 

8. To find tangents to any crooked lines.2% Whither Geometricall or 
Mechanichall.¢» 

9. To compare y° superficies of one line w'® y® area of another & to find y° 
centers of gravity twixt two lines or sollids.¢” 

10. Haveing y* position®® w°* x must beare to y (as if x is always in y* same _ 
line, but y cutteth x at given angles. or if x & y wheeling about 2 poles describe 
y® line by theire intersection &c) to find theire position in respect of y® line soe 
[y'] y° Equation expressing theire relation may bee as simple as may bee (as to 
find in what lines x is & wt angles it maketh w*® y; or to find y* distance of y* 
2 poles & in what line they must be, soe y* y° relation twixt x & y may bee had 
in as simple termes as may bee.).@® 

11. Of y® description of lines.0” 

12. Reasonings of gravity & levity upon several suppositions (as y* y® rays 
of gravity are parallel or verge towards a center, y‘ they are reflected, refracted, 
or neither by y® weighty body &c[) |.¢® 


13. Of y® Use of lines.@” 


14.48) To find such lines whose areas length or centers of gravity may bee 
found.@®) 

15. To compare y° areas, leng[t]hs, gravity of lines when it may bee & to 
find such lines whose lengths, areas, gravity may be compared.®° 

16. To doe y* same to sollids in respect of theire areas, content, gravity &c 
w°" was done to lines in respect of their lengths, areas, & gravity.@) 


(9) Probably by operating on the roots, as Newton explains at length on ULC. Add. 4004: 
55'-56" (=3, §4 below). 

(10) See ULC. Add. 4004: 47° ff. (=2, 4, §3.1). 

(11) This clause is a later addition, probably inserted in November 1665 when Newton 
wrote his paper on the subject (ULC. 4004: 50°/51"=2, 6, §2). 

(12) Newton cancelled this problem only when he added problem 15 to his list (as a ‘15’ 
written in alongside in the manuscript confirms). 

(13) Newton clearly had some trouble in choosing this word, for he first wrote ‘pro- 
[portion]’ and ‘respe[ct]’. 

(14) This seems to correspond with Newton’s treatment of co-ordinate systems in ULC. 
Add. 4004: 16” ff. (=2, 1, §5). 

(15) This enunciation is too brief to allow positive identification with any of Newton’s 
existing papers. Perhaps he intends the problem of constructing a curve by points. (Compare 
ULC. Add. 4004: 2¥=§4 below.) 

(16) This problem, touched on in the early Cartesian paper on mechanics, ULC. Add. 
4004: 10"-15 (not here printed) and referred to again in the opening Definitions of the con- 
cluding section ‘Of Gravity’ in the October 1666 tract, is not developed extensively in any of 
Newton’s known early papers. (But compare 2, 7.3 above.) 
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17. Oflines w lye not in y* same plane as those made by y° intersection of a 
cone & sphere.” 

18. Two Equations given to know whither they expresse y® same line or 
not.@9) 

19. Of y* proportion w y* rootes of an Equation beare to one another. 


20. One line being given to find other lines at pleasure of y* same length, 
area or gravity.@°) 


21. How much doth any medium resist y* motion of any given body ?@® 

22. To Determin maxima & minima in Equations w“ hath more then two 
unknowne quantitys. 

23. To Determin max & min by numbers.@” 


(17) Perhaps in the construction of equations. (See ULC. Add. 4004: 67°-69'=3, §2 
below.) 

(18) The remaining ten problems are entered in a smaller, blacker writing and we may 
set their date tentatively as mid-1665. 

(19) Compare note (6) above. 

(20) The generalization of the previous problem. 

(21) This problem is not discussed in any extant early manuscript of Newton’s and it is 
possible that he never persevered with it. 

(22) Newton first wrote ‘sphzroides’ (or spheroid). No analysis of the meet of a cone and 
sphere appears in his early papers. 

(23) That is, the general problem of linear transforms. (See ULC. Add. 4004: 6%-10"/ 
16’-27" =2, 1 above.) 

(24) See ULC. Add. 4004: 55'-56"=3, §4 below. 

(25) Compare notes (6) and (19). 

(26) Newton seems not to have pursued this problem in detail in his early papers, but 
compare ULC. Add. 4004: 17 (=§3.1 below in part), 10’-15v (note (16)). 

(27) These two concluding problems cannot closely be identified with Newton’s early 
expositions of the theory of maxima and minima. Strictly, an equation which has more than 
two free variables cannot be the Cartesian defining equation of a plane curve and so cannot 
take on extreme values. However, Newton probably intends an equation in several variables, 
but only two of which are not tied by further restrictions. The determination of maxima and 
minima by numbers is perhaps a reference to Hudde’s algorithm, widely used by Newton in 
his early calculus work. (See especially ULC. Add. 4004: 47° ff. =2, 4, §3.) 
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§3.0 
[Late 1664?] 


[1] 


If y* body 6 moved in an Ellipsis y® its force in each point (if its motion in y* 
point bee given) will bee found by a tangent circle of equall crookednesse w® 
y' point of y® Ellipsis.® 


Ifc circulate in y° circle cgef, to whose diamiter ce ad=ab being perpendicular 
y" will y* body 5 undulate in y* same time y‘ ¢ circulates. 

And those bodys circulate in y® same time whose lines drawne from y* center 
a to y® center d are equall.© 


And ad: dc::force of gravity to y* force of ¢ from its center d. Coroll: hence 
may y® fo[rce o]f gravit[y] & y® motion of things falling were they not hindered 
by y® aire [bee] very exactly found (viz: cd: ad::force from d: force from a[)]. 


(1) Miscellaneous short pieces from ff. 1-10. 

(2) Extracts from a set of notes (on f. 1") which show Newton’s early ideas on motion, force 
and gravity. (These notes, apparently the first to be made in the Waste Book and so presum- 
ably of late summer 1664, have been briefly described by J. W. Herivel in “Newton’s Discovery 
of the Law of Centrifugal Force’, Jsis, 51 (1960) : 546-53). The present quotations are chosen 
to illustrate the close interweaving of his mathematical and physical ideas even in this first 
year (1664) of his creative life. 

(3) Newton equates the (centripetal) force at a general point on an ellipse with that towards 
the same centre instantaneously at rest in the plane of the circle of curvature at the point. 
This insight, in its immediate extension to a point on an arbitrary curve, allowed Newton to 
reduce all problems of centripetal forces in arbitrary orbits to the equivalent ones which treat 
of centripetal attractions in circular paths. (The concept is fundamental in Newton’s account 
of centripetal force in his Principia: Liber 1.) 

(4) That is, Newton equates the periodic time of the simple pendulum formed by the body 
b ‘undulating’ vertically in the arc db with that of the conical pendulum which is the body ¢ 
rotating in the horizontal circle cgef. The equality is, of course, true for small angles dab of 
vibration. (See note (7).) Ata later date, perhaps about 1669, Newton entered this observa- 
tion in a short paper on centrifugal forces as ‘Pendulum gyrans et undulans si sint eque 
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[2] (8) 
«* To know whither y* changing of y° sines® of an Equation change y* nature 
of y® crooked line signified by yt Equation Observe y' 

If y® sines® of every other terme (of yt Equation ordered according to either 
of y° undetermined quantitys) be changed y* nature of y* line is not changed. 
but if some signes bee changed but not in every other terme (of it ordered 
according to one of y* unknowne quantitys) y® [y°] nature of y° line is changed.0” 


Those lines may bee defined y* same whose natures may be expressed by 
y° same equation although [y*] angles made by x & y are not y* same.) 

In y® Hyperbola y® area of it beares y° same respect to its Asymptote w% a 
logarithme dot[h its] number. 


profunda in eodem tempore redeunt’. (ULC. Add. 3958. 5: 87’. This paragraph, omitted by 
A. R. Hall in the version of Newton’s paper which he incorporated in his ‘Newton on the 
calculation of central forces’, Annals of Science, 13 (1957): 62-71, was first printed by H. W. 
Turnbull in the Correspondence of Isaac Newton, 1 (1959): no. 117: 299—compare also 312/13, 
note 13.) 

(5) For in the conical pendulum the period of circulation of the body ¢ round the perimeter 
cgef is proportional (note (7) below) to ./[ad] and hence is independent of the radius cd of its 
swing. 

(6) Vertically downwards and, by implication, of constant magnitude. 

(7) That is, in the conical pendulum the centrifugal force, say C, of the body ¢ outwards 
from the centre d of its swing is to the constant force g (acting vertically downwards) of simple 
gravitation as cd:ad. Since, by taking the speed V, of the body ¢ rotating in the circle cgef to 
be expressed in suitable units, we may suppose the centrifugal force C = V?/cd, it follows that 
the time of one revolution of ¢c round dis T, = 27.cd/V, = 27./[cd/C] and hence, by Newton’s 
proportion, J, = 27./[ad/g]. Further, since 27 ,/[ad/g] is approximately the time of vibration 
T,, of the body 6 in the vertical plane adb through the small angle cae, Newton’s assertion that 
T, = T,,is accurate. As Newton observes, the centrifugal force C of c from d may be directly 
calculated from the period T, of its swing and thereby the force of gravity g also: specifically, 
g = ad(2n/T.)*, where ad and T, are measured in suitable units. — 

(8) A set of short problems entered by Newton on f. 7", apparently in late 1664 and, as the 
quality of the writing suggests, not at a single sitting. 

(9) Read ‘signes’. : 

(10) The condition f(x) = f(—x) requires that f(x) contain only even powers of the variable 
x: x? = (—x)? only for p an even integer. Newton has cancelled a following paragraph whose 
meaning is obscure: ‘If ye knowne quatitys are every where divers. & one of y™ be blotted out 
y' produceth a line, when one terme is already wanting.’ 

(11) Newton first wrote ‘are’. 

(12) That is, Newton considers all curves to be similar, which are defined by the same 
analytical equation with respect to Cartesian co-ordinates invariant in length but whose fixed 
angle of inclination may be taken arbitrarily. 

(13) Where the Cartesian defining equation of the hyperbola is xy = 1, then 


[y-ae: fied = logx:x. 
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To make y* Equation x3— ax? + abx —abc=0. be divisible by x—c=0. suppose 
c=x, y® tis c?—acc+abc—a[bc=0.] or c=a. therefore write c in steade of a & 
it is x8—cx*-+chx—bec=0. w is divisible by x—c=0.0% 

To make y® same Equation divisible by xx—2ax-+ac=0 suppose it to bee 
divided by it & y* op[e]ration will bee 

ax — 2ax + ab) x8 —ax*+ abx—abe=0(x-+a. The quote is 
— x3 +4 Qax*—abx 
OL ax! + 0— abe 
— axx + 2aax—aab 
0+ 2aax — aab — abe 


2aax — abc —aab w“ [was to] have vanished therefore to make it soe suppose each 
terme =0 & there will bee 2aax=0 & abc+aba=0 both w[™ con|clude a=0. 
Whichsinceit cannothappen the equations cannot be divided y° one by y* othe[r]. 
The rootes of two divers equations may Easily be added to substracted from 
multiplyed & [divided] by one another while they are unknowne.?® 
That y® penultimate terme of y* Equation x? *—a’x+68=0. bee wanting I 


multiply lye rootes by Al & then suppose xa knowne quantity & yan unknowne 
one, as x3d3— aadxyy + b8y3[=0. y"] by making b=x. ad=0db. it is 
d®—ayy+y?=0. 
By this having found y, x is rg 
If fb=x. ch=y. aca tangent & dca 
perpendicular to y® crooked line [e]c, soe 
yt ab=a, or bd= |. of =fh=bg—6. | 


then fbce: fbgh:: number: logarithme. but 
y® line fc is a mechanicall one.” 


(14) In fact, x? —cx®+chx—bc? = (x—c) (x* +c). 

(15) ‘how many [are left]’, that is, the remainder. 

(16) Compare Geometria: Liber m1: 71-2: Quomodo augert vel diminut possint A:quationts radices, 
ipsis non cognitis; and 75: Quomodo multiplicari vel dividi possint A:quationts radices, ipsis incognitis. 
The topic is developed by Newton in a paper of May 1665 (ULC. Add. 4004: 55'-56" =3, 
§4 below). 

(17) The condition that the subtangent ab = y(dx/dy) be equal to a yields, on integration 


my soo Teas x y 
[oe [ow or = = log (2), 


so that the curve (c) is the logarithmica and hence ‘mechanicall’ in Newton’s sense. (Compare 
2, 6, §1.3.) It follows readily that 


(fbce): (fbgh) = a y.dx (or [j ¢-ay); [j 6.4% = HE | tog (8) |’. 


[3, 1, $3] Early scraps in Newton’s Waste Book 459 


The denominat[or] of a Fraction may bee ever freed from surde quantitys. 
ma[ke b+./c] xb—J/c=[bb—c].99 (just®® as in y* denom: [of a]Jn Equation 
[ = 


[3] 
If any crooked line be revolved about its owne axis it generates a sollid which 
intersected by any plaine not perpendicular to y® axis produceth another line 
not more compound y” 
lof the same kind with 
But if it bee revolved about any other line it generates a Sollid which inter- 
sected by any plaine not perpendicular to y® axis produceth another whose 
gg bs Sea to the former’s.@?) 


more y” double 
In the Aadb if ab=a. & db=b are definite, 


y° former. 


composition is not | 


ee but ad=v, & bc=x indefined. Then y* Equation 
a A is bb—vy+aa—2ax=0.% But in this case y° 
a \._ maximt or minimum of either v or x cannot 
\ bee found according to Cartes or Huddens 
a Iicaieincieieeeninenetllain 


method, by reason y* {* hath not 2 divers 


valors when {* is determined, w* become equall when {* is y°® least or 


greatest yt may be. But cd might here bee used insted of ch &c: There be other 
instances of this Nature against Huddenius his assertion.®) 


(18) Newton rationalizes the denominator of the fraction by multiplying it into ee con- 
jugate surd. (The detailed calculation is set out in 1, $1.3.) 

(19) Newton has cancelled ‘exactly’. 

(20) The remainder of the page has crumbled away. 

(21) Miscellaneous jottings on f. 9Y. 

(22) These remarks seem generalizations on Newton’s observations of the properties of 
conoids of revolution (such as the spheroids and paraboloids). Their detailed investigation and 
justification would seem beyond Newton’s present analytical power. 

(23) That is, determined in length. 

(24) Since db® — dc? —cbh® = 0 with dc? = b?—(a—x)*. Compare Euclid’s Elements n, 3. 

(25) Hudde, in his Epistola secunda de Maximis et Minimis (=Geometria: 507-16) certainly 
claimed (p. 510) that ‘hec quidem generalis mea Methodus est’, but Newton’s present 
counter-example, though valid, is not an unqualified refutation of that claim. Implicitly, both 
Descartes and Hudde restricted their methods for finding maxima and minima to curves 
defined in a Cartesian co-ordinate system (compare 2, 2: introductory historical note), but in 
Newton’s present example the point d is defined in a unipolar system with co-ordinates ad = v 
and be = x. The weakness of this new co-ordinate system is that it cannot distinguish between 
the point din Newton’s figure and its mirror-image in the line ab (both which points may be 
denoted by the ordered pair (v, x)) and it is this inadequacy which results in the apparent 
failure of a method which requires that these two points be distinct. In Newton’s suggested 
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Three points a, 5, c, being given a circle may 
be described (w® shall passe through them all) 
by an instrument whose angle edf=Zabe. And 
soe y® sides ed & df being moved close by y° 
points a & c, y® point (d) shall describe y* arch 
abc.®) 


To worke mechanically & exactly by a scale it may bee better divided 
according to y® fassion®” represented by y® figure A, y" by that at B.@®) 


m DO Rm OF 
& 


To make a plane superficies exactly: Take three plates 
A, B, D. & grind them together A & B, A& D,B& D; 
pressing the uppermost plate onely in the middle at C 
that it may not weare more away in the edges y” in the 
midst, & move it to & fro w but small vibrations. Soe 
shall the 3 fiduciall sides of y® 3 plates bee ground exactly 
plane.@* 


revision, where the point d is defined by the unipolar system ad = v, dc = y, we may deduce 
the defining equation of the circle (d) to be 


Joy] + y[b2—y"] = a, or [ (a? +%—0%) /2a]® = D8 y*: 


hence y takes on the two distinct values + ,/[6?— (a*+5?—v?/2a)] for each v and their coinci- 
dence (at y = 0) straightforwardly determines the two points at which ad attains its least and 
greatest values. (The point d now becomes confused with its mirror-image in the normal at 
a to ab, but this creates no difficulty in the present example since the implicit restrictions 
ad+db > ab and ab+bd > ad limit ad = 1 to the interval [a—), a+)].) 

On 16 May 1665 Newton inserted a revised form of this objection as an example in a paper 
on limit-motion (ULC. Add. 4004: 51” =2, 6, §4.2), considering the varied success of Hudde’s 
method in its application to yet further unipolar systems defined, equivalently, by ad = », 
ac = zand ad = v, dm = y, where dm is the length of the tangent at d to the circle between d 
and ab. 

(26) A simple application of the property that the circle segment abc subtends a constant 


angle abc = adc. 
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[4]8® Probleme. Of Usury. 
ab =a=the principle. bc=x=the time of y® money lent. ce= & =the use® due 


for y° principle for y® time bc. de=the use 
upon use. cd=y=y°* use for y* principle 


& use during y° time Jc. ax: ta+y in 


d 
fe fe:y® df a tangent to y® line bd. dga 
ae perpendicular. cg=v. Then as y® sume 
e -— (ab) or principle drawne into y° time bc, 
is to ce y® use for it in y* time so is the 
sume ab+ dc drawne into y® time fc, to y® use (dc) for it in y® time fc. therefore 
ax: sary in { Gia ary = Vt wd gd YY: eav = ady + dyy. 


y I+ YY os) d=eé. Bas 
Ca a 


a Vd c 


(27) Read ‘fashion’. 

(28) A familiar use of triangulation to refine a meter-reading. 

(29) This last paragraph is reproduced for completeness’ sake and for its transitivity 
argument. Since friction between the plates acts in a direction perpendicular to that of the 
movement the plates will wear each other away in a horizontal plane, but to this argument, 
theoretically true, Newton adds some necessary practical qualifications. 

(30) Extracted from f. 10", where it is set at the head of a page otherwise filled with notes 
(not here reproduced) ‘Of Reflections’. 

(31) That is, the interest. 

(32) This proportion, repeated below, should probably be cancelled. 

(33) Newton sets up a geometrical model for instantaneous compound interest. Where 
bc = x is the period over which the principal 
ab = ais lent and dc = y the interest due at Money 
the end of that time from continuously incre- 
mented interest, then dh = de+ab = y+a is 
the total money returnable after the time bc 
and the compound interest rate, expressed as 
a fraction of the original capital, will be the 
slope of the tangent df at the point d on the 
curve of ‘use’. It follows that, where be is 
tangent at b, ecis interest on the original capital 
and hence de—ec = de is the ‘use upon use’. 
From these considerations Newton, in effect, 
derives a differential equation for the curve (d) in the form 


Time 


instantaneous rate of interest (dc/fc) _ Lie sce © original rate of interest (ec/bc) | 
instantaneous capital (dh) ms : original capital (a’b = ab) 
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[5] [Construction of a parabolic template.|S* 

Make y° line ac to revolve about y® point a. on y®end ¢ let y° Nut c bee fastened 
so as to turne about its center. make ab=ac & fastend®) a nother nut at y® 
point 5 in y® same manner. make y* line dc to slide through those two nuts soe 


y' y® Aabe will always be an isosceles. To y° line cb fasten y® line rstv at right 
angles. & make y® line kg w' 2 nuts e & dat each end through w® y° lines rs & 
tv must slide to keep y® line kg perpendicular to bc, in y® midst of kg fasten y* 


analytically, where 
4 _%@ dyta)idx _ k 
a ae y+ta = aa 
There Newton leaves it, but we may deduce by straightforward integration that 
ad ee | kx yt+a 
[Sas os [eaqad +a or = = log (2**), 
so that the curve (d) is the logarithmica. (Compare note (17) above.) 

The general principles of compound interest were widely known at the time and Oughtred 
in particular, in one of the tracts appended to the later editions of his Clavis, had given an 
admirably clear and brief account of the theory when the increments of interest are added at 
regular, finite intervals of time. (See his Clavis Mathematice, Oxford, 51652: (Appendix) : 42-4: 
De Anatocismo, sive Usura Composita.) Newton, however, in extending the theory here to interest 
added over indefinitely small increments of time is being highly original. 

(34) Taken from f. 2”. The writing style of this piece and its position in the Waste Book 
suggests autumn 1664 as the probable date of composition. 


and therefore cg =v = yo = ky (ead 
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nutt m so as it may turne about its center & y* y® line ac may slide through it[, | 
then make y' side of y* line kg w“ is next ab to be a file w“® must be very smooth 
at the point m but must grow rougher towards y* ends d & e. Then by turneing 
y® line ac to & from / & hf about its center, & holding y*® file kg close to y° plate 
kmf lab, it shall file it into y® shape of a Parabola.©® 


[6]82 To describe y° Parabola by points 


T e 
Make ca=7;3 ¢ y® vertex; a y* focus; ab=r. y= w*® some radius as ag=ae, 


describe y® circle ge: & take bd=2ga=2ae=2de & y* point e shall bee in y° 


(35) Read ‘fasten’ simply. . 

(36) Newton’s machine has one degree of movement, since for fixed angle bac the construc- 
tion allows motion of the line kmg parallel to itself. Further, since the tangent at m to the 
parabola hm/f1 (of focus a) bisects amu, where my ||ba, it is parallel to the bisector of bac and so 


normal to bc. Newton’s machine, therefore, fixes kg to be parallel to the tangent at m with m 
itself moving on ac and he requires m on the file kmg to be perfectly smooth in order that the 
immediate vicinity of m shall not be worn away. (In practice, of course, the parabolic template 
will already be roughly shaped and the machine is needed only to polish the cut.) 

(37) Taken from f. 2’, in immediate sequel to [5]. 
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parabola, also if from e to g, a streight line be drawne it shall touch y° Parab: 
in ¢,@8) 
. 


Or thus, take ch=ca= re hd=2gc; or da=2hg: & ga=ae=de. &c:®) 


Or thus, take cm=gc, dm=ma; & ga=ae=de; &c.®°) 

Or thus[,] take cm=gc, & raise me a perpendicular to ca, w“ shall intersect 
y° parab, & circle ge in y® same point.®* 

Or thus.@ make ab=- . bd=2bc=r. kh=bg. w y® Rad bc describe bed. y® 


Circle@) 


(38) Where a is its focus and hh’ | ba the corresponding directrix, this description of the 
parabola (e) reduces to the focus-directrix defining property. In proof, if we take 
ae = de = ga =, 
then, since 
bh =ha=4r and he =ca=}, therefore dm = ma = }r—y = }(ba—bd), 
cm = ca—ma = y—4r = ge (or ge is tangent at ¢) 
and finally h’e = hm = ha—ma = y = ae. 
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Or thus. take 5 =ac=cn=Rad: 


Circle aen: ab== . am=ap, & pro- 


duce mp indefinitely. Then take 
some point d in y° line an, & draw 
dg perpendic: to an y* is soe y' 
dm=dg, y® take df=ae, & f shall be 
a point in y* parabola afr.) 


(39) These are each minor variants on the first description. 

(40) Newton has cancelled ‘Upon y° focus or center a describe y* center of’. 

(41) The accompanying figure seems to require ae = af and be = bn, but the text breaks 
off in mid-sentence. We may perhaps guess that Newton abandoned this description when he 
realized that the curve is not a parabola at all! In fact, if we take DF = x and Ff = y where 
fF and cE are drawn perpendicular to ab, then af? = ae? = eb? —bE*+aE?: that is since 


6 MES St ry ( a 
bE = bd? | + (x—#7r) =F -(% + arte 
and hence x?—4rx = 4y?, the defining equation of a hyperbola. The line hgk seems 
irrelevant. 


(42) The defining property fd? = r.ad of the parabola (f) follows directly from the circle 
property ae* (or df?) = ad.an. The line mpg is apparently superfluous. 
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EARLY WORK IN 
TRIGONOMETRY 


[c. 1665-66] 


$1. NOTES ON PLANE AND SPHERICAL 
TRIGONOMETRY® 


From the originals in the University Library, Cambridge and the 
Pierpoint Morgan Library, New York 


[1] [1665 ?] 
Nauticall Questions. 


Suppose a= one latitud. )=another. c=a—b. /=their difference of longit:® 
d=distance® from y® Meridian. R=Rumb. r=radius. s=sine. ¢=tangent. 
cs=cosine.©) Ma, Mb™=Mercators Meridian line answering to the latitude 
a, b.® 

1. Of, 6, d, R. ra—rb(=rc)=dxces: RO 


———$—$ $$ — 


2. Of a, b, 1, R. rxl=t:Rx Ma—Mb.o Or rx Ma—Mb=I1 x ct: ROY 

3. Ifa, b, d:a, b,l:a,d,R:a,l,R:b,d,R:b,1,R. beegiven & l:dil:d:l:d. bee 
sought, first find R:R:b:b:a:a. by y® 18: 24; 1st: 29: Ist[:]2¢. Proposition, & then 
tilde Bey 2°: 1 ot: TF 2S: 2. proposmcn. 


(1) Newton’s annotations from various authors, interlarded with his own comment, of 
standard formule in plane and spherical trigonometry, together with their application to the 
problem of navigating by a Mercator map. By name Newton refers for his source only to 
‘Gunter’, that is, to Gunter’s Description and Vse of the Sector, Crosse-staffe, and other Instruments 
(note (14) below), but his severe contractions for the trigonometrical operators are not 
Gunter’s nor are many of the forms noted below to be found in Gunter’s work. However, at 
his death Newton’s library contained a good selection of standard trigonometrical texts, 
including Richard Norwood’s Trigonometrie, Or, The Doctrine of Triangles (London, .1645= 
Trinity. NQ. 9. 33) and William Oughtred’s Trigonometria: Hoc est, Modus computandi Tri- 
angulorum Latera & Angulos, ex Canone Mathematico traditus @ demonstratus. Collectus ex Chartis... 
Willelmi Oughtred Attonensis per Richardum Stokesium...et Arthurum Haughton (London, ,1657= 
Trinity. NQ.16. 182). Both are well-thumbed copies and internal evidence in the text below 
suggests that Newton was deeply read in the latter, which in a mere 36 pages of text presents 
a rich mine of exact, detailed information. 

(2) ULC. Add. 3958. 2: 31'/31’, a first draft for [2] below. 

(3) Compare Gunter’s Second Booke of the Sector, Containing the vse of the Circular Lines: 103-46: 
chap. vi, Of the use of the Meridian line in Navigation, and his Second Booke of the Crosse-staffe. Of 
the use of the former lines of proportion more particularly exemplified in severall kinds; 84—99: chap. v1, 
Containing such nauticall questions, as are of ordinary vse, concerning longitude, latitude, Rumb, and 
distance (see note (14)); also Norwood’s Trigonometrie (note (1)): Appendix: 119-30: Of Sayling 
by Mercators Chart. See also E.G. R. Taylor, The Haven-finding Art (London, 1956): 223-33. 
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4. Ifa,d,l: b, d,l: d,l,R. bee given & b, or R: a, or R: a, or b sought it cannot 
bee scientifically resolved.@” 

Gunter adds this r/= 8 sR x MaQ sR x MaQd®) to y* Nautical problems.“ 
Tis exact enough when d is not greate.“®) 


(4) Read ‘longitude’. (5) That is, on the rhumb. 

(6) This severely contracted symbolism is used, with slight modification, by both Norwood 
and Oughtred. (Note that s:R = rsinR, t:R = rtanR and so of the rest.) 

(7) This notation is apparently Newton’s own invention. 

(8) In fact, as Gunter noted in his Sector: Book 2, chap. v1, §1: 104, ‘The making of this 
Table [of meridional parts] is, by addition of Secants’: analytically, 


Ma = [- sec9.a0 = log(seca+tana) = logtan (47+ 4a). 


(Compare note (35) below.) The theory of the ‘plain chart’ (Mercator’s map) is assumed. 

(9) Gunter’s Sector: Book 2: chap. v1: 122: ‘As the Radius, to the sine of the complement 
of the Rumb from the meridian: So the distance upon the Rumb, to the difference of 
latitudes.’ | 

(10) Gunter’s Sector: Book 2, chap. v1: 127: ‘As. . .the proper difference of latitude, is to... 
the difference of longitude: So...as Radius, to...the tangent of the Rumb from the 
Meridian.’ 

(11) On the analogy of his previous notation, ‘ct’ is a contracted notation for ‘cotangent’. 

(12) That is, resolved with mathematical exactness, since each of the posited reductions 
involves inversion of the table of meridional parts, 


Ma = |" sec 9.9, 
0 


which at this time (middle 1665?) were still calculated by Wright’s primitive method of 
adding all the secants up to sec a at 1’ intervals. (See note (35) below.) 

(13) That is, rl = +5:R(Ma—MaF d). 

(14) See Edmund Gunter’s The Description and Vse of the Sector, Crosse-staffe, and other Instru- 
ments: With a Canon of Artificial Sines and Tangents, to a Radius of 10000.0000. parts, and the vse 
thereof in Astronomie, Navigation, Dialling, and Fortification, Gc. The second Edition much augmented 
(London, 1636): The Second Booke of the Sector, chap. v1: 141: ‘As...the Radius, is to... the 
sine of the Rumb from the meridian: So...as proper distance upon the Rumb, to...the 
difference of longitude.’ (Or r:(s:R) = (Ma—Ma—d):l, if we adapt Newton’s notation.) 
Newton’s copy of this work is now in Trinity College, Cambridge (NQ. 9. 160) but, as the 
record of purchase (‘Gunters book & sector &c to Dr Fox—0.5[s].0’) in the Fitzwilliam 
notebook confirms, Newton did not purchase it till early in 1667. Presumably at this time he 
was making use of Trinity’s own copy in the college library. 

(15) An exact observation on Newton’s part. In fact, where a and 6} are both small, 
Ma = log(seca+tana) ~ log(1+a) and correspondingly Mb ~ log(1+6). Hence 


= a kad Sain ener 
l = tanR(Ma—Mb) » tanRlog (; *) = tan Rlog (ecara) ‘ 
that is, 
ae th l+a eeis a—b 

lx sinR (=z i =] ~ sin Rlog (aoe cea ~ sinR (ata—_M (2-5) ; 
where (by 1) a—b = dcosR. (This paragraph, added in the manuscript as an afterthought 
at the end of his notes on spherical trigonometry below, is here reset to accord with Newton’s 
sense. ) 
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Of triangles right lined. 
1st, of a, d, e, g. saxe=sdX g. 
Q4ly, of a, d, e, f. mf=re xX csat+e x sa xX etd. 
rf x td=re Xx s:a+ex td x csa. 


3dly, Of a, e, fy g. ree+rff=rgg + ef x csa.0®) od 
Speciall resolutions. f g 
a, e, f given; d sought. _ x ob: :sa= ==ct: d+ at 2 & given; a sought. if 


e+f 
n=m—e. p=m—f. q=m—g. y" 1s —==s>5a ener 
gage. ° is 3. e — e : ver = 2 e Jef — 2 * 


rinp _, bg r/mq 
Fen J np 


=fttte 


atts 50.0 /mnpq = aree trianguli.4® 


Of sphericall triangles. 
Of b, d,e, f. sbxse=sdx sf. 


Speciall resolution[s], 
rx Sp X sn =55 &S 


[1.] efg given[:] a sought, Kin 


a risnX Sp _, ry Sm X Sq =ct ha, 
J se xX sf ere NSN X Sp 
Jck: fx sm x sq_ asta. &c. <a fi 
Tse 2 sex sf 
ch: [X 68:0 J — Ok yg, EE tsa: ait Gunter.@) 
Se sex sf 


(16) If we denote the angles d, b and a by E, F and G, these basic rules of plane trigono- 
metry take on the familiar forms 


sinG.e = sinE.g, f = ecosG+esinGcotE(= ecosG+gcos£) 
and e24+f2 = g*+ 2efcosG. 


(17) These standard results for the half angle are not to be found in Gunter and are 
probably taken from Oughtred’s Trigonometria (note (1)). 
(18) An immediate deduction from the preceding since 


Aabd = }efsina = g 5 (5: $a) (65: 4a). 


(19) Newton quietly introduces the notation ‘ck’ for the cosecant: ck: f = rcosecf. 


- ogee _ i Pans i * if mf i 
Pity Meal, Saal By > ED ta eae ak Of Putpueak sl | NAH Reece 
wy, OY *27 Nay. ie 

aL i¥ 1° 


y -_ a Ab ss bee om 
xxthsyymanse. Hake Wag =: en ke 


ee ere Msk§ a sciome EO =x. a SarerTy fab | 


ann se qe Pinks aac +abff ner eter = 

thy ae 9-4 apn, Thin if ve 4 vabenade 
Make y= 285282 +¥ +$% = tac =? Hebe. 0, f vem 
7 seme maks, yotse-dy RO tee Ym ov 


FY RM wm Pisaan 


iy * of yO arenes mer fa by Ca froma & vatonak 
: ied oe oF ry is yahon 


b Shes Fg ee, ee ¥? + ay 
tvs 2e"s 


tea iC = Wur con Cee win fe make ~ ey 
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35196413. seth 8 ‘nig ee es ree 
oggice. atoms Ste S41 AFOITINAT acca 8. 
1,117313. vee 4 878 S18 F 89 | ay 
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Plate IV. A 1665 scrap-sheet: notes on number theory (3, 4, §2), 
duodecimal division of the musical octave, and ‘ Nauticall Questions’ (3, 2, §1). 


a 


=o 


Ete 
a = 
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2. a, d, f given: e, g sought. 
niet, 1 -—€ 
bo fits ® ork, 


And ed a te fie, 


grt gt 2 Gere gee. 
— 7 3 Se 


3. 5, e, g given: a, d, sought. 


e+g, =z. 1 _,d—a 
a eae cb bit —>— 


is dest aan eee he 
d+a d-a_, d+a_ d—a 
2 f=: | _ ee 
4. a,b, d, given: fsought. make ot ht em, m—a=n. m—d=p. m—b=q. 
Th ., Iesm x 65g rr x cs:ia—d—cs:b 
en is Bes ee i af ae ae mee the versed sine of y® comple- 


ment of [ f].@ tis like y® 18t speciall resolution. 
5. a, d, g,e given. f, or b, sought. tis y° converse of y* 24 & 34 resolution. 


(20) That is, r versina = r(1—cosa), a notation already introduced by Oughtred. (Com- 
pare F, Cajori, A History of Mathematical Notations, 2 (Chicago, 1929): §520.) Newton uses the 
variant ‘vs’ on the next line. 

(21) ‘Or so says Gunter.’ See Gunter’s Sector (note 14): Book 2, chap. v, Of the resolution of 
sphericall Triangles, §19, To find an angle by knowing the three sides: 98: ‘According to Regio- 
montanus and others. As the sine of the lesser side next the angle required, to the difference 
of the versed sines of the base and difference of the sides: So is the Radius, to a fourth pro- 
portionall. Then as the sine of the greater side next the angle required, is to that fourth 
proportionall: So is the Radius, to the versed sine of the angle required.’ (Analytically, if we 
suppose ¢ > f, then (s:f):(us:g—vs:(e—f)) = r:A where (s:e):A = 1: (vs:a). The result 
follows easily from the preceding formule for the half-angle since 


were (iA 


r(= 1exs:f—Simxs: AoePeS*) 
sexsi ff 


-5(* (¢—f) —es: (¢+f)] —[es:g—es: (e+ f)] + Les: (ef) —os: 8) 


siexsif 


(22) That is, r(1—sinf). 
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6. Other cases are to bee resolved by rectanguled sphericall As. To w™ use 


may bee added these proportions. ‘ 


1. cSim:cse::csn:cs g. 

2. tasidzsens om. 

S°, esrr aes &. 

a, sauces it. 

5 t(28) f 


eG 
Of y* Resolution of streight lined®) triangles. 
s=sine. t=tangent. k=secant. cs=cosine. ct=cotangent ck=cosecant. 
r=radius. vs=versed sine.@® 
1. Of a, d, ¢, g. sax¥=sdx gp. 
2. Of a, d,e, fi rxf=rxexcsate x sax ctd. 
Or, rf x t:d=rexsi:atextidxcsia. 
8. Of a,e, fi g. ree+rff=reg+ 2ef x csa. 


Of some spectall resolutions. 


1 
e—f x ct 5a are 


: e a 
Ifa, ¢, & f are given & d sought then aeree Og == tt: . ot ef 2Z 


Apa oy eon ain 
given, & a sought. ee tna: 0. 
0% re+e—fxgtf—e_ 1, metftexetf—e_.1, 
/4ef 2s gph Pagioe oo 


(23) Newton’s text breaks off, but almost immediately he seems to have copied these notes 
into his notebook (the corresponding entry in which is here reproduced as [2]). 

(24) Extracted from ff. 23' — 25” of the early notebook now in the Pierpont Morgan Library, 
New York. (The book is well described by D. E. Smith in his Two unpublished documents of 
Sir Isaac Newton=(ed. W. J. Greenstreet) Isaac Newton 1642-1727 (London, 1927): 16-31, 
especially 29.) Much of the notebook is of relatively early composition and Newton has 
inserted the date 1659 on the flyleaf, but the present piece is beyond doubt a revised version of 
[1] and by examining the handwriting we may set the same tentative date of 1665 for its 
composition. I'he major difference between the two pieces, apart from some new material 
(compare note (35)), is that Newton has reset the section on ‘Nauticall Questions’ as an 
appendix to the notes on trigonometry. Compare Cajori’s Notations (note (20)) 2: 160-1. 
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ort Ee ee ee eee e+f+g 
r, 2 = HQ, Viz: Make ———_——— =m. mM—e=—n. M—T—pP). 
Jetftgxetf—-g 2 (\ “ f=? 


. Nrnp 1 
m—g=q. thenis =t:=a. &c. & Vmnbq=aree A. 
E=¢ Jmq 3 pq ) 


The resolution of Spha[r]icall triangles. 


; g Rectanguled at b. 


d 


19 OFO 4 7%, é. 

PX ost f= tsiexcsig. 1X es p= sas KRG, FRG Sere i xX Fig. 
2. (O06, 4, 4, f. 

rxswe=sidxsif. rxsif=sexck:d. Orrxs:d=s:exck:f. 
3. Of a, d, e, f. 

rxtie=tifxesia. rxesa=tiexct:f. Orrxit:f=tiex kia. 
4. Of a, d, e, g. 

rXtig=siextia rxsie=tigxctia. rx tiamtigxcke. 

5. Of a, 6, d, ¢. 

rxesid=siaxesie. rx sie=es:d x k:e. Mee B acta RK: 
6.. Of a,b; d, f 

exeta=atid Kes:f. rxerifeciaxcdid. rxtid=cttadshys. 


Oblique angled triangles. 
Ob, a8, f. sibx sides nf. 
Of a, e, fi g. 
Of a, b, e, f. 
. Of a, b, d, ¢. 


PO No 


(25) Newton has cancelled ‘Right line’ (a phrase perhaps taken from Gunter). 
(26) As before, these standard seventeenth-century trigonometrical functions are their 
modern equivalents multiplied into the radius: for example, 
sie =rsine, k:4a = rsecta and ct:a = rcota. 
(27) This proposition, set fourth in order in Newton’s text, is here reset to accord with his 
numbering. 


4.72 Early work 1n trigonometry [3, 2, §1] 


The 3 last cases are ordinarily resolved by letting fall perpendiculars, viz: an 
angle or side being given[,] or else by y° following speciall resolutions. 


1. ¢, f, g given; a sought. 


rx fs: ALT8 y 5 ttSo8 rx pfctl 9 ATS 


1 
=CS: fe Or, SS 9°: 


JERE ST “2 Jsiex sif 
rf s:$ tLAE x 5 StI 8 : iL. ‘fxs: aces E Oe 2 ; 
J gt+f—e__ gte—f 2 ia e 2 
gs: 2-4 x 5; 2 
2 2 
7 [s:$ AT" x 5: i fe eee 
Or SS. aS x0. Or chi:f x —csig+es: SS . 
ji etf—E = 
$12 x 53 — 2 
2 2 
mx —csigtesie—f ar xcs: ef —es: g 
si siex sf ——o sex sf 
etf+8 
Jor x se x sf eS “ 2 meeny, ‘ 
[sx 5: ttE - [sites 
a ae ae 
2. a, d, f given; e, g sought. 
1 1 
~a—-dxt-f 
at+d, a—d_ , g—é wg —— fe See ee. 1 
= S5 faa af “ee ae era. Chery The 9 sum & 
cs-a+—d 
2-2 
= = diference of g & eisg &c. viz got brag. got 8 fue, 
3. b, e, g given; a, d sought. 
Shae Lae er 
si SOE is - 05: a= x ct: o iS ae d—a_, 4 
>) See Ce at 2 2 ns 7 : 
ee 8 6 oe 


tis like y® preced™. 


(28) Equivalently, ea = t:4(g—e). 


Newton’s double use of the colon is confusing. 
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[4.] a, b, d given: f sought. 
pee ee 


tee ee 
Js:axs:b 2 
ck:d x esa—d—0sb _mxesia—d:~ 0s) _ 1. compl of f &e. 
sta sax sd 


tis like y® 1t speciall resolution. 


[5.] a, d, g, e, given; f or 6 sought. 
Tis y® converse of y® 24 & 3¢ Resolutions. 


Of Questions in Navigation. 

Suppose a=one latitude. 5=another latitude, c=their diff[:] /=difference 
of longitude, d=distance, R= Rumb. r= Radius. s=sine &c: Ma, Mb=Mer- 
cators Meridian line answering to y* latitudes a & 5.8 

lL. Sha, b, a, de. 

rxa—b(=rxc)=dxcsR. cxsecR=dxr. 
& O64: h.4.k. 
rxl=t:Rx Ma—Mb. rx Ma—Mb=1 xct:R. 

$ Ofe, 6, i d. 

ll x a—b x a—b=Ma— Mb x Ma— Mb x d+a—b x b—a+d.8 

(viz Ulxa—b x a—b=Ma—Mb x Ma—Mb x dd+Ma— Mb x Ma— Mb 


xa—bxb—a. 
Ma— Mb x J/d+a—bxd+b— a 


Op 3" te seid 
oa g_- 4 bvll+ Ma— Mb x Ma— Mb 
se Ma— Mb 


but if b, J, d: Or J, d, R, or a, d, 1 be given y® a, R: or a, 5: or b, R canot be 
positively found.®® The two first problems are sufficient for resolving all other 
nauticall problems, by y® 34, & 4‘ following.) 


(29) That is, the complementary versed sine of f (in modern notation r(1—sin/f)). 
(30) See note (8). 
(31) For, by 1, a—b = c¢ = dcosR and, by 2, 


2 
Seomec(deh aces Nba Ricci necator ne (Ma— )*((—*) -1). 
(32) Compare note (12). 
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4. Of a, i, d, RB. 


rl+tRx Mb=1Rx M: 2 t2XSE Or 
Ix ot; R+-rx Mb=rx Ms 2XTtaXOe 


§. OF 6, d. 1 en 


Note, 1*t yt these nauticall problems may be resolved in numbers if instead of 
Ma— Mb wee write 


tas+ig—teesa ls) leepele eed eae —tnee 
2 2 ( 2 oe 2 2 
75802 a Seer ae s0x1t45:1’.—r 


supposeing It to signifie y* logarithme of y* tangent.®» 


(33) From 2, rl+t:R.Mb = t:R.Ma and Newton’s result follows by the substitution 
a= b+(a—b) = b+d@= (by 1). 


(34) Newton adds no reduction but the case is almost that of 4 preceding. 
(35) A most interesting paragraph which requires clarification on several counts. First, 
Newton’s ‘logarithme of y® tangent’ is definable in modern terms by 


It:4 = 10’log,o(r’tang) = 10*log,9(tang) +1, 


where r’ = 10i7 is the corresponding trigonometrical radius and where, following con- 
temporary convention, the factor 10? is introduced so that all 7-place tabulations of It: ¢ may 
be integral. Immediately 


It: (45° 30’) —r = 10’ log,)tan (45° 30’) = 758024, 


from which Newton finds It: (45° 1’) —r = 107 log, stan (45° 1’) 


by the close approximation #5(10"log,)tan (45° 30’)). (More generally, where « is small and 
io log, tan (f7+na) x n.log, tan (47+<«).) 


Finally, Newton seeks to evaluate the difference of the Mercator meridians 
Ma—Mb = [/ sec9.a9 
b 
It: (45+ 4a)°—It: (45+40)°  log,)tan (45 + $a)° —log,)tan (45 + 30)° 
It: (454)°—r ‘i logy) tan (454)° 
and hence would seem to take for M(a°) the value 


log,)tan(45+4a)° _ logtan (45+ 42)° 
log,»tan(454)°  ~—S logtan (454)° ~ 


In fact, M(a°) = logtan (45+ 4a)° so that Newton has introduced the proportion factor 
M(1°) = logtan (454)° ~ 0.0174,. 


as 
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Qdly, yt by the helpe of these or such like equations (viz: 
m=txct=esxk=sxck. rxes=sxet, rxXs=esxt. rxt=sxk, 
rxct=csxck. rxk=txck, rxck=ctxk. r=vstes. kxvs=rxkor. 
Or x sv=sstsvxsv. rr=sstec@9) rr+itt=zz.89 


t=O xt +tx tis xt 


9 3° or mxt:2=2rrxKt+i:2 x tt. 


4 rrt=rrxk:2—ttxk:2. &c) wee may get new theorems for every pro- 
position. 8) 


The integral | > sec 9.d0 has a long history and it is interesting that Newton is already aware 
0 


of its evaluation as log tan (}7+ 4a). This value was first publicized as a workable numerical 
approximation in the mid-1640’s by Henry Bond, who apparently made his discovery by 
analysing the pattern of the ‘Table for the true dividing of the meridians in the sea Chart’ 
in Edward Wright’s Certaine Errors in Navigation,...and Tables of declination of the Sunne and 
fixed Starres detected and corrected (London, 1599). Bond inserted the first printed notice of his 
observation in the 1645 edition of Richard Norwood’s Epitome of Navigation (p. 14) and it 
quickly became common knowledge, appearing in such popular works as the 1653 (8rd) 
edition of Gunter’s Crosse-staffe (Book 2: 99) and the 1659 edition of Norwood’s Epitome. The 
demand for a theoretical proof of the result grew quickly, and was voiced typically by John 
Collins in his Navigation by the Mariner’s Plain Scale new plain’d (London, 1659) when he wrote 
(p. 35) that ‘True it is, this Proposition [the ‘‘ perpetual Addition of Secants”] may be per- 
formed by the differences of the Logarithmicall Tangents, having a Table of them, as in 
Norwood’s Epitome, without the help of a Table of the Meridian-Line, but as yet we have no 
geometrical way known for making the Logarithmical-lines of Tangents’. Five years later, 
on 28 February 1664/5, Collins wrote to Wallis to the same effect (S. P. Rigaud, Correspondence 
of Scientific Men of the Seventeenth Century, 2 (Oxford, 1841): 460-2), while in 1666 Nicolaus 
Mercator went so far as to propose (in Philosophical Transactions, 1 (1665/6): 215) a sum of 
money for a proof (or disproof) of the result. Two years later James Gregory was the first to 
prove its theoretical accuracy (in his Exercitationes Geometrice (London, 1668): 14 ff.), and 
simplified variants of his complex demonstration continued to appear over the next thirty years 
in the works of Isaac Barrow (1670), John Wallis (1685) and Edmund Halley (1695). (See 
Florian Cajori, ‘On an Integration ante-dating the Integral Calculus’, Bibliotheca Mathematica 
314 (1913/14): 312-19.) Js. Lohne has recently established that the first evaluation of the 
integral (by stereographic projection of a spherical loxodrome from the south pole into a 
‘rumbus in meridiano in sphera’, or logarithmic spiral) was made by Thomas Harriot about 
1594 in still unpublished researches (presumably unknown to Newton) into the theory of 
Mercator’s projection (British Museum, Add 6789:17' ff). Compare E. G. R. Taylor, “The 
Doctrine of Nauticall Triangles Compendious. I. Thomas Hariot’s Manuscript’ and D. H. 
Sadler, ‘II. Calculating the Meridional Parts’, Journal of the Institute of Navigation, 6 (1953): 
131-47. 

(36) Read ‘cs xcs’. (37) Read ‘kk’. 

(38) In his listing of these basic trigonometrical identities Newton has left out the variable. 
Thus rrxt:2 = 2rrxt+t:2x tt is the modern 


r2.(rtan20) = 2r?. (rtan @) + (rtan26) . (rtan 6)? 
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§2, ANGULAR SECTIONS® 


[Winter 1664/5?] 
From the originals in the University Library, Cambridge 


[1]@ Of Angular sections. 
Suppose ab = q. Oar. & ag=x. & yt y® arches hg, gb, bb® are equall. 


By y® following Equations an angle bah may be divided into any number of 
partes. 


x=g. unisectio. 

x2—2rr=rq. bisectio 

x8 — 3rrx=rrq. trisectio. 

x4 — 4rrx24+2r4=73q. quadrisectio. 

x — 5rrx3+ 5r4x=r4q. quintusectio. 

x8 — 6rrx4 + Orixx—2r$=r5qg. sextusectio. 

x? — Trrx® + 14r4x3 — 778x=18q. septusectio. 

x8 — Srrx6 + 20r4x4 — 1678xx + 272 =1'q. 

x9 — Orrx? + 277r4x5 — 3078x3 + 978x = 18. 

x10 1 Orrx8 + 35r4x® — 5078x4 + 25r8xx — 2710 = 799. 


(1) Newton renews his researches into the theory of multiple angles, taking as his starting- 
point his notes on Alexander Anderson’s commentary on Viéte’s Ad Angularium Sectionum 
Analyticen Theoremata xaBodxwtepa (= Vieta: 287-304). (See 1, 2, §2.3.) 

(2) Add. 4000: 81", 80%. Compare Schooten’s Exercitationes: Liber v, Sectio xx1: 464-75. 

(3) That is, *b*+1b,k = 1, 2,3,..., where as in Newton’s figure the circumference is 
divided successively by the points 4), #b, °b, 48, .... 
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x1 — | rrx® + 44r4x? — 7778 x5 + 5578x3 — 11 rlx = 710g, 

x12 1 2rrxl0 + 5474x8 — 11278x6 + 1057824 — 3671 0xx + 271? = rly, 

x18 — 1 Brrxlt + 651r4x® — 15678x? + 18278x5 — 9 1710x834 13712x = rl2q, 

xl4— | Arrxl? +77 74x19 — 21 0r8x8 + 29478x6 — 196719x4 + 49712xx%— &c. 

x1 — 1 5rrx}3 + 90rtx! — 2751r8x® + 45078x? — 3['7]8729x5 + 140r12x38— &c. 

x18 1 6rrx14 + 104 14x12 — 3527r8x10 + 66078x8 — 672719x8 + 336r12x4-— &c. 

x1? — 1 Trre)5 + 11974x18— 44278x11 4 93578x9 — 1122710x7 4 71471245 &c, 

x18 — 1 8rrx16 + 1357414 — 5467812 + 12877819 — 178271%x8 + 1386r12x8— &c. 
x19 1 Orrxl? + 15 24x15 — 66578418 + 172978x4 — 2717719x9 + 2508r12x?— &c. 
x20 20 77x18 + 170r4x16— 80078x14 + 2275 78x12 — 4[0] 0412x104 4290r12x8— &c. 


This scheame is y® former inversed.© 


(4) Where gah = $0, Newton reproduces Viéte’s table of CS(n@) = 2cos(4n@) from his 
notes (1, 2, §2.3 above) on Vieta: 294-5: Theorem vi. Here, successively, 


CS(0) = 2 = ah/r, 

CS(@) = x/r = gh/r (or gh = x), 
CS(20) = (x/r)?—2 = 1bdA/r, 
CS(30) = (x/r)?—3(x/r) = *bh/r, 


—2z—1\ /x\"-* 
CS(n6) = ye (" )(?) b 
ote na ) 2\ 7-1 r 
and the basic recursive rule is 


CS((n+1) 6) = x/r.CS(n@) —CS((n—1) 8). 
(5) An alternative geometrical model which arranges the triangles a*bh as a quadrant 


instead of a semicircle. The present figure is obtained (in mirror-image) if the triangles a*bh 
in the previous scheme are rotated round h till each of the points *d lies in line with gh. 
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Suppose gh=x. nh=r. Then 


gh=x. unisectio. 
ab Xr=2rr—xx. bisectio. As on y° other leafe® excepting 
A°b x 72 = 3rrx—x2._ trisectio. some signes here changed.” 
a®b x = 2rt— 4rrxx+x4. quadrisec: 
h§b x r= 6rx— Brrx8+ x5. quintusect®. 
a®b x 75 = 278 — Ortx? + 6rrx4— x8, 
h815 x 78 = "778 x — 147408 + Trrx® — x". 
ab x 17 = 278 — 1 6r8x2 + 20r48x4 — Brrx8 + x8. 
h8\b x 78 = 9r8x — 80r8x3 + 2774x5 — Orrx? + x?°. 
ah x 79 = 2710 — 25 78x? + 50r8x4 — 35r4x8 + LOrrx8 — x10. 
Ai101f y< 710 — 1 1 10% — 557843 + 7778x5 — 442? + Li rrx®—x4, [&c] 


If gh=x. “bh=y. Then 
y="bh, duplicatio anguli hag. 
yy —xx=x x h®b. triplicatio anguli hag. 


(6) These two concluding tabulations were entered on f. 80v facing the page (81') in the 
notebook on which Newton wrote down his first entry. 
(7) Viéte’s alternating table of 


S((2n—1) 0) = 2sin((2n—1) 0) and CS(2n6) = 2cosnO (n = 1, 2,3, ...). 
(See Vieta: 298-300: Theorema 1x, Newton’s notes on which are reproduced in 1, 2, §2.3 
above.) The kth row in the table, f(k) say, is 
S(k0), kodd | 
‘conde k even 
and Newton, taking gh/r = x/r = CS(@), tabulates 
f(1) = S(8) = gh/r = x/r, 
f(2) = CS(26) = lba/r = 2—(x/r)?, 
f(3) = S(30) = *balr = 3(x/r) —(x/r)*, 
(4) = CS(46) = %ba/r = 2—4(x/r)? + (x/r)4, 
k (k—-t—1\ (x\*-* 
Ft Fiala VG): 
As given by Viéte this scheme may be derived step by step from the recursions 
CS(2n0) = —x/r.S((2n—1) 8) + CS((2n—2) @) 
t wats 1) 6) = x/r.CS(2n8) +$((2n—1) 8) }, 
but more generally we may show that 


f(k) = (2—(x/r)*)f(kK-2) —f(kK—-4) (where f(—1) =—x/r, f(0) = 2). 
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y® — 2xxy = xx x hb. quadruplicatio. 

y* — 8xxyy+x4=%3 x *bh. quint® 

y> — 4xxy + 3x4y = x* x h®b. sext° 

y® — Bxxy4+ 6xtyy — x= x5 x H'8lb, sept? 

y” — 6xxy® + 10x4y3 — 4x8y x AMS. oct?, 

y8 — Txxy® + 15x4y4 — 10xSyy +- x8 =x? x h'81b. nonc 

y® — 8xxy? + 21x4y5 — 20x8y8 + 5x8y = x8 x hb. dec 

y?9 — Oxxy8 + 28x448 — 35x8y4 + 15x8y2— x10 = x® x hb, und, 

y1 — 10xxy® + 36x4y? — 56x%y5 + 35x8y3 — 6x9 = x19 x AANb. duod [&c]® 


[2] 
versa pagina? 


a n 


Suppose y® perifery bgh to bee a & y* whole perifery to bee p.°” The line bh 
subtends these arches. a. p—a. pta. 2p—a. 2p+a. 3p—a. 3p+a. 4p—a. 


(8) Viéte’s table of S(n0) = 2sin (4n0) (= Vieta: 296-7: Theorema vu, noted by Newton in 
the annotations printed in 1, 2, §2: Prop. 21). In Newton’s scheme ah = 1, gh = x = 1S(0) and 
1bh = y = 1S(20), so that, by taking z = y/x = CS(@), we may present the tabulation as 

[7S(@) = x,] _ 
r8(20) = y = z = dh, 
rS(30) = x(z?—1) = dA, 
rS(40) = x(z3—2z) = %dh, 
S08) =x. % ((-1(*7i) 20-04), 
alse er OP. ga 
Viéte deduces this step by step from the recursion 
S((n+1) 0) = zS(n@) —S((n—1) 8). 

(9) Add. 4000: 81’, 82%, which continues [1]. 

(10) ‘[See] the previous page’, a reminder that Newton continues to work with the 
diagram on f. 81" (here reproduced a second time). 


(11) In apparent modification of Oughtred’s notation of for 7, Newton uses p to 


represent the circumference of a circle of undefined diameter. 
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4p+a. 5p—a. 5p+a. 6p—a. 6p+a. &c:4% All w® are bisected, trisected, 
quadrisected, quintusected &c after [y*] same manner. As for example 
The rootes of y® Equation h?b x rr=3rrx—x) are 3. The first whereof 
a 3p—a 3p+a 6p—a 6p+a _ a 


subtends y* arches 3 Geet WE Bes ch 5 er He &c.44 The second 
subtends y* arches =e bee oe La tbme &c.05) The 3¢ 224 as 
2p —a a 4p+a 5Sp—a a us &c (18) 

= = s «8 


Soe y* rootes of y® bit h'41b x 4 = 5rtx — 5rrx3 + x°,0 doe y® first subtend 


y® arches =: sa PTS we: ye ga PO ee “e*, [&c:] y* gi Poe 


Bc. ye 4th &c. ye 5¢ 


oS, a we we e, a eee &c 18) 

Hence ae appeare as reason of y® number of Lene in these aniiiie & 
y' y® points of y* circu[m]ference to w“ they are extended are equidistant. & 
by y® lower scheme@® may bee know[n]e w* rootes are affirmative & w™ 
negative, 


a a ere 


(12) A clear statement in geometrical terms of the periodicity of the general angle. 
(13) A2b/r = S(30) = 3(x/r) —(x/r)®, where x/r = S(@). 

(14) nrtjza (n = 0,1, 2,...). (15) nm +3(7—a) (n = 0,1, 2,...). 
(16) nrt3(m7+a) (n = 0,1, 2,...). 

(17) hAb/r = S(50) = 5(x/r) —5(x/r)3 + (x/r)®, where x/r = S(@). 

(18) Respectively 


na +$a, nt +$(4—a), nn +3(7+a), nn+%(2r7—a) and n7vt#(27+a) (n= 0,1, 2,...). 


(19) That is, the inverse ‘scheame’ (on f. 81") in [1] above. 

(20) Newton stresses the fundamental role which the periodicity of the trigonometrical 
functions §(@) and CS(@) (and so of sin@ and cos@) plays in the theory of the general 
n-section of angles. In particular he gives the now familiar interpretation of the angle 2k7+a 
as being composed of k whole revolutions and the simple angle a, 0 < a < 27. This, historic- 
ally, seems the first coherent treatment of periodicity, though Viéte in his reply to Adrianus 
Romanus’ challenge-problem half a century before had insisted that more than one root, 
S(@), of S(456) = N was possible. (See Ad Problema...quod proposuit Adrianus Romanus, 
especially Caput vi= Vieta: 310. Viéte, however, never gave a clear interpretation of the 
‘extra’ roots §(2k7/45+ 0) (k = 1, 2, 3, ..., 44).) 

(21) Add. 4000: 81’, which follows immediately on [2]. 

(22) That is, on ff. 81", 80% = [1] above. 

(23) Read ‘angle: angle’. 

(24) Newton expands the general coefficient 


yl (+S 7 = (—l)iz :(" a (i = 0,1,2,...), 


as a product. 
(25) Read ‘progression’. 
(26) See the tenth line in the first tabulation of [1]. 
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[3] 
The Numerall coéfficients of y® afforesaid Equations®?) may bee deduced 
from this progression (if 2 :2@%)::1:2.) 


AO etic a Laem n—2xn—3 n—4xn—5 n—6Xn—T7 
Ixl—n 2x2—n 3x3—n 4x4—n 
n—8xn—9 n—10xn—Il 
5x5—n 6x 6—n 


Asifn=10. y* pression is 1 x —10 x 7 04S 


cS se 
1. —10. +35. —50. +25. —2.2 


x 0. And y* coefficients 


[ayer 
Theorema 1. 

If in the Circle abcdeP there be inscribed 
any Poligon®® abcde w* an odd number of 
sides. & from any point in y° circumference 
P there bee drawne lines Pe, Pa, Pb, Pc, Pd 
to every corner of y® Polygon: y* summ of 
every other line is equall to y* summ of y° 
rest Pa+ Pb+Pc=Pd+Pe. & soe are their 
cubes Pa? + Pb? + Pc? = Pd’+ Pe®. unless y° 
figure be a Trigon.@® 


(27) Add. 4000: 82%, which continues [3]. 
(28) Implicitly, any regular polygon. 
(29) If we suppose the polygon to have (2n+1) sides, then 
aPd = dPb = bPe = ... = m/(2n+1); 
and therefore if we take Pha (subtended by the chord Pa) to be @, it follows that, where the 
circle diameter is taken as unity, 
Pa = sin(@), Pd = sin(0+7/(2n+1)), Pb = sin(@+27/(2n+1)), ..., 
and Newton’s proposition is 
1)si bee ee k 0, 1 
sRianl (—M'sin (Ot geea) | Et m= 1) 
The proof is a neat application of the results in [1]. First, since 
S((2n+1)26) = 2sin((2n+1) 6) 


0 = 


can be expanded as 
3 ae n—J n—j } 
S((2n+ 1) 2@) inehtios I 1)J ( F [CS(26) ] J .5(9), 
3r WHN 
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Theor 2. 


If from y* points of y° Polygon there bee drawne perpendiculars ap, br, ct, ds, 
eq to any Diameter pi: y° summe of y® Perpendiculars on one side y* Diameter is 


b 


equall to their summe on y° other[,] ap-++-dr-+ct=eqg+ds. & soe is y* summe of 
their cubes (unlesse w" y° figure is a Trigon), ap? + br? + cf =eq3 + ds*. & of theire 
square cubes (except w" y° figure is a Trigon or Pentagon[)]. &c.® 


then sin((2n+1)0) = > [a;(cos@)¥].sind = > [6,(sin@)*/+*] 
0<j<n 0<j<n 
and hence (sin 6)9"+1 = >) [c;sin((2j+1) 4)], 
0<j<n 


where the constant coefficients a;, b; and c; are readily determinable. Again, if 


2k+1 7 
COs (5 3) + 0 (that is, k + n), 
then 5 (1) sin (+545 in) | 
<i<2n 
an sesninigle sacdnscae as 1) | sin( $+ E55 (2i+1)7)+sin (6+, at. (2i-1) n) | 
‘ Ga *) o<tt 
cos(5 79 
=, k +n. 


From this Newton’s theorem follows by expanding 


; 6 a7 2k+1 9 1)6 +1] 
n(eratt) J = , z [ose(wevertt)] 


and then taking ¢ = 0, 30, 50, ..., (2n—1) @ successively. (Independently, three years later 
James Gregory gave an ingenious geometrical proof of the first part of Newton’s theorem in 
his Geometria Pars Universalis, Padua, 1668: Prop. 69: 128-30.) 
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Theor 3. 


If y* 2 circles (fig 1 & 2) be equall w'® like Poligons inscribed, & Pain fig 1 be 
assumed double to pa in fig 2. then are all y® other corresponding lines in fig 1 
double to those in fig 2 viz Pb=2rb, Pe=2tc, Pd=2sd, Pe=2ge.8 


[5]8 
Sree” [ri —-S=¢° ee], 2-2. g=2. *«=38, g=— 18. 
8x— =p. 3p—p=q. 9x—3x3— 27x34 27x5— 9x7 + x9 =. 
x® — 9x? +. 27x5 — 30x3 + 9x—q=0.8% 
3x3 — gxx = 5x8 — 5[x]+9.9  2x3| + qxx—5x+q=0. 


— 6x + g®® 
—llxx+2qx= —3qx+qq.89 llxx—5qx+qq=0. 
22¢—q° 
_ a a Ss... 
Llgxx = 121% —22q = 5qqx—q’. 121 —69q x. 


— gx* + 5x3 — gxx = 10x3 — 10x+ [2]¢.&® 


(30) If we take the circle radius as unity, Newton’s proposition is in analytical terms 
Den \ ett 
0 = | sin (0+ )] ke hn ee 0, 1,2, ...)* 
o<ttn 2n+1 pes ) 
which reduces to the preceding theorem since 


‘ Qin ie [ : ( (2i—1) Nes 
sin | 0 = sin | 0+ 7 +-——__— 
(n+ Piseis [ = ( TOn+ 1 ocen 2n+1 


; 21 — 1) ar\]2*+1 
== x [an(or Giana) 
ocien sin ( + On+1 

(31) This is an immediate deduction from the preceding treatment. 

(82) Calculations extracted from Add. 3958. 2: 34”. A letter draft on the same page, 
already quoted in 2, 6, §1, note (1), confirms a dating of late October 1665 for its composition. 

(33) That is, where x/r = S(@), CS(36) = q. 

(34) Where r = 1 and x/r = x = S(0), S(36) = p and so $(3(36)) = S(96) = g. Newton 
proceeds to expand $(96) in terms of x = §(@). (See the ninth line in the second tabulation in 
[1], and compare the ninth line in the first.) Note that $(@) = 3 is impossible in real terms. 

(35) Newton now sets g = $(30) = S(50@) where S(@) = x and so has 

x?(38x—q) = [x5 =] 5x8 -—5x+¢. 

(36) Newton attempts to eliminate 2x* with 3x—x? = q but makes a numerical slip. Read 
correctly ‘6x—2q’. (The mistake is carried through the next two lines.) 

(37) For x(—11*%+2q¢) = —gx3 = —q(3x—q). 

(38) For 11(qx*) = 11(11x—2q) = g(11x?) = q(5gqx—4q?). 

(39) Perhaps discovering his mistake, Newton eliminates x* from his first equations by 

— x2(2x3 + gx2—5x+¢q) = 0 = —2(x5—5x3+5x— ), 
but then breaks off his calculations. 
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Si in angulo quovis PAQ inscribantur equales AB, BC, CD, DE, EF, FG, 
GH &c anguli BAP erit angulus CBQ duplus, DCP tripl, EDQ quadr[,] FEP 


A 


quint, GFQ sext, HGP sept. JHQ oct &c. Hori vero angulorum posito radio 
AB sinus erunt Bf, Cy &c cosinus Af, By, Cd &c. Ergo si AB=r & Af=x erit 


AC=2x, Ay="™, AD =(24y— AB) =“8—", 49-4 —™™ gon 


(40) A miscellaneous note (on f. 35") in the undergraduate notebook Add. 4000. Its writing 
style and the fact of its being composed in Latin suggest a fairly late date of composition, 
perhaps some time in 1666. 

(41) ‘Ifin any angle PAQ there be inscribed equal [segments] AB, BC, CD, DE, EF, FG, 
GH &c, then will the angle CBQ be double the angle BAP, DCP its triple, EDQ four times it, 
FEP five times, GFQ six times, HGP seven times, JHQ eight times it &c. Further, if we take 
AB as radius, of these angles the sines will be Bf, Cy, &c and the cosines Af, By, Cd &c. 


Hence if AB=r & Af=x, then AC = 2x. Ay = AD(=2Ay—AB) = S320, 


i 
Aé = se &e.’ 


This scheme is a neat generalization of the technique expounded by Viéte in his Supple- 
mentum Geometrie ( = Vieta: 240-57, annotated by Newton on Add. 4000: 8'/8”=1, 2, §2.1) and 
in fact is a geometrical representation of the recursion 


ts ((n+1) 0) = 2cos@.cos (n@) —cos ((n—1) 6) 
sin ((n+1) 6) = 2cos@.sin (n@) —sin ((n—1) @) 
In illustration Newton takes x = rcos@ (so that 

cos((n+1) @) = 2(x/r) cos (n@) —cos((n—1) @)) 
and calculates successively 


cos(0) = I, 
ime = | 
Xx 


cos (28) = 2% (7)—1 (or By = reos(20) = 


2x? — “) 
3 


2 
cos (30) = 2* (2-1) -*, 


Wie oe A ~ i  ea  e ei  ae — e 
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§3. CONSTRUCTION OF A TRIGONOMETRICAL 
CANON 


[Early 1665?] 


From the originals in the University Library and the Fitzwilliam 
Museum, Cambridge 


[1] 


‘ae wie a | \ 
a d axd 


ad 
d 
a —"s Peas 
c 
m b r | oF 


In later years this was to become Newton’s favourite technique for constructing multiple 
angles. In an unpublished appendix to his 1670 notes on Kinckhuysen’s Algebra he set it in 
revised form as one of a set of problems illustrating algebraic method (ULC. Add. 3959. 1: 21") 
and five years later lectured on it in his Lucasian course on arithmetic and algebra (ULC. 
Dd. 9. 68: 78/78": Lectio 8 (1676), Prob. 15, printed as Arithmetica Universalis (London, ,1707) : 
134-6: Prob. XV, renumbered as Prob. X XIX in later editions). Finally, on 24 October 1676 
he communicated the scheme privately to Leibniz in his Epistola posterior (= Correspondence of 
Isaac Newton, 2 (1960): no. 188: 110-29, especially 125). 

(1) Extracted from ff. 79¥/80" in the undergraduate notebook Add. 4000 in the University 
Library, Cambridge. 

(2) A pictorial representation of the addition theorems of elementary trigonometry, 
presumably based on Newton’s previous annotations (Add. 4000: 9°, especially Propositions 
14/15=1, 2, §2.2) of Alexander Anderson’s Ad Angularium Sectionum Analyticen Theoremata 
KaboAukwrepa = Vieta: 287-304, especially 288-90: Theoremata u/m. In the first scheme, 
where a:b:¢ = 1:cose:sine and d:q:f = 1:cosn:sinn, it follows correctly that 


1:cos(¢—n):sin(e—n) = ad:(bq+cf): (cq—Of), 


that is, as 1:(cosecosn+sinesinn) :(sinecosn—cosesinn). In the latter, similarly, where 
a:b:c = 1:cosm:sinm and d:e:f = 1:cosn:sinn, Newton correctly presents the ratio 


S9 +99 


(2) 


l:cos(m+n):sin(m+n) as ad:(be—cf):(ce+df), 


or 1: (cosmcosn—sinmsinn) : (sinmcosn+cosmsinn). 
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Ad constructionem Canonis angularis. 


gr gr gr gr gr , 
= ige, Saget 30, Et = gon, = gry 40’, STA gers 20" 
5 5 3 3 2 
16’ 8’ 4’ 2° 
gr ee or. Fs , te / amen , eel , Lanne , (3) 
387+ 36 — 38™—20 = 16. 5 S. 5 4. 3 2 3 oe 


If r=radius. Then 


19° is ee : 


m5 +r-+71,/30—6/5 


664s" is, : 
y® sine of = ic 
4Qdegr ig tN mn Sass 
Gres" is, a iC 
[2] 
Canones Sinuum. 
[17] 0 Degr 


16", 465 4195[0 0000]. 


(3) A neat scheme for constructing the trigonometrical functions of 

<hr 7 ee 
ae G oa 
by successive bisection, trisection and quintusection of the familiar angles 90° and 60°. The 
derivation is not Newton’s own, however, but copied from Alexander Anderson’s. (See 
Vieta: 303/4: ‘Ad constructionem...primum inquiratur perpendiculum [sc. sinum] unius 
scrupuli, quam fieri potest accuratum, idque hac methodo...’.) The construction of the 
‘angular canon’ is, of course, then to be performed at 1’ intervals ‘regrediendo ad angulos in 
ratione multipla’ (Vieta: 304) with the help of the multiple-angle theorems (listed by Newton 
in §1 of the present section). This method of construction by subsectioning was, of course, at 
least as old as Ptolemy’s bisectioning procedure in the Syntaxis, but not till Viéte applied to 
the construction of his Canon Mathematicus (Paris, 1579) his new-found theorems on the multi- 
section of angles coupled with his powerful method for the resolution in numeris of the resulting 
equations did the method become comparatively free of prohibitive back-breaking calculation. 
Alexander Anderson acutely observed in 1615 that ‘Mathematicum igitur Canonem, secure ac 
foeliciter construet Analysta, & constructum examinabit, adiutus analyticis hisce principiis, & 
edoctus methodum resolvendi potestates quascumque sive puras, sive affectas’ (= Vieta: 303: 
Corollarium). 


1* 
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[3"] 1 Gr, 

Qi”), 1745 34064 3728. 
[37] 89st, 

0’. 99984 76951 5635 
ba 3 Gr. 

Ql”), 05233 59562 4299. 
[13%] 838" 

0’. 99254 61516 4132. 
[237] 11 Gr 

ol”, 19080 89903 76545. 


(4) Newton gives no derivation of these values for what are, in modern terms, rsin 78°, 
rsin66°, rsin42° and rsin6° respectively, but they follow immediately by applying the 


addition theorems to the primitive values sin60° = ea sin30° = 4, sin18° = ag and 


sin72° = a. (Compare Viera: 308: §1.) In detail, 
sin 78° = sin (60°+18°) = sin60°sin 72° + sin 30° sin 18°, 
sin 66° = cos24° = 2(sin78°)?—1, 
sin42° = cos48° = 2(sin66°)?—1, 

and sin6° = —cos96° = —2(sin42°)?+1. 


We might similarly derive all sin (6k)°, k = 1, 2, ..., 14 in terms of simple surd quantities. 

(5) Extracted from the final leaves of the early pocket-book in the Fitzwilliam Museum, 
Cambridge. Only the entries here reproduced were, in fact, made by Newton and the scheme 
is overwritten with the shorthand passage and elaborate list of accounts which open the reverse 
end of the notebook. Since the first date in the table of accounts is 23 May 1665, we may 
safely conclude that the present sine table (and probably also the preceding mathematical 
notes reproduced in 1, 1, §1) was composed no later than the spring of 1665. 

(6) The scheme for these ‘Sine Tables’ is entered in outline on the last 91 leaves of the 
pocket-book. (The pages are not numbered but the position of the following entries is shown 
according to their supposed pagination as 1'"-91’.) The sine canon was planned to be written 
on both sides of each leaf (0°-45° 0’ on the recto sides, 45° 1’-90° on the verso) with two pages 
given over to each degree of arc and with entries for each minute: precisely, x" is entered on 
ff. (2x+1)"/(2x+2)* while (45+4.)& is to be found on ff. (91—2x)¥/(90—2x)¥, except that 
89s is on 3°/4¥, (In each case 0’-30’ are intended to be set on the first side with 31’—59’ on 
the second.) 
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[31"] 15[2*] 

ol"), 25881, 90451 02520 “4, 

517 

[61] 30[8"] 

ol’), 50000, 0[0000 00000] 
[617] 60[8"] 

810 
[7] (7) 
0!"!, 86602, 54037 844386 / oo 


(7) Apparently, Newton intended to construct this canon of sines at intervals of one minute 
loosely on the lines of [1] and in response to Viéte’s expressed wish in the Auctarium to his 
Ad Adr. Romanum Responsum. (See Vieta: 323: ‘Est conditus canon sinuum per singula 
sexagesima scrupula partium quadrantis circuli in particulis qualium totus adsumitur. 
Querit aliquis summam omnium sinuum singulis scrupulis congruentium.’ Compare also the 
Corollarium to Anderson’s commentary on Viéte’s exposition of angular sections quoted in note 
(3) above.) The entries made in fulfilment of this intention are tantalizingly brief, but we may 
perhaps trace a pattern of derivation by bisection, trisection and quintusection with combination 


by application of the addition theorems where necessary. Thus: sin 30° = 4 and sin 60° -8 (as 


in [1]); sin 15° =sin (4.30°), sin3° =sin (¢. 15°), sin 1° =sin (4.3°); then sin89° = sin (90°—1°), 
sin 83° = sin (89°—2.3°) and sin11°=sin (15° —2?.1°); finally, if we suppose sin 1’ found by 
Anderson’s scheme as noted by Newton in [1] (see note (3)), then sin16’ = sin (2*.1'). 
(Note, finally, that in accordance with standard contemporary convention Newton tabulates 
integral values for the ‘sinus’ rsin @, where r is taken variously as 1014; 1015; and 1016 according 
as 6 takes on the values 16’, 1°, 89° and 3°; 83°, 11°, 15° and 30°; and 60°.) 
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5) 


THE THEORY AND CON- 
STRUCTION OF EQUATIONS 


[1665-1666] 


$1. THE IMPROVED RESOLUTION OF 
‘AFFECTED’ EQUATIONS 
[Early 1665?] 


From the original in Newton’s Waste Book! in the University Library, Cambridge 


The resolusion of y° affected Equation® x3 + pxx + qx+r=0. Or x8+ 10x?—Tx= 44. 


First having found two or 8 of y® first figures of y* desired roote viz 2 |2® 
(wh may bee done either by rationall or Logarithmical tryalls as Mt Oughtred 
hath tought,“ or Geometrically by descriptions of lines, or by an instrument 
consisting of 4 or 5 or more lines of numbers made to slide by one another w 
may be oblong but better circular)® this knowne pte of y* root I call g, y* other 


(1) Add. 4004: 64". The date is suggested by the writing style of the manuscript and its 
position in the Waste Book. 

(2) See 1, 2, §1.2. 

(3) That is, as we should now write it, ‘2.2’. The notation is taken from Oughtred’s Clavis 
(note (4)), but Newton in the sequel seems to prefer the notation of ‘2,2’. 

(4) See De Aquationum Affectarum Resolutione in Numeris = Clavis Mathematcae, ,1652: 110-51, 
especially 113-24, where Oughtred used logarithmical methods to lighten the calculation of 
powers of large numbers necessary in his technique for resolving numerical equations. 
(Compare 1, 2, §1, note (1).) 

(5) This method is elaborated in §2 below. 

(6) Newton described this machine for the numerical resolution of equations in a letter to 
Collins on 20 August 1672 (ULC. Add. 3977.10 = Correspondence of Isaac Newton, 2 (1960) : 229- 
31, especially 230: ‘The approximating y® roots of affected AXquations by Gunters line is 
thus....’) Essentially it is no more than an ingenious device for performing Oughtred’s 
logarithmic calculations (note (4)) manually. Three years later, in the early summer of 1675, 
Collins incorporated it in a general scheme for resolving cubics which he drew up in reply to 
Leibniz’ letter to Oldenburg of 20 May 1675 (NS) (=C. I. Gerhardt, Der Briefwechsel von... 
Leibniz mit Mathematikern, 1 (Berlin, 1899): 122-4). In his still unpublished draft In Answer to 
Mon’ Leibnitz’s Letier about Solving a Cubick equation by Plaine Geometry (British Museum. 
Add. 4398: 139'-140") Collins wrote (139%): ‘...7 M* Newton by helpe of the Log™es 
graduated on Scales that are to lye parallel, at equall distances, or by helpe of Concentrick 
Circles so graduated[,] finds the rootes of equations; 3 Rulers serve for Cubicks 4 for Bi- 
quadraticks &c, in the placing of these the respective Coefficients lye all in the same right 
[line], from a Point whereof, as remote from the first ruler as the graduated Scales stand from 
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unknowne pte I call y[,] then is g+-y=x. Then I prosecute y* Resolution after 
this manner (making x+/ in x=a. a+qinx=0d. b+rinx=c. &c.)® 


* A, Cage Xs ee eee by supposing x= 2. 


gn 2 Sema i? b= 94/2=% 
Againe supposing x=2|2. x+p=12,2); a+q=19,84| _ 
244/2 3968/2 
244 |2 3968 |2 
26,84=a 43,648 —b 


r®) 5 =00,352=k. h—k=9,648. That is y° 


pes r—b substracted from the former r— 0) there remaines 


difference twixt this & y® former valor of r—6 is } — 


& y® difference twixt this & y® former valor of x is 0,2. ‘Therefore make 


9,648:0,2::0,352:y. 
0,0704 
9,648 
valor of x makes 2,207 =x. Then w* this valor of x prosecuting y® operacon as 
before tis@° 


Then is y= =0,00728 &c. the first figure of w“ being added to y® last 


x+p=12,207 a+gq=19,94084 712) __ 5 — —0,00943388. 
85449/7 | 13958588|7 
244140 (020) 39881680 (020) 
24414 3988168 (2 
26,940849 =a 44,00943388=5 


each other, a right line is stretched over them with direction suited to the nature of the 
ALquation, Whereby on one of the rulers is given a pure power of the roote sought.’ Some time 
in June Collins passed his Answer on to Oldenburg and it was communicated to Leibniz on 
the 24th of that month. (See Gerhardt’s Briefwechsel, 1: 127-30, especially 130.) A year later, 
finally, during a visit to England in the middle of October 1676, Leibniz made notes on 
Newton’s original letter of 20 August 1676 (then still in Collins’ possession, presumably), and 
in particular, made a Latin transcript of the paragraph dealing with Newton’s machine. 
(Leibniz’ notes, now in Hanover, were first printed by J. E. Hofmann in his Studien zur 
Vorgeschichte des Prioritatstrettes zwischen Leibniz und Newton... (Berlin, 1943): 80, with a photo- 
copy inserted at p. 130.) 

(7) Newton has cancelled ‘Reduction’. 

(8) That is, Newton develops the present cubic x? + px? + gx +r = Oas (((x+p)x+9)x+r) =0 
for convenience of computation. In Newton’s example, p = 10, g = —7 andr = —44. 

(9) Correctly, ‘—r’. 

(10) Newton has cancelled a first multiplication of 12-207 x 2-207 in which by error he laid 
out the summation rows for a multiplier 702. 
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w% valor of r—b substracted from y*® precedent valor of r—b y® diff: is 
+0,36143388. Also y® diff[:] twixt this & y® precedent valor of x is 0,007. 
Therefore I make 0,36143388: 0,007: : —0,00943388:y. That is 


_ —5,903716 
~~" 36143388 


2 figures of w“ (because negative) I substract from y* former value of x & there 
rests x= 2,20684. And so might y® Resolution be prosecuted. 


= —0,0001633 &c. 


(11) Read ‘20’ correctly. 

(12) Again ‘ —r’ correctly. 

(13) Newton’s argument will be clearer if we set it in modern terms. If we suppose that 
y=f(x) is the defining relation of the curve ¢A’B’C’ with respect to the Cartesian coordinates 
Op=«x and pqg=y and that the curve meets the axis in D such that OD =X, we may consider, 


with Newton, a given set of values OA=a, OB=b, OC=c, ...which straddle OD=X and 
treat the curve (g) as a straight line to a first approximation. We may deduce from these 
assumptions that, where A and B are on the same side of D, 


OD x OB+(OB—OA) y — (or x = b+(b—a) sen) 


and similarly, where B and C lie on opposite sides of D, 


OX w OC—(OC-OB) cere pp (oF X ¥ ¢~(e-0) 7S“). 


In either case, using the divided difference notation 
fla, p) =12 ge ) and f(a, 7) = APD, 


we may write Newton’s two basic results succinctly as 0 = f(a, b, X) and 0 = f(b, X,c). It 
follows that Newton’s approximation method is strictly equivalent to rounding off a divided 
differences interpolation of f(x) in the given values f(a), f(b), f(c) &c after the first two terms, 
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§2, THE GEOMETRICAL CONSTRUCTION 
OF EQUATIONS. 


From the origina] in the Waste Book™ in the University Library, Cambridge 


May 30¢ 1665. 
Of the construction of Problems. 
The resolu. If ye Equation to be resolved bee yy § ay—bb=0. Or yy—ay+bb=0. in w% 
tion “ ~ y® roote of y* last terme (viz: 5) is knowne, they may 
ong , bee conveniently resolved by D. Cartes his rules.® 
Otherwise y* roote of y' terme must bee first extracted 


as in this yy—fy+q=0. Where I take In=54.0 


erect Imi in & from m y® point of intersection draw 
mr||in. y® rootes of y* Equation shall bee mg & mr. 
ln being y® radius & n the center of the circle. 

Or it may bee done thus. Let the Equation bee 
yy &py%q=0. Then in the indefinite line af take 


& soe describing y* circle smf 


ab= AF © erect the perpendicular db=c. And from 


(1) Add. 4004: 67-69", a revision with improvements and many additions of parts of Book 1 
and the latter half of Book 3 of Descartes’ Geometrie. There Descartes’ aim had been to give 
simple geometrical constructions for the real roots of algebraic equations up to the sextic as 
the meets of curves suitably defined in a Cartesian co-ordinate system. For him this geo- 
metrical resolution of equations was not a mere pleasing mathematical structure but a serious 
attempt at solution where contemporary analytical techniques had proved inadequate, and it 
became important to introduce the concept of a geometrically easiest method of construction. 
This seems the reason why in Descartes’ work (and, following him, in that of Newton) the 
circle occupied a primary position as the most easily constructible of all true curves. Similarly, 
we can see why the Cartesian parabola, constructible by Descartes’ parabola-linkage as a 
simple mechanical curve though analytically cumbrous, should be his second choice in the 
general scheme for the resolution of quintics and sextics. (See Geometria: Liber ur: 97-104.) 
In the present manuscript are to be found Newton’s own first researches in the field and, once 
caught, his interest was held for the rest of his life. Some half dozen years later he rewrote 
these researches as a lengthy unpublished tract (ULC. Add. 3963. 9) on the construction of 
equations, a summary of which he incorporated into his Lucasian lectures on mathematics 
(ULC. Dd. 9. 68: Octob. 1683, Lectiones 1-10: 216-51, printed in appendix to his Arithmetica 
Universalis (London, ,1707): 279-326: Aquationum Constructio linearis). (Compare C. B. Boyer, 
History of Analytic Geometry (New York, 1956): 95-9.) 

(2) See Geometria: Liber 1: 6-7, where Descartes constructs the equation y?—ay+b? = 0 as 
the meet of x—6 = 0 and x2+y2—ay = 0 (which are the Cartesian representing equations of 
a line and circle respectively). 
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y® point d towards b draw 


— ppQ4qt4ec( ppg .¢ 
de ER (= ER ETS) 
wth w“ radius describe y* circle edf & 
ae, af shall bee y* rootes of y° Equation.© 
Where note that any quantity may be 
taken for c, Soe yt y® operacon may 
thereby be made convenient, & to y' 
purpose the difference twixt db & dc 
must bee as little as may bee, (that is 


twixt ppQ4q & 4cc). soe yt y® circle intersect not (af) over obliquely. nor y* 
circle be over greate. 
As if I had this Equation yy + 6y—9=0. Or yy= —6y+ 9. Then must I make 


d=" +56. Then if I make c—6 it will bee 
d[c]=2 + 3=5=4}. Therefore I take 
1 3¢ 
capers: Soacineth bd=c=6 d= 45=—. 


And soe describing y® circle efc, I have one 
affirmative roote af, another negative ae. Or 
had I taken any other convenient valor for c as 
1, or 3. or 4 the line ae & af would still have 
bene y*® same. 


Had I this equation yy—8=0. or yy=8. Then is dem" +50. Or makeing 


d 


c=2, tis de—3. Soe yt since p is wanting I take ab=0. ad=c=2. d&=3. & 
describing a circle y* rootes will bee ea, af. 


(3) Read ‘4p’. 

(4) Newton constructs y2—py+g = 0 as the meet of x—./q = 0 and x*+y*—py = 0 (the 
line mgr and circle /gr respectively in his figure). 

(5) Newton went on to write ‘Erect y® perpendicular bc = eZ a4 4c G = aero) 


& wth ye Radius cd’, but quickly cancelled it. 
(6) The equation y?+py+q = 0 is constructed as the meet of x—c = 0 and 


25 4g+4¢2 
+ (yap (2* i )s 78 


which are the straight line aef and circle edf respectively in Newton’s figure (where the general 
point ¢ is defined with respect to the Cartesian co-ordinates db = x and be = $p+y). 
(7) In fact, af = 3(./(2) —1) and ae = —3(,/(2) +1). 
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° e . 1 ry ® 
Note y* if dc is negative or not greater then 50d y° circle cannot intersect y® 


line eaf & therefore y® rootes of y* equation are imaginarie. 
‘®Or they may bee construed by drawing streight lines onely thus. 

Let y® Equation be yy=2ay+). or y=a8~aa+b. First I divide aa+6é into 
square numbers (as few of y™ as may bee). (It may ever 
bee divided (though not) into (y® fewest) squares, by 
taking the greatest square out of aa+b & y° greatest out 

a b of y® remainder &c.) as if in numbers y® Equation were 
: yy=2y+4. Or y=18 V5. I take the square 4 out of 5 & 
there rests 1 w" is also a square. Then I draw ab=2=,/4. & bc=V1=1. & 
make ab 1 bc. soe is ac=5. to w* I add ad=1. & soe is de=y=1+4+V5. 

Were y® Equation yy=—4y+34. Or y=—28/38. Then is 38—36=2. 
- @-1l=1. & 38=36+1+1. w® are square 

numbers. Therefore I make ad=/36=6. 

adi de=J1=1. & draw aeLec=J1=1. & 

draw ac=./38. from w™ take ab=2, & there 
d rests be= —2+/38=y. 

Were y® Equation y= 6+ = & Ory= vee Find /15. & /7 as before, 
&c:4% 


c 


(8) The change in ink-colour suggests that the remainder of this section was added at a later 
date. 

(9) That is, the greater root of 7y*—84y+237 = 0. 

(10) Presumably the division ,/15/,/7 is to be effected by constructing geometrically the 
proportion ,/7:1 = ./15:./15/,/7, perhaps by similar triangles. 

(11) In his Modus generalis construendi omnia Problemata solida, reducta ad Aiquationem trium, 
quatuérve dimensionum (Geometria: Liber m1: 85-90) Descartes had shown how to reduce the 
general quartic, by a suitable transform of the roots, to the form z*—pz?+gz—r = 0, and this 
he then constructed geometrically as the meet of the circle x?+ (z+4q)? = 4[¢?+(p+1)"] +r 
and the parabola z?=x+4(p+1). (There are some slight variations in his method according 
as the coefficients p, g and r are each positive or negative.) 
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If y* Probleme be sollid it may bee readily resolved by the intersection of y® The con- 
Parabola & circle as D: Cartes hath shewed.?” Ifit bee of 5 or 6 dimensions it ecenepean 
may bee resolved by y® intersection of y® line y3— byy — cdy + bed+ dxy =0.9 Or Linear 
y® — byy + bed-+ dxy=0%) & y* circle when pp 19 4g. & g & v affirmative. as Problems. 
D:C: hath explained.“ Or it might bee done by y® intersection of a circle & 
one of these lines, viz y?-+ byy—hx=0 when y® equation is reduced to such a 
forme yt pp=4g. Or this y°+ byy+gy—hx=0. Or this y*+gy—hx=0, s being 
affirmative & p=0. Or this y3 + d—fyx=0whenp=0, & q & vaffirmative. &c.°® 


(12) That is, dxy = (b—y) (y?—cd), the ‘trident’ (as Newton was later to name the class of 
curves from their shape of a three-pronged fork). Descartes had given a simple mechanical 
description of this ‘Cartesian’ parabola in his Geometrie (=Geometria: Liber 1: 36-7) as the 
meet of a pivoting line and a freely translatable parabola. 

(13) Which is immediately reducible to the standard Cartesian form 


d(x—c)y = (b—y) (y?—<d). 
(14) ‘lesse y2’ (Barrow’s modification of Oughtred’s notation). 


(15) In his Modus generalis construendi Problemata omnia, reducta ad Aiquationem sex dimensiones 
non excedentem (Geometria: Liber m1: 97-104) Descartes constructed the general sextic 
y°— py’ + qy*—ry® +sy2— ty +v = 0 
as the meet of the trident 


n(x— +2) y = (4p—y) (2-25) 


and the circle x +( “) ms ( rear “3 + a)? 
_ ft "eee + 
where 2m = ag tutte and n?=—}p +q+3. 


The condition for real n is that p? <4(g+¢/vt) but the restricted form p? < 4q here noted by 
Newton is Descartes’ own limitation. (Compare Claude Rabuel, Commentaires sur la Geometrie 
de M. Descartes (Lyon, 1730): Livre 3°, Partie 5°: 566-77: Section 1, Fagon generale pour construtre 
tous les Problémes reduits a une équation, qui n’a point plus de six dimensions.) | 
(16) Newton constructs the sextic 
y® — py? + qy*—ry® + sy°—ty+v = 0 
under various restricting conditions: 
(a) When p? = 4g, the sextic is given as the meet of 
y>—tpy? = hx and h?(x*+y?)+hrx—tyt+v = 0, 
where h? = s+4pr. 
(b) More generally, it is given as the meet of 
y>—tpy?+gy = hx and (x—a)?+(y—f)? = Y+H—y, 
where g=4q—4p%, ah = 4(—pgtr), h? = s*—g*+p(ah), hb? = $t—g(ah) andy = o/h’. 
(c) When p = 0, it is the meet of y3+4qy = hx and (x—«)*+(y—/)? = a?+/?—/, where 
SIE AE eS Ace RE et ae Se 
ce ee ee er 
(d) Alternatively, when p = 0, the sextic is constructible as the meet of y?+vt = fxy and 
(x—a)?+(y—)? = a? + f?—y, where 


and y = 


ot+4dr 
q—t[ot 


t t 
i ~ Oulf and f= 
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AGenerall But all Equations in Generall may bee resolved by y® line a?x=y?,” after this 
rule wherby manner. First (making a=1) describe y® line x=y° uppon a plate.@® (as cadce. 


any Probleme , : 
: may bee in w ab=x. be=y.) Then suppose y® Equation to bee resolved bee 


resolved. y? * + my? As ny® + py? * qy* -- ry? + syyt+ty+v=0. 


c 


(in w% y? letters m, n, p &c: signifie y° knowne quantitys of each terme affected 
w‘h its signe + or —). I describe another line CdCe, whose nature (making 
ab =x, bC=y) is thus exprest x°-+ my xx+pyyx+syy=0. & letting fall 
+s +9 74 
p> > Fee | 
perpendiculars from every point where these two lines intersect as, df eg, they 
shall bee y* rootes of y* propounded Equation.*®) 
In like manner was y® Equation to bee resolved 
y2° «+ my8 + ny? + py + qy? +1y* + sy? + ty? + vy + w =. 
the nature of y® line CdCe would bee x4+- my x3 + pyy xx-+syy x+-wyy=0. Or else 
a es eee 
“7 “+—¥ 
it might bee y x®+ myy xx+qyy x+tyy=0. Or had I this Equation 
ap Se oe 
+p oe Soe 


y'9+ ly? + my8 + ny? + py? + gy? + ry? + sy? + ty? + vy + w= 0. 


(17) A cubic (or Wallisian) parabola. 

(18) That is, a template. 

(19) Newton thus constructs df, eg, etc., as the roots of the equation in y which is the meet 
of the cubic parabola x = y? and the cubic 


x8 + (my +n) x*+ (py? +qy+r)x+ (sy?t+iytv) = 0. 
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[t]he nature of y* line CdCe would bee, x*+-lyy x°+ pyy xx+syy x+wy?=0. 
+my +qy +y 
+2 Pr +0 


Or, y x3 + myy xx-+ qyy x+tyy=0. 
ee ea ry ey 
+p ie a 
Or it might bee, yy x8 +-nyy xx+ryyx+vyy=0. If y°* resolved Equation have 
+ly +py +sy +uy 
+m +q +t 
fewer dimensions[,] y' is if some of y® ultimate termes as, w, v, ¢ &c: (or inter- 
mediate termes as m, n &c: be blotted out) Or if y° Equation have more y” 
10 dimensions, the nature of y® lines CdCe to bee described may be known by y°® 
same manner observing y* order of y® progression. 

Tis evident alsoe yt there are 3 divers lines by w*" any Probl: may bee resolved 
unless some of them chanch to be y® same, the easiest whereof is to bee chosen. 
It appeares also how Equations of 2 & 3 dimensions may be resolved by drawing 
streight lines; of 4, 5, & 6 by describing some conick section; of 7, 8, 9, by 
describing a line of 3 dimensions; of 10, 11, 12, by a line of 4 dimensions, &c:@» 
but yet y is never above 2 dimensions & consequently all these lines may bee 
described by y® rule & compasses.@) 

(23)Had I this line y4=x, described on a plate & this Equation to bee resolved 
viz: 33+ ly!2% + ny! + py? + qy8+ ry? + sy® + ty® + vy4 + wy? + ayy+by+c=0. It 
might bee resolved by describing y* line whose nature is 

+y x3 + nyy xx+ry® x+uwy?=0. 
+l +py +syy +ayy 
+q +t +6y 
+0 +¢ 
A line of y*® 24 sort.2) Whereas by y® preceding rule was required y‘ a line 
of y® 34 sort?) should have beene described. 


(20) Where the general equation f(y) = 0 is to be constructed as the meet of x = y® and 
a secondary curve F(x, y) = 0, these three ‘divers lines’, say F,(x, y) = 0, F,(*, y) = 0 and 
F,(x, y) = 0, are the result of substituting x for each y? in f(y) = 0, yf(y) = 0 and y?f(y) = 0 
respectively. 

(21) For the cubic parabola x = y® meets an arbitrary curve F(x, y) = 0 of degree n in 3n 
points (not all of which, of course, may be real). (Compare Newton’s next paragraph.) 

(22) In the sense that, since the secondary curve F(x, y) = 0 is of the second degree only in 
y, it may be constructed by points merely by resolving the quadratic equation in y as 


y = $(x) t/[Y()]. 
(23) Newton first began this paragraph with ‘Those Equations of more then 9 dimensions 
may bee (though seldom soe)’. 
(24) That is, a cubic curve. (25) Or a quartic. 
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And here observe y* taking y* square number w“ is next greater y® y° number 
of y* dimensions of the resolvend equation, that Equation may bee resolved by 
lines, y° number of whose dimensions is not greater then the roote of y* sq[u]are 
number. And the rectangles of those numbers w™ signifie how many dimensions 
the lines have, may always bee greater or equall but never lesse y” y® number of 
dimensions of y* resolvend Equations. For y® number of points in w two lines 
may intersect can never bee greater y" y® rectangle of y* numbers of theire 
dimensions. And they always intersect in soe many points, excepting those w“ 

2 
+ 


are imaginarie onely. Soe that all Equations w* have noe more y® : dimen- 


12 


16 
sions, may always be resolved by the 


2 streight lines. [or] 
a streight line & a conick section. 
two conick sections. 
intersection of {a conick section & a line of 3 dimensions, 
two lines of 3 dimensions. 
a line of 3, & another of 4 dimensions. 
two lines of 4 dimensions; or by one of 3 & another of 6 dim: 
&c: 


but not by any simpler lines. (From this consider[acon] may Problems be 
distinguished into sorts.)@® It will often bee very intricate to resolve Equations 
of many dimensions by the simplest lines by w™ they may bee resolved & also 
for y° most pt will require a new description of two lines for every probleme. 
And then it may be often most convenient to use two lines whereof y® one is 
more compound y® other more simple & already described, As perhaps an 
Equation of 16 dimensions may bee more speedily resolved by two lines[,]| the 
one of 3 the other of 6 dimensions[,] then by two lines both of w® are of 4 
dimensions. 

But it will not bee amisse to shew more particularly how these resolutions may 
bee performed. And that firs[t] by y® parabola. 


(26) This is apparently Descartes’ aim in Book 3 of his Geometrie. (See especially his 
conclusion to the book=Geometria: Liber mur: 105-6, where in rather confused manner 
Descartes lays out the basis for a general classification, ‘reductis ad eandem constructionem 
Problematis omnibus ejusdem generis’.) 

(27) Read ‘latus rectum of the parabola’, 
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Suppose therefore I had y* parabola x= yy, exactly described & would resolve 
a plaine probleme[,] the Equation 


yy +ky+l=0. 


I take ag=l. gf=k. fh=1=l\lateri recto 
Parab:@) & so draw y° line gh & from y* 
intersection points d, ¢, draw db, ec perpen- 
dicular to y° axis gc. w“ shall bee y® rootes 
of y* Equation w are affirmative when 
they fall on y* contrary side to fh, but 
negative if on y® same, as in this case.@®) 

But were I to resolve a sollid problem 
the Equation being of 4 dimensions, I 
take away y* 24 terme, makeing it of this 
forme y*x+lyy+my+n=0. Then take 


ae=5. b=5) pq=sm. Then perpendicular to ap draw af=aqg. Also draw 


fk\lap, & from y® point of intersection k 
draw kh=n. lastly draw friap, & w™ 
the radius wr upon the center q describe 
y® circle tsm. (or, w® is y® same, take 
1—2/+ l1+-mm—4n 
esis Sade ‘aul ah 
y® perpendicular rw, w y® Radius rw 
describe y® circle ism) & from y* points 
where it intersects y® Parabola let fall 
perpendiculars to y® axis, (tv, nm) they 
shall bee the rootes of y* Equation[,| y° 
affirmative ones falling on y* contrary 
side to fg. when m is affirmative. 
If I would resolve y® cubick Equation 
y>+ky?+ly+m=0 (w® multiplyed by 


y—k=0 produceth y*« + lyy +my—km=0) I make ae=5. p=. p= tS. 


—kk —kl 


. & soe erecting 


(28) Newton constructs the quadratic y2+ky+/ = 0 as the meet of the parabola y? = x 
with the straight line x+ky+/ = 0. 
(29) y4+ly2+my+n = 0 is constructed as the meet of x = y? with the circle 
x®+y2+ (1—1l)x+my+n = 0. 


Newton has cancelled a further remark, ‘If n = 0, that is if y8x+ly+m = 0, then must the 
circle bee described w™ y® Radius aq; for then is wr=fa=aq’. 


~~ 
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Sk\lae. af=aq. kd=km®) And w* y® radius cg upon y® center q describe y° 
circle wi. Or else doe thus (since k is one of y* rootes of y® Equation 


+1 
ee dy py —me=0) 


make k=ab.. ar & draw bw|\ae (or make ar=kk, & wri ap) & describe a circle 
w'? y* radius wq. Then letting fall perpendiculars from y® intersection points, 


they (being y* rootes of y° Equation y*« ty ty—mk=0) shall all, except 


wr=k, bee y® rootes of y® Equation y°+ kyy+ly+m[=0]. 
This operation will bee much shortened when y* 2¢ terme is wanting. for y” 


; ok i 1 1 1 
since k=0. it will bee ae= 5. ep = Gl. bqg=gmn & 


aq y* radius of y® circle. 

And if y® last terme vanish that is if I would 
resolve this equation yy+ky+/=0. by y® inter- 
section of a circle & parabola I must take ums. 
en= a. m=". p=. & soe w'® y® radius ag 


upon y° center g describe a circle, & y° perpendi- 
culars from y® intersection points to y® axis (as iv) 
are y® rootes excepting one w® is equall to k. 
If I had y® crooked line [(]fig 15*[)] described 
Constructions whose nature is x=y°. & would resolve y* Equation y?« + lyy®)+-m=0. (calling 
ignite! ad=x, dg=y; Or alc]|=—x. ce=—y) I 
y¢24kind. take ab=m. bd=Il. df=1. & dfibd. & 
*=y". draw bf infinitely both ways. From y° 
intersection points (as e) letting fall per- 
pendiculars, they shall bee y® rootes of y° 
Equation y®« +lyy®)+m[=0]. as ce w 
in this case is negative because on that side 
on w y is negative.) 
Would I resolve this equation 


yy tky+l=0. 
(we multiplyed by y—k produceth yt) y—k=0) I take ab=Kl, (fig 2°) 


(30) That is, the coefficient km. 

(31) Read ‘+ly’. 

(32) Newton constructs y3+ly+m = 0 as the meet of the cubical parabola x = y® and the 
straight line x+/y+m = 0. 
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bd=1, dd=kk. df=1, & soe through y* points ) & f draw the streight line bfA 
(Or w“" is y® same take ab=kl. k=ah1ab. & draw AA||ab untill it intersect y* 
crooked line in A (i.e. untill hA=s*) & soe through the points A & 6 draw 


Abfe). Then from y® intersection points to y® axis letting fall perpendiculars 
they (being y* rootes of y* Equation y3« vk 0.) shall all, except fA=k, 


be y° rootes of y* Equation yy+ky+/=0.8% 
Would I resolve the Equation z*+ az°+bzz+cz+d=0. It may bee done by 
a circle thus. Multiply it by this Equation zz—az+aa—b=0, & it will produce 


28 x -+¢ z3+dzz—adz+aad=0, Of this forme z°* * + mz?+nzz+pz+q=0. In 
—2ab —ac +aac —bd 
+a? +aab —be 
—bb 
w“ (n) ought to be affirmative, & ifit bee not, y* augment or diminish y* rootes _ 
of y° Equation z*-+-az?+6zz+cz+d=0. & then repeate y* operacon againe 


(33) (y—k) (y2+ky+/) = 0 is found as the meet of x = y® and the line 
x+(l—k*)y—lk = 0. 


502 The theory and construction of equations [3, 3, §2] 


untill there bee an Equation of this forme z®* * +mz?+nzz+pz+q=0 in w® n 
is affirmative. Then (dividing this equation by /4:n® it is 


6 dee p ao ser 
hr me i OY na ‘. 


therefore) take ab = alk » bez — fre . & wt y* radius cd= e es : 
describe y* circle dk & y* perpendiculars (as dh ok) multiplyed by /4:n shall bee 
y® rootes of y® Equation.®) 


§38. CONSTRUCTION OF INFLEXION POINTS 


IN THE CONCHOID 
[Early 1665?] 


From the original™ in the University Library, Cambridge 


If vce is a Conchoides, g its pole, &c: ga=b. ae=lc=vb=c. ma=y. & c y* 
point betwixt its convexity & concavity, y" is y3+ 3byy * —2bec=0. (see [Cartes 


(34) That is, dividing the roots of the equation by nt. 

(35) In general, z6+az°+z?+6z+y = 0 may be constructed as the meet of x = z® and 
the circle x?+-z?+ax+fz+y = 0, and this Newton shows how to derive from the more general 
form z°+mz*>+nz?+pz+q = 0. 

(1) Add. 3958. 3: 70". Newton applies the techniques of the preceding section in con- 
structing the inflexion points in the conchoid (Descartes’ ‘prima Conchoides Veterum’, as he 
dubs it at Geometria: Liber 1: 49-50) as the meet of a given circle with the conchoid itself. 
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Geom:] pag: 259. lin:10.)© We Equation hath one affirmative roote (ma) 
referred to y* point c. & two negative rootes whereof y* greater is referred to y* 
lower Conch, & y® lesser (I thinke) uselesse to this question.® 


This construction was entered by him at the head of a folded manuscript sheet (Add. 3958. 2: 
70/71) which otherwise contains the revision, printed as Part I. 3, §4 above, of his early 
researches into the binomial theorem. The inference is that the piece was composed in the 
spring of 1665 and the writing style strongly confirms it. 

(2) See Schooten’s Commentarit in Librum II, O =Geometria: 258-9. If we take cm = z, we 
may then deduce that z*y? = (b+y)?(c?—y?), the familiar Cartesian defining equation of the 
conchoid. (The result follows directly from the relations cl:ma = lg:ag and la:ag = cm:mg.) 
In his commentary Schooten proceeds to find the meet of the straight line st (drawn through 
the fixed point ¢ on eag) with the conchoid, where te = v and the length of es = s (drawn 
normal to eag at the vertex e) determines its slope se/et = s/v. Immediately the defining 


equation of the line is s/v = z/(¢+v—y), or vz+sy—s(c+v) = 0. Elimination of z between 
this and the conchoid’s equation yields a quartic in y, whose roots determine the four meets of 
the line with the conchoid. The condition, finally, that st be tangent at an inflexion point ¢ is 
that the quartic should have a triple root, and this Schooten finds in Cartesian fashion by 
identifying the quartic with (y—e)?(y+f) = 0. It follows by elimination of e and / that 
y>+3by? —2bc? = 0, as Newton notes. 

On p. 258 of his commentary Schooten is careful to add a reference to ‘Nobilissimus 
D. Hugenius’, who had already given an equivalent geometrical construction for the inflexion 
points ‘[in] ultimo Problematum Illustrium, que de Circuli magnitudine inventis adjecit’. 
Huygens, in fact, had already found the analytical condition on 25 September 1653 (Cuures 
completes de C. Huygens, 12 (La Haye, 1910): no. xx: 83-6, especially 83-4), but almost 
immediately reworked it into the synthetic form in which he communicated it to Schooten, 
without the preliminary analysis on 23 October 1653 (Ciuvres, 1 (1888): no. 164: 245-6). 
A year later, likewise, when he inserted the construction in appendix to his De Circuli Magni- 
tudine Inventa he gave no hint of his prior analysis nor indeed any proof at all of the result. (See 
De Circuli Magnitudine Inventa, Leyden, 1654: Appendix, Christiant Hugenit Illustrium Quarundam 
Problematum Constructiones, Probl. vi1= CEuvres, 12 (1910): 210-15.) 

(3) Schooten (following Descartes) had in his commentary drawn only the upper shell vce 
of the conchoid, and it is apparently Newton’s insight that the lower branch v’c’e’ of the 
conchoid has exactly the same Cartesian defining equation zy? = (b+y)? (c?—y?) so that its 
points of inflexion also are to be found by the same cubical condition y?+3by*—2bc? = 0. 
Since all points on this lower branch correspond to negative values of the co-ordinate y, 
Newton correctly deduces that negative roots of this cubic determine its inflexion points. In 
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The rootes of this Equation may bee thus found by y* helpe of the described 
Conch & a circle. viz: Suppose ga=b. ae=lc=vb=c. ma=y. (as before) 
ao=s. oc=r. And thereby may bee found this Equation 


g trr—ss+bb—ce x yy — 2becy —bbec _ 
4 Q5-+2b = 


to bee compared w' y* former, (see pag 261 lin 20). But their rootes cannot 
become equall by reason of their third termes. Therefore I alter y* rootes of y* 
first equation, as, suppose I make y=z—b. Then is zx —3bbz + 2b? — 2bcc=0, 
To bee compared w' y* 24 equation: w“ cannot yet bee done w“out a contra- 

diction, there being but two unknowne quantitys, r & s to bee found by three 
Equations resulting from y® comparison of their 24 34 & 4 termes. But if I 


0, 


the case where, as in his figure, the conchoid has neither node nor cusp (and hence two pairs 
of real inflexion points) the greater of the two negative roots is readily identifiable with the pair 


of real inflexion points on the lower branch, but the smaller root (always greater in magnitude 
than ag) can have no real corresponding ordinate c’m’. In the case of the nodal conchoid (not 
noticed by Newton) both negative roots are greater in magnitude than ag and hence ‘uselesse 


to this question’. Finally, when ) = ¢ the conchoid has a cusp at g and the corresponding 
inflexion condition y? + 3by2— 253 = 0 yields y = —b or —b+5,/3: the root y = b(—1+.,/3) 
determines the inflexion point ¢ in the upper branch, y = —b determines the cusp g and the 
lesser negative root y = —b(+1+./3) has a purely imaginary corresponding ordinate 


z= +./[—3./3/2]. 
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4ccx —4bbx 
3bb 


Equation, the result is x? * 


, & substitute this valor into its place in y® precedent 


— 27b8x — 27)? 
16c4— 32bbcc +1654 32c4— 64bbcc + 325% © pst cs 
termes of w* being compared with y* termes of y* 24 Equation[,] y* 3¢ or 4% 
ais Tea g0bba 16) Pie 1ebt" Or 16¢c®—32bbc*+ 16b4cc = 275° + 27b°s. & 
p18 _ 3200 |, 16ce rr —Ss+bb—ce 

2705 275% 275 25+ 25 
r=v/ss+cc—bb=ov. THEREFORE from y°® intersection point v (made by y° 
Conch & a circle whose radius is ov & center 0) let fall vd ad; & ar=x=vd is y® 
roote of y® 24 & last equation. Which being found make 

_ 4ecx—4bbx 
eas 


make z= 


give 


—b=ao. Their second termes give 20. Or 


b® — am. 


Which was to bee done. 


(4) This idea of using the conchoid itself to construct the inflexion condition 
y®+3by?—2bc? = 0 

is due to Heuraet, and his rather inelegant solution was printed by Schooten, ‘Quemadmodum 
id ab eruditissimo ac prestantissimo Viro-Iuvene D. Henrico van Heuraet, Harlemo-Batavo, 
inventum fuit, mihique ab eo communicatum’, in his Commentarit in Librum II, O (= Geometria: 
259-62). In September 1653 Huygens had, after deducing the cubic inflexion condition, 
contented himself with a straightforwardly Cartesian construction of the cubic as the meet of 
a circle and parabola. (Compare his Giuwvres, 12 (1910): 84-6.) When Schooten in early 1659 
published Heuraet’s construction of the cubic as the meet of a circle with the conchoid itself, 
Huygens was quick to grasp the underlying felicity of the method and in August of that year 
set about cutting away the numerical complexity which encumbered Heuraet’s treatment. 
His resulting analysis and simplified geometrical construction, forgotten till the present 
century when his notes were published (in his Guvres, 12 (1910): 232-7), closely paralleled 
that of Newton, who concocted his own version wholly independently some half dozen years 
afterwards—indeed Huygens’ approach is exactly that of the revision which Newton made a 
couple of years later of his present argument (as we shall see in the next volume). 

(5) The circle (c) has radius oc = r and centre o in ae such that oa = s: hence its defining 
equation is r? = z?+(s—y)*. Elimination of z* between this and the conchoid’s equation 
zy? = (b+y)*(c2—y?*) yields the present cubic (as Schooten shows in Geometria: 256-7), 

(6) A reference to Schooten’s Commentarit in Librum II, O =Geomeiria: 261. 

(7) That is, their terms in y (which the first equation lacks). 

(8) Newton chooses z = Ax such that the equations 


Se ae oe eS 
wo s* +b? —¢?) y?— 2bc*y ORF 


2(s+) 
and z§ —3b?z + 26(b?—c*?) = 0 
may be identical when y = z. The condition yields immediately 
—2bc® —3b®A _ 4(c?— 5?) 
xe = 25068 —c8) andso A= p23 


(9) That is, z—0. 
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§4. OPERATIONS ON THE ROOTS OF EQUATIONS 


From the original") in Newton’s Waste Book in the University Library, Cambridge 


May. 1665 Concerning Equations when the ratio of their rootes ts considered. 
If to of y® rootes of an Equation are in proportion y* one to y® other as a to D 
Then ere y® termes of the Equation by this progression 


a® aa a® aa aa bb = a 


an by y® same progression augmented or diminished by any quantyty, as if it 
bee augmented by a it will bee een © ie $e td 
| | nie 2 op Fe 


8 3 pf 
hee be ee ee &c. Or were it augmented by a+) it 


3 ‘-- 
would be $+ j a+b. - oc PN ES "SY =e He 7-3] 
Then shall y* roote w™ is correspondent to (5) be a roote of y® resulting equation: 
but inverting y® order of y® progression, that roote w® is correspondent to (a) 
shall bee a roote of y® Equation resulting from such multiplication.® 

As for example did I know y* two of y* rootes of y* Equation 


—8xx+9x+18=0 


were in proportion as 1 to 2 & would I have y® lesser roote (viz yt w“ is corre- 
spondent to 1) I make b=1. a=2. And soe the progression will bee 28. 12. 


4.0. —2, —3. 5. &c. Or 30. 14. 6. 2. 0. —1. =. =. &c by adding 2. 


(1) Add. 4004: 55-56". Newton attacks the problem of transforming the roots of equations, 
presumably on the style of Descartes’ Geometria: Liber m1: 69-75, especially 75: Quomodo 
multiplicari vel dividi possint A:quationis radices, ipsis incognitis. 

(2) Read ‘two’. 

(3) Newton generalizes the rule for evaluating double roots in an equation which Johann 
Hudde sent to Schooten on 27 January 1658 (who printed it the following year as Epistola 
secunda de Maximis et Minimis = Geomeiria: 507-16). Indeed Newton will give below a modifica- 
tion of Hudde’s procedure i in proof of the generation of his own progressions, though these are 
more naturally derived in the following way: if we suppose that the equation 0 = vote ace") 


has two roots in the ratio a/b, then we may set 0 = )) (a,x') = (x—ak) (x— bk) f (x), 
0<i<r 
where f(x) is of degree r—2. Multiplying the roots by b/a, we may deduce that 


+= 3. (0) *) Bean (th) 1) 
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Or by adding one more it will bee 81. 15. 7. 3. 1. 0. [—]5. [-]f- [-]g. &e. 


By any of w® progressions y° Equation may bee multiplyed, as by y* 1°, 
x8 — 8xx+9x+18=0. W® produceth 7xx—24x+9=0. Or by y* 3¢ 


aes ; : 
- ——s x? — 8xx+9x+18=0, 


eer ee LS oes 


W produceth 7xx—24x+9=0. Or by the first Otherwise, by destroying y* 1st 
terme, x°—8xx+9x+18. W® produceth 16x*x—27x—63=0. &c[,] the rootes 
7 


0 —2. —3. = 


of w*® products are, viz: of y® first x5, & x=3. Of y® last x= -i. 
Then I conclude 8 to be y® lesse, & consequently 6 the greater of those rootes of 
y* Equation x3— 8xx-+9x+18=0. w are in double proportion. But was y* 


greater of those rootes desired y" inverting y* progression it would bee 


& x=3. 


8—S8xx+9x+18=0. Or x®—8xx+9x+18=0. 


| ee | = 4 -3 —3 —2 0 
The first producing 8xx—27x—126=0 whose rootes are x= = , «=6. The 
24 produceth 7x?— 48x + 36 =0 whose rootes are x =; ,x=6. And consequently 


6 is the greater & 3 the lesse of y* rootes in duplicate proporti6. 

If in y® circle adef af is y° diameter, ah a perpendicular to y*® end of it from 
w T would draw he||af, w should intersect y® circle in y* points d & e soe y* 
(de) bee triple to (hd), y* is he quadruple to fd. Then calling af=g. ah=y. 


i * The equation expressing y® relation twixt x & y is yy=x(g—x) or 


also has the root x—bk, and so therefore we have 


o= % (aL () -]*) = 56-2), 2, (L326) |) 
and more generally = O =A. 3 (a,[ Zo (5) + |); 


1<j<i-1 


where A and y are arbitrary constants. (Newton’s progressions arise by choosing 


b\? b\s 
a=(z’, fp=O0orl, and wp=—- DY [2 (z) |+48, ¢ = 0 orl) 
a —s<j<0 a 


(4) In fact, x8 — 8x?4+9x+18 = 0 = (x—3) (x—6) (x+1). 
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xx —gx-+-yy=0. y° rootes of w8 equation must be quadruple y* one to y° other: 
Therefore would I find (Ad) y® lesse roote I make 
b=1.a=4, And y* progression will be, 21. 5. 1. 0. 


-el—GT dee 2 oo 
os ae &c. by w y® Equation being 
multiplyed y® product is xx—gx+yy=0. Or x=<¢. 


eS 
Therefore drawing ab= 4, Or a= 50. from the 


point b, or ¢ raise y° perpendiculars db, or ce. & 
soe draw hde. 
Would I have dbec to be a square[,]| yt is db =de=y. Then to find hd I call it 

x & [e]kh=x+y=hd-+ de. Soe y'y’ lesse roote is to y* greater asx tox+y. Making 

therefore b=x, a=x-+y, The progression will be, Hi 38x+3y. Qe+y. x. 0. 

HX KK x 

x+y x+y KK Qxyt yy 

multiplyed. & it produceth xx—gx+yy=0. Or 2x°+yxx—gxx=0. Or 
2x-+y. x 9. 

—IQx+g= - & consequently —xx+ gx=yy=4xx—49x-+-g9. y'is 5xx = 5gx— gg. 
g/58g_ 1g = 

And x= “e8 [aise Or x= a =983 5 ig: And consequently Y= 7,8 


Or it might have beene done thus. x substracted from y* precedent progression 


©) By w® the Equation x*—gx+yy=0, must be 


it will be, x+y. 0. EN Geie . &c. by w y* Equation being multiplyed 


produceth, xx—gx+yy=0. Or xx+yx=yy. And by extracting the roote, 
K-+-4 50 —x 


y=5 ¢ [Bx ~xx. And therefore gx—xx= yy =7Hx8 x x, |B atta Or 


4¢—=10x 8 Qx/5. 


(5) Newton has cancelled a first draft of the succeeding argument, ‘Or, w+ Da + By. x+y. 


0. —-*% —* ty by w the Equation being multiplyed produceth xx _ gx, yy =0, Or 


4+ = x+y 0 
3+ yxx—yyx = 0, Ory = 5 a = eS, And consequently 
xx § Qxxa/5 + Bax 
—xXX + gx—YY = ee es 


b 


Or 4g = 10x 9x5. Or 
(6) Read ‘—5’, 


2g ae 
5YV5 
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OE Re Bhi pin OEE 
24/5 ar eee _ ts 


And therefore 
2g —2g ,—l0gt2ev5—10g+2eV5_ 2 _ _ the 
5a BB ial B eke 25+5/5—5/5—-108 J5 


Reductions of Equations may bee perhaps” performed by this method. As 
in that problem recited by D: Cartes pag 83,® viz: The square ad & y® right 


line s being given, to produce ac to e, soe y* ef drawn towards y* point b may bee 
equall to y® given line s. Putting df=x for y° unknowne quantity, ef=c, & 


(7) Newton first wrote ‘very often & readily’, but has rightly cancelled it. 

(8) See Geometria: Liber m1: 82-4, but Newton takes his figure from Schooten’s Commentarit 
in Librum III = Geometria: 310-15. 

(9) This problem has an interesting history and, as Descartes acknowledged (Geometria: 83), 
derives from Propositions 71/72 of Book vu of Pappus’ Mathematical Collections, which are in 
turn the 7th and 8th Lemmas given by him for the understanding of Proposition 8 of the first 
book of Apollonius’ lost treatise On Jnclinations. (See Pappus: Mathematica Collectiones (ed. 
Hultsch), 2 (Berlin, 1878): 782-3; also Paul ver Eecke’s French translation, La Collection 
Mathématique, Paris, 1933: 2: 605-8, and compare 1: Introduction: \xiv-lxv.) In his Book 1, 
Proposition 8, Apollonius discussed the construction of a segment EF of given length which is 
required to be ‘inclined’ through one of the corners B of a rhombus ABDC with its end-points 
E and F in the opposing sides AC and DC. Propositions 71/72 of Pappus’ commentary expound 
an ingenious construction, attributed to Heraclitus, for the present particular case where the 
rhombus is square: specifically the point G is constructed in BD such that GE is perpendicular 


510 The theory and construction of equations [3, 3, $4] 


bd=cd=a. The Equation will bee x*—2ax***%? 
having 4 rootes the Equation must have 4 divers resolutions, that is y* lines ac, 
cd, produced both ways indefinitely, there may bee 4 divers lines drawne 
through the point 5, whose parts intercepted twixt y° crosse lines lace, mdch, are 
equall to the given line s: And they are dzh[,] bfe, lbk, nbm. And therefore the 
rootes of this equation are (two affirmative) df, dh, (& two negative) dk, dm. 
Because bd=ab, hi=fe, Therefore ae=dh, ai=fd, an=dk, al=dm. Soe y‘, 


Sd :bd::ab:ae=dh=—. That is one roote (df) of this equation is to another 


xx —2a5[ x] -+a*=0.00 Wehr 


(dh) as x to =. Therefore I may multiply this Equation by this progression 


a* aa aa x xs xb 
i Ree ec ee a I 
ye ms 0, —x, —x 5 a And there resulteth 
x4 —2ax® — xx —2a®x + at =(, 
aa x? xe x8 
. 0. —— X ad 3 — ar er 
That is aax® + cox? — 2aax3 + 2a8xx + 2ax4—aax®—x5=0. Or, 
¢— 200? ™ aoe ot 0. 


—CC 


Which result is y° same w*" y* first Equation[,] the reason of w™ is, yt if I make 
a 


df=x then is dh=™. Or if dh=x, y* is f=—. Or if dk=x, y® is dm=—. Or if 


x 


to BFE. (Pappus’ proof shows in essence that, where EH is drawn normal to BDG, then 
BG? = BE?+ EG? (or BF*) and BG.BD = BF.BE,so that BG. DG = BE.EF+BF? = BE.BF 
(or BG. BD) +FE?, and finally DG? = BG.DG—BD.DG = BD?+FE?’, or 


BG = BD +./[BD*+ FE?].) 


A Cc E 


8 
TNs 


From the time of Federigo Commandino’s Latin translation of Pappus’ work (Pesaro, 1588), 
this problem of ‘inclination’ attracted considerable interest. Ghetaldi, for example, in his 
De Resolutione et Compositione Mathematica Libri V (Rome, 1630) and Huygens in the appendix 
to his De Circuli Magnitudine Inventa (Leyden, 1654) both considered the general problem 
synthetically, but it was Albert Girard who, in his Invention nouvelle en ’ Algebre (Amsterdam, 
1629), first applied analytical considerations in examining a numerical case of the particular 


B 
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dm =x then is dk =—. Soe yt y® relation twixt all y* rotes@*) being reciprocally the 


same & not Bistisieiiibind one roote from another, tis noe wonder if they bee all 
indifferently expressed in y® resulting Equation. Otherwise y* reduction must 
have succeeded.) 

Suppose 3 rootes of an Equation are in proportion to each other as a, J, c. 
Then if that roote w“ is correspondent to a be required, multiply y* termes 
of y° Equation by any of these Progressions 


ao 


+b+ce+a. 


3 8 
8+ bec+ bbce+-b ee hire. 


aa 


begs ees as ARbeer 


be’ be} 3=—bbce 
a® + ath +- atc + a°bb + a®bc+ a®cc 
Bes Sey te 
8 
9 + bbc+ bec OO OC+ oe ty tie or +a -+aab + aac 
aa a a bc 
a® + aab+-aac + .a®bb + a®bc+a%cc+ath+ at c [&c] 
be bbec 


example of the square. (See his Invention nouvelle: F3¥/[4]': Probleme d’Inclinaison. Girard was 
especially proud of his interpretation of the negative roots of the resulting quartic as allowable 
solutions of the problem: ‘& ainsi le faudra-t-il entendre de toutes solutions par moins [sc. 
negative solutions], qui est une chose de consequence en Geometrie, incogneue auparavant’.) 

(10) For, since ¢f = a—x and so ce = [a(a—x)]/x, it follows from ef? = ce?+cf* that 

= ([a(a—x)]/x)?+(a—x)*, or (x?+ a?) (a—x)? = c®x?, 

¢ yb? 

(11) Read aa 

(12) An orthographic variant on ‘rootes’, 

(13) With a little extra work the reduction can, in fact, be made to succeed. Since the 
equation (x*+ <a?) (a—x)? = c*x? is invariant under the transform x > a?/x, we may equate it 
term by term with (x—«) (x—a?/a) (x—) (x—a?/f) = 0, and hence, if we define 


F(p) = pta*lp 


for arbitrary p, we may deduce that f(a) +/(#) = 2a and c?= —f(a) x f(), so that f(a) and 
F(f) are the roots of z2—2az—c? = 0. It follows that a+a?/a = a+./[a*+c?], say, and 
B+a*/B = a—./[a?+c?], and so, if we resolve these quadratics separately, that 


a = $(at+./[a?+07]) + h/{c? — 20? + 2a,/[a?+07]} 
and B = t(a—[a? +0"]) +3. {c? — 2a? —2a,/[a? +07}, 


which are therefore the roots of (x?+ a) (a—x)? = c?x?. (Compare Geometria: Liber m1: 82.) 
The two roots a are always real, yielding the line-lengths df and dh in Newton’s figure; but the 
roots # (the lines dk, dm in the figure) are real only if /k = nm = ¢ > 2a./2, that is, twice the 
diagonal of the square abde (and if real they are negative). 
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3 aabb +-aacc-+bbcec + bc —ab—ac—be te 
a+aab+aac a a+tb+te — — 
a* +6b+bce+cc a4) (15) 
bc bac + bbe+ bee’ [&c] 


As if 3 of y® rootes of this Equation x* * — 35ggxx + 90g%x — 56g4[ =0] were to 
one another as 1. 2. 4. And I would find y* roote w is correspondent to 1. Then 
I make a=1, b=2, c=4, & soe I may have by y° first progression this + 7 


+1 7 +70 Pa 
ee er +14, 0, —1, 0, +2. 


+3 . &c. By y® first of w® y* Equation being multiplyed produceth 


+35. +7. +1. 0. 0. 


x4 «x —35gexx+ 909%x — 56g4*=0. 
35. 7. is 0. 0. 


That is 35x4— 35ggxx=0. Or xx=gg. & x=g.%% Or were it multiplyed by y* 
2¢ progression thus x4 * —35ggxx+90g°x—56g*=0. It would produce 


, ow 
0.—1. 0. 8° 392° 
i _ i _ 


Or x=g. Soe y* g being the least roote, y° other two rootes must be 2g & 4g."”) 
If it be desired to know y® length of y & z in this Equation 


x8 — yxx + a®x —aaz[ =0.] 


when y® rootes are in proportion as 1. 2. 4. I multiply it by y® precedent 
progressions & the results are x°—yxx+aax—aaz=0. Or Tx=y. And 
eee 0 0 
x3 — yxx +aax—aaz=0. Or 4x=7z. x8—yxx+aax—aaz=0. Or 14xx=aa. And 
] 7 


0 0 8 39 14 0 -1 O 
consequently 7x =—— Fan y= «fiat 1. ee == _ 7 (18) 


Likewise were the proportion of 4 or 5 or more rootes given I might set downe 
progressions to find them but it will bee better to set downe y* method of finding 


*+6bb+be+cc in a?’ 

os = bac + bbc + bee 

(15) Where ak, bk and ck are three roots of the equation 0 = >) (a;x'), it follows that ak is 
i 


a root of the equations 0 = >) (2 (7) «*) and 0 = }} (a (=) also. From this basis we 
i i 
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these progressions, And it is this. Suppose two of y* rootes of an Equation are 
as a to b. That Equation will bee of this forme xx = ° x-+ab=0, Or of some forme 
compounded of it; And if a corresponds to y® desired roote of y* Equation this 
equation roe int ab = 0 will bee of this forme aa ee a+ab. Then assuming two 
termes (as, a. 0.) & feining a third I have a progression z. a. 0 by which this 
equation being multiplyed produceth aa a at+tab=0. Or zaa—a’—aab=0. 
= 
£0 Bevan D 
And z=a+b. And soeI have 3 termes of y® progression viz: a+. a. 0, feigning 
a fourth terme [z] I againe multiply the Equation & the result is 


a 


aa _patab=0. 
ee x 
z.a+b. a. 


Or aaz—a’— 2a*b—abb+aab=0. And zaatb+—. Soe y' I have thus much 


of y® progression a+b42. a+b. a. 0. And by y® same proceding might 


continue it or get termes on y* other side of y* cipher. As if I multiply y* Equation 


by this progression a. 0. z there is produced aa = a+ab=0. Or a?+abz=0. 


a ee 
a 0 Z 
- —aa a —aa ; 
nd ke Againe multiplying y* Equation by 0. are It is 
aa _gatab=0. 
ee 
—aa 
ae 


may deduce Newton’s three progressions: for example, the general term of the first progression 


is 
a* b b\* C c\* 
Peo ee 
io (\ - aSee (\+ gateca 
~ (b—c)(b—a) \a (b—c)(c—a) \a]  (b—a) (¢—a) 
and Newton gives the terms for k = 4, 3, 2, 1,0, —1, —2, —3 and —4. 
(16) Strictly x = +g. 
Sees x4 — 35g2x2 + 9093x—56e4 = (x—g) (x—2g) (x —4g) (x +72). 


33 WHN 


514. The theory and construction of equations [3, 3, $4] 


4 3 se ee 
ota + abz=0, And [*—*_z, Soe that I have thus much of y* 


bb Db 
ee bb —aa —aa—a’ 

: (19) 
progression viz: a+ 5+ =e a+b. a. 0. es Tae 


Or 


The proceeding is [y*] same when y* proportion of 3 rootes to one another are 
given, but there may bee some difference®® when y* ciphers are far distant, as 
if there bee three termes betwixt them, then y* operation may be done thus. Let 
y® quantitys, w bearesuch proportion to one another as y° rootes doe, bee, a, ), ¢. 
let a correspond to y® roote w™ must bee knowne And y®" yt Equation will bee 


—a -+ab 
of this forme, a?—b aa+ac a—abc=0. or else compounded of it. Then assuming 
—c +be 


some quantity (as a) for one of y® termes of y® progression & placing it con- 
veniently (as®) now equidistant® from y® ciphers) feigne two other quantitys 
as z, y, for y* deficient termes And the progression will bee 0. z. a. y. 0. By w™ 
I multiply the Equation 


Pe Ps ee Or Ate ee 
—hb +a¢ be 
—¢ +c 


ee ee ae 


Soe that I have the progression. 0. z. a. a a . 0. by 


w% J againe multiply y° Equation & there results 


a® aa eh ee Sree ee —abc=0. Or 


aab + aac + abe — aaz—abz—acz 


| * @ 0 


(18) An incomplete first draft (where Newton considers three roots of the equation 
x3 —ax?+yqx—Fae = 0 
also to be in proportion as 1:2:4) is here omitted. 
(19) Newton generalizes Hudde’s technique (note (3)) for finding double roots, the 
particular case when a = 6. Since two roots of the equation are in proportion as a to b we may 
suppose it to be of the form 


O = > [p,x!(«— ak) (x—bk)] = > [p,x?+?— (a+b) kp, x*+) + abk*p; x‘). 
i i 
Hence, since ak is a root of the equation, it follows that, where A, 4 and v are three adjacent 
terms of Newton’s progression, 
O = Ap,(ak)**? — u(a +b) kp,(ak)'** + vabk*p,(ak)' 
and so, by eliminating the common term ,a‘kt+#, 0 = Aa?—y(a+b) a+ vab. 
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BA aabb +- aabc + aacc + abbe + abec + bbec 

~ aab + aac+ bba+ acc + 2abe+ bbe + bee 
in y® valor [of] y There will bee this much of y* progression 

aabb +-aabc + aacc + abbe + abce + bbc[c] 2 
© aab+aac+ abb + ace + 2abe+ bbe + bee * 
#4 aab + aac —a*— 2a*b — 2a°c¢ — aabb — 3aabc — aace — abcc 
be aab +-aac +abb + acc+ 2abe+ bbc + bec 
— a*hb — a®b? — a®bbc — atce — a8 bec — a8c3 
aabbc + aabec + ab8c + abc? + 2abbec + bce + bbc8 
The same done otherwise.@ 

Did I know y' 2 of y® rootes of this Equation x? *« —117x—324=0, were in 
proportion as 3, — 4.) Then I suppose one roote to be 3a, y°other —4a That is 
x—3a=0. x+4a=0. By one of w™ I divide y® Equation as first by x+4a=0. 
And y® operation is; 

x+4a)x® = —117x—324(xx—4ax+ 16aa—117=0. 
0 — 4axx —117x—324 
0 +16aax— 324 


. w“) valor of z substituted into its place 


Aad 


—117x 
0 —64a® [—324] 
+468a 
— 64a? + 468a— 324= 0? 
0 


Againe I divide y* Quotient by y* other roote x—3a=0. Thus 


x —3a)xx—4ax+16aa—117=0(x—a=0. 
O—ax +16aa—117 
0 +13aa—117=0 
0 


(20) Newton first wrote ‘difficulty’. 

(21) ‘it may bee’ is cancelled. 

(22) Newton first wrote ‘betwixt’. 

(23) Much as before, we may suppose the equation with roots in the proportion a:b:c¢ to 
be 0 = Si[p,;x*'(~— ak) (x—bk) (x—ck)] and so, where x, A, uw and v are four successive terms 


“7 
of Newton’s progression, derive the recursive scheme 
0 = xa®—A(a+b+c) a*?+u(ab + be +ca) a—vabe. 

(24) The writing in this final section is much larger than that of the preceding text and we 
may suppose it a later addition. 

(25) In fact x8 — 117% —324= (x—9) (w+ 12) (x—3). 

(26) Newton supposes that this remainder (—4a)*—117(—4a) —324 vanishes, but does 
not attempt to evaluate a thereby since it is essentially his original equation. 
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By y® last division I have this equation 13aa—117=0. Or aa—9=0. And 
a=3.@ Therefore y® rootes of y° Equation x8—117x—324=0 are, 3a=9=x, 
—4qa= —12=x. 

If I would have y & z of such a length y* y® rootes of this equation 


— 3yx-+gz=0 


be in proportion as +1, +2, —3.@% I suppose x—a=0. x—2a=0. x—3a=0. 
And soe first divide y* Equation by 


x—a)x® « —3yx+gz(xx+ax+aa—3y=0. 
O + axx— 3yx-+ gz 
poe 1-gz 
pit: el 
0+ a’— 3ay+gz=0. 
Againe divide this product by x—2a)xx+ax +aa—3y(x+3a=0. Lastly were 
0+ 3ax+aa—3y 
0+ 7a*—3y=0. 
it necessary I should have againe divided this quote x-++ 3a=0 by y® 34 supposed 
roote of y* Equation (viz x+3a=0). By y* 24 operation I find 7a?— 3y=0. Or 


: sot 
=9. And by y° first a— 3ay+gz=0. Or 18ay=7gz. say | 24 = 92. Soe y* 


If I make Gk 3y 4 —z, the rootes of this Equation x?— 3yx-+-gz=0 shall bee 
afs] 1.2. —3. 
But it would bee more readily done by y* Progressions.@ 


(27) Strictly a = +3. 

(28) The example is more than a little forced since, if two of the roots of x? —3yx+gz = 0 
are a and 2a, the third must be —3a. (For equation of (x—a) (x—2a) (x—pa) = 0 with 
x? —3yx+gz = 0 yields immediately, by comparing coefficients of x*, that a+2a+pa = 0, 
or p = —3.) | 

(29) The statement seems dubious in the extreme. 

(1) Two notes extracted from the loose sheet ULC. Add. 3958. 2: 31”. (Compare 2, $1, 1 
and 4, §2 of the present part.) The writing suggests a composition date in early 1665. 

(2) Newton extends Descartes’ rule of signs (Geometria: Liber mr: 70: ‘.. . tot in [unaquaque 
Equatione] veras [radices] haberi posse, quot variationes reperiuntur signorum + & —; 
tot falsas, quot vicibus ibidem deprehenduntur duo signa +, vel duo signa —, que se 
invicem sequuntur.’) to incomplete equations, making it the true equivalent of the modern 
rule that an equation has (at most) as many positive roots as there are variations in the signs 
of its terms when they are ordered by powers of the variable. In modern terms, since Newton’s 
example f(x) = x®+ax?—bx4—c has one variation and f(—*x) = —x®— ax’ —bx*—c none, then 
f(x) = 0 has at most one positive root and no negative ones. (Since the degree of the equation 
is odd, at least one root must be real and so Newton’s final statement is proved.) 
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§5. RESEARCHES IN THE THEORY OF EQUATIONS 


[1665-1666] 


From the originals in the University Library, Cambridge and in private possession 
1] 

An Equation wants 2, 4, 6 rootes &c for every 2 4 6 termes &c wanting 
together. And for 1. 3. 5 termes wanting together[,] y® next termes being 
affected wt y® same signes, as x° * + ax? * * —bx* * x x —c=0. wants 8 rootes.® 


If axxyy + bxxy + cxx+ dry +ex+f=0. Make x= & Then is, 
arryy brry + err+- drzy +erz+ {ZZ — 0,3) 


[2] 

For taking of unknowne quantitys out of intricate Equations it may bee 
convenient to have severall formes. Now suppose x was to be taken out of y® 
Equations ax°+bxx+cex+d=0 & fx8+gxx+hx+k=0. 

I feigne y* 3 valors of x in y* first Equation to bee —r, —s, & —t. Then is®) 
supposing a= 1, every * is b. every 77=bb—2c. every F=b8 —3bc+ 3d. rs=c. 
rrs=be—3d. r3s=bbe—2cc—bd. rrss=co—2bd. rss =bec —2bbd—cd. 


7353 — (3 3hcd+3dd. rst=d. rrst=bd. rst=bbd—2cd.  rrsst=cd. 
rsst—bed—3dd. rs8t=ccd—2bdd. rrsstt=dd. rsstt=bdd. 
8tt—cdd. 2P88—d3,o 


(3) Newton constructs the quartic in x and y as the meet of zx = r and the quadratic 
ary? + drzy + fz? + br’y+erz+cr? = 0. 

(4) ULC. Add. 4004: 83", a miscellaneous note on elimination of the variable between two 
given equations by interpreting their coefficients as homogeneous functions of their respective 
roots. 

Din 

(5) Newton first continued: ‘r+s+t= =. r+ss+ti= = r+ 58+ (3 = oo . 

ss a of their cubes 


: git ‘ . bb 
rs+rt+st = =. &c. that is y° summe of y° rootes is of their squares is 


. 
is ——s of their rectangles is - &c, that is.’ (Here, as in Newton’s succeeding 
discussion, there is some confusion of signs: presumably he intends +7, +s and +¢ to be the 
roots of ax? —bxx+cx—d = 0.) 

(6) That is, r+s+t. (7) Or, rr+ss+ tt. 

(8) Before each equation after the two first read ‘every’. Newton tables all homogeneous 
functions up to r3s8¢3 of the roots r, s and ¢ of x*—bx?+cx—d = 0 in terms of the coefficients ), 
c and d. 
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Or thus, every r+ =). rst=c. rr+=bb—2c. rstt+=d. rst =be—3d. 
3+ — 53 —3bce+3d. rrestt=bd. rrsst=cc—2Qbd. r®st=bbc—2cc—bd. 


r+ =h4—4bbe+4bd+2cc. rrsstt+=cd. rst*=bbd—2cd. rrrsst =bec—de—2bbd. 
rrssttt=dd. rsst+=bed—8dd. rsstt*=bdd. rs8t+=ced—2bdd. rs*tt* =cdd. 
73s878+ — 3, 7353+ — ¢3 — 3bcd + 3dd. 

Now supposing & (or any other quantity of y* second Equation) to bee an 
unknowne quantity, it must have 3 severall valors by reason of y* 3 valors of x 
in y° first Equation, & therefore x being taken away, k will bee of three dimen- 
sions in y® resulting equation. 

The 3 valors of k are +fr?—grrthr=k. & f8—gsst+hs=k. & fP —gtt+ht=k. 
Which I multiply into one another that they may produce an equation express- 
ing y® 8 fold valor of k: out of w™ equation I take out 7, s, ¢ by writing 0 for their 
summe, c for y® sume of their rectangles rs+rt+st. bc—3d for y° summe of all 
theire rectangles of this forme rrs (viz: for rrs-+-rrt+-rss+rtt+ sst+stt). &c as in 
y° Table. W™ substitution may bee most breifly done in y* said multiplication, 
thus; writing a to make up six dimensions. 


k—hr+grr—fr* 
k—hs+gss—fs8 Produceth 
*k—ht+gtt—fP 


a®k? — aabhkk + abbgkk — 2aacgkk — b®fkk + 3abcfkk 

— 3aadfkk + aachhk — abcghk + 3aadghk + bbcfhk 

— Qacefhk — abdf hk + accggk — 2abdggk — beefgk 

+ 2bbdfgk + acdfgk + c3 fk — 3bedffk + 3addffk =(), 
— aadh® +-abdghh— bbdfhh-+ 2acdfhh —acdggh 

+ bedfgh—8addfgh —ccdffh + 2bddffh+ addg* 

— bddfgg + cddffg — df? 


(9) And its powers a? and a® where necessary. 

(10) ULC. Add. 4004: 84". By numerical induction, it seems, Newton extends the results 
in [2] to the general algebraic equation. (Some ten years later, when he entered up some 
researches in finite differences around it, Newton cancelled the entire passage.) 

(11) Here, of course, the letters y and z denote constants. 

(12) Newton gives the familiar expansion of the coefficients of an equation in terms of 
symmetric functions of its roots. The property had already appeared in print as Definition 11 
of Girard’s Invention Nouvelle en l Algebre (Amsterdam, 1629), but it seems unlikely that Newton, 
whose grasp of French was weak (compare note (1) of the introduction to the Appendix on 
optics), had read the work and we may assume that the expansion is his independent discovery. 

(13) A first draft, unfinished and essentially the same as the text reproduced, is omitted. 
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[3] 
Of the nature of Equations. 


Every Equation as x8 ++ px? + qx® + 1x5 + sx4+ tx? + uxx+yx+z=0.0 hath so 
many roots as dimensions, of w“' y° summ is —f, the summ of the rectangles 
of each two +4, of each three —r, of each foure +5: &c: & of all together 
¢y z.42) 

Also y® summe of their squares[,] cubes &c is as followeth.¢* 


squares) + pp — 2q. 
cubes} — p3 + 369 —3r. 
sq: squares|-+ p*— 4ppq+ 4pr— 45+ 2qq. 
[sq: cubes]|— p* + 56°¢ — 5ppr-+ 5ps — 5t— 5pqq-+t Sqr. 
[cube-cubes]] + p°— 6p4q + 66x — 6pps + 6pt— 6v + 9Ppqq — 12pgr-+ 6gs— 2q°. 
[sq: sq: cubes]|—p’? + 7p°¢ — 7p*r+ 7p%s— Tppt+ Tpy—Ty. 
[sq: cu: cubes]| +8 — 86°q + 8p5r — 8645 + 8p3t— 8ppu + B8py — 82." 
Or thus 
If their sume is —p= —a. Then is y* sume of their squares ap —2q=6. of their 
cubes —pb+ga—8r=—c. sq[uJare squares pc—qb+ra—4s=d. sq: cubes 
—pd+qce—rb+sa—5t=—e. cube cubes +pe—qd+re—sb+ta—6v. &c 
Now of these rootes some are true some false & some imaginary@® 


(14) It seems clear that the present table is calculated from the coefficients of the octic duly 
expressed as symmetric functions of its roots. (Newton’s table halts at the summation of 
the eighth powers: the tabulation alters slightly when powers higher than the equation’s 
degree are summed.) However, it is obvious that operations on any set of symmetric functions 
of the same number of elements (here 8) are independent of the particular number of those 
elements, and the generalization is valid. There is no evidence that Newton ever thought it 
necessary to give the rigorous systematic derivation for an algebraic equation of arbitrary 
degree we now require. 

(15) ‘Newton’s equations’ for the sum of integral powers of the roots of the equation 


x — pxV-l 4 gxn—2 — ryen—B 4. send — fen—B 4+ yxn-6 | = 0 


expressed in terms of its successive coefficients. In general, where s, is the sum of the Ath 
powers of the roots of the equation 


x"-+ 3) [(—1)'p,a"-] =0, then (-1)'s,= B [(—])**19,5,-]-1, (r= 1,2,3,...50). 
1<icn 1<icr-1 
(Newton does not note, and perhaps does not yet know, the complementary form 
(—1)’s, = 2% [(—)r****p,5,-4] 
1<i<n 


for r>n. Compare G. Chrystal: Algebra (London, ,1926): 1: ch. xvi, 436-7.) 
(16) Newton breaks off but develops this theme in succeeding pages (reproduced as 
[5]-[8] below). 
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[a}0” 
To find the sume of y® squares cubes dec: of y® rootes of an Equation. 


If a, b, c, d, e, f &c be the rootes of y* Equation 
: x8 + px8 + gx4 + 1x3 + sxx +t ix+v=0.0% 
y” 1s 
a+b+c+d+te+f=p. (=g) 
a? + 62+ ¢2+ d?+ 62+ f2=pp—2q. (=pg—2q=h) 
a3 +- 53+ ¢3 4 d3+ e+ f8=63—36q+3r. (=ph—qg+3r=k) 
a*+b4 &c=pt—4ppq+4pr+2qq—4s. (=pk—gh+rg—4s=l) 
a® &c=p'— 5p? + 5pqq+ 5ppr—5ps—5qr+5t. (=pl—qk+rh—sg+5t=m) 
a® &c:= p> — 6p4q + 9ppqq + 6p*r — 1 2pqr — 6pps + Bt — 2g? + 37rr+ 6gs— 6v.4% 


[5yem 
Of Equations. 

Every Equation hath soe many roots as dimensions of w some may be true 
some false & some imaginary or impossible. 

If there bee none imaginary then the number of true and false rootes may bee 
knowne by y* signes of y® Equations termes: Namely there are soe many true 
rootes as variations of signes & soe many false ones as successions of y* same 
signes.2) When any termes are wanting®” supply their voyd places w +0. 

But if any roots bee imaginary,@® this rule soe far admitts of exception. Thus 
the signes of this Eq: x?—pxx+ 3ppx—q?=0. show it to have three true roots, 
wherefore if it bee multiplyed by «+ 2a=0 the resulting equation 


3 
A+ pr + poe —2pq2 =0 


(17) ULC. Add. 4000: 79", a variant on [3]. 
(18) The signs in the table which follows require the equation to be 


x8 — x5 + qxt — 1x8 +sx2-—ix+v = 0. 


(19) That is, pm—ql+rk—sh+tg—6v. In general, where s, is the sum of the kth powers 
of the roots of 0 = x"+ 3 [(—1)‘p,x"-‘], it follows that 
1<ign 


s, = ey t= 1)**16;5,-4] + ( =H 1p, (r <4 1, 2, 3, sis n). 
1<i<r-1 

(See note (15).) Compare Girard’s Invention nouvelle en  Algebre (Amsterdam, 1629): F 2". 

(20) ULC. Add. 4004: 85'-86r. 

(21) A restatement of Descartes’ rule of signs (note (2)) in the restricted case where all 
roots are supposed real. 

(22) This may contradict the previous assumption that all roots of the equation are real. 
(Compare [1] above.) The equation f(x) = 0 cannot have more (non-zero) roots than the 
sum of the number of variations in f(x) and f(—x). 
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should have three true rootes & a false one, but the signes shew it to have three 
false & one true. I conclude therefore that the two roots w“ in y® one case 
appeare true, & in y° other false are neither, but imaginary; & that of y® other 
two roots one is true y® other false.& 

Hence it appeares y‘ to know y° particular constitution of any Equation it is 
cheifely necessary to understand wt imaginary roots it hath. And this in some of 
the simplest Equations is easily discovered, thus in xx--ax+bb=0. both roots 
are imaginary if 4b) aa,®° otherwis both reall. And thus in x?—px—g=0 two 
roots are imaginary if 43C 27qq, otherwise all reall.@® But to give accurate 
rules for determining the number®” of these roots in all sorts of Equations 
would bee a thing not onely very difficult, but uselesse; because in Equations of 
many dimensions y® rules would bee more intricate & laborious to put in 
practise then to solve the Equations by lines®® or numbers.®*) Soe y* y® accurate 
determination of these roots is for the most part esilyest®® acquired by solving 
the Equations. 

But yet because the discovery of these roots is very usefull I shall lay down 
rules whereby they may bee many times discovered at first sight, & almost 
always without much labour. 

First y" ifin any three termes together y* two extreame termes having y* same 
signes bee neither of them as little or lesse (y* is as little or lesse remote from 
nothing) then y* terme betwixt them, conclude there are two imaginary roots.°) 


(23) Newton first added and then cancelled ‘ (because imaginary roots are properly neither 
true nor false)’. 

(24) An ingenious deduction from the fact that Descartes’ sign rule yields true upper 
bounds to the number of positive and negative roots. 

(25) That is, in modern notation, 45? > a. 

(26) This is a corollary of Cardan’s resolution of the reduced cubic as expounded by 
Descartes (Geometria: Liber mt: 93-5). Descartes there showed (following Francois Viéte) 
that the reduced cubic could be constructed as the ‘complementary subtense’ equation 

(sto) ~*(to) = pat 
/[/3] V[6/3]) pv [P/3] 
which for 43 > 27q? has the single real root x = 2,/[p/3]cos@, where cos (36) = son 


Conversely, by extracting the cube roots as conjugate imaginaries we may show that, for 
4p < 27q*, Cardan’s solution 


x = Yhq+/[4q?—ap7}}+ Mb — [40 —aP*]} 


yields three real roots. 


(27) Newton first wrote ‘species’. (28) See §2 above. 
(29) See 1, 2, §1 and compare §1 above. (30) That is, most easily. 
(31) Thus if ~ a +h,_4 gn—rtl + p,x"— + Pras xn—r—l +... 


are ‘three termes together’, Newton’s rule states that if |p,| < |p,,| and also |p,| < |,.,| 
then the equation0 = x,+  (p;x"-*) has (at least) two imaginary roots. Clearly, since the 
1<i<n 


weaker condition (p,)? < p,,,.p,-, is a consequence, the rule is a particular case of the 
following one. 
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Thus x8—3xx-+2x—4=0 has two roots imaginary because neither 3 nor 4 are 
lesse then 2. And y? like of x8—3xx—2x—4=0. And soe of x? +2x—4=0, or 
x8 + Oxx-+2x—4=0, because neither 1 nor 2 is less then 0. 

Secondly if uppon sight you discover three such termes together that the two 
extreames having the same signes their rectangle bee as greate or greater then 
y® square of the meane terme, conclude there are two imaginary roots.®” Thus 
in x8— pxx + 3ppx—q?=0 are two imaginary roots because 1 x 3ppL —px —f. 
And soe of x? — pxx + ppx— 2p? =0 because 1 x pp= —p xX —p. or 

—p x —2p°C pp x pp. 

Thirdly if 

First y" ye number of impossible roots is always eaven. If one bee impossible 
there must bee two, if three there must bee foure &c. And hence Equations of 
odd dimésions must have one roote reall at least. 

Secondly the number of reall roots of an Equation are not more then the 
number of its termes. Thus x5—3x4+4=0 can have but thre reall roots &# 
two must bee imaginary. Thus x4—2x+3=0 cannot have all foure roots reall 
& therefore must have two imaginary.®5) Hence are to bee excepted Equations 
w“h want all their odd termes as x®— 2x4-++ 3xx—2[=0]. And in this & such like 
cases write y for xx. And so many true roots as y® product y?—2yy+ 3y—2=0 
hath, twice soe many reall roots halfe true halfe false, & foure times soe many 
imaginary ones y* other x6 —2x*+3xx—2=0 shall have.®® 


(32) That is, if the general equation 0 = x” + > JA p,x"-) be such that $,_, $,.; > f?, then 


it has one pair of imaginary roots at least. We pei t be sure that Newton was able to prove 

this correct rule, but if so we may restore his argument with some confidence in the following 

way. Since the derivative f’(x) of the (simply continuous) f(x) = x"+ >) (p;*"-') can be 
1<ign 


4 
zero at only one point between any two adjacent real roots of the equation f(x) = 0, it 
follows that one real root at most of f(x) = 0 can lie between any two adjacent real roots of 
ED (x) = 0. (Geometrically, the continuous curve y = f (x) meets the axis y = 0 in one real 
point at most between any two adjacent maximum and minimum values of y.) Hence if the 
equation f(x) = 0 has all its roots real so must f’(x) = 0, and so more generally and con- 
versely, by repeating the argument r times, if the rth derivative f(x) = 0 has 2y imaginary 
roots, then the original equation f(x) = 0 must have at least 24 imaginary roots. Now the 
(n—r—1)-th derivative of f(x) is 
xrtl (n—7)! ] p; er 


n!} 
saspessiannsiimasaisiiias ot Feta Seer 
(r+1)! seidtin lesicm 
that is, if we substitute 
L Pras (n— | 41 (0-1) f, (n—7 +1) (n—1) pa ‘i 
—, ANT (yt ty tt ee es . 
y ey 4 Prt 2! ae 
Hence, if all the roots of f!"-*-"(x) = 0 are real, it follows that all the roots of 
—r+1) (n—r) pa 
rpg (OT) Pr —1) py i.e et r—l1 yrlt,, =() 
. Prat 2! ! Rs 


x= 
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Thirdly, if under the termes of any Equation you set a progression of fractions 
each having y* dimension of y® terme above it for its numerator & [y*] number 
denominating y‘ terme first second third &c®” for its denominator; & y” if you 
can find any three termes together so y‘ the rectangle of the first & last multi- 
plyed by the fraction set under the first bee greater then the square of the middle 
terme multipl[y]ed by y° fraction set under it: conclude there are two imaginary 
roots at least. Or if it bee equall to it in one case & not in all throughout y° 
Equation conclude also there are two imaginary roots at least. If equall in all 
cases throughout the Equation, conclude that all the roots of the equation are 


must be real and so the sum of their squares positive: that is, by the first of Newton’s formulae 
in [3] above, (@-94)"_2 (eo 1) (n—r) f.-1) 

Pr+3 2! Pra 
n—r+] 


must be positive, and so p> apa 


PpaPrsa > prs Prat 


Conversely, if ~,, 1, > $2, then at least two roots of f!"-’-"(x) = 0 are imaginary, and 
therefore d fortiori at least two roots of f(x) = 0. (The result is slightly stronger than the 
revised rule Newton will develop below when only one pair of imaginary roots is considered.) 

(33) Newton breaks off and cancels his text in favour of the revision which follows. 

(34) Newton has cancelled here ‘the other’. 

(35) An immediate deduction from Descartes’ sign-rule (note (2)) when applied to the 
incomplete equation. 

(36) For to each real root y = @ in the latter equation correspond the two real roots 
x = +./a in the former. 

(37) That is, in the ordering of the terms of the equation by decreasing powers of the 
variable. 

(38) Newton nowhere in his extant papers seems to have recorded the workings of his mind 
at this point, but we may, in fact, restore his derivation of this complex procedure on much 
the same lines as in note (32). Applying Hudde’s method of maxima and minima (p. 214) 
n—2 times to the equation 0 = x"+ yy (p;x"-'), we may eliminate all terms except those 

1<ign 


containing p,_,, p, and p,,, from its (n—2)-th derivative and hence evaluate it as 


(emt DNGR IN 9 ry (gar) ipa Soe, 


Now f(x) = 0 has ‘at least one pair of imaginary roots if (note (32)) fi*-4(x) = 0 has a pair, 
(n—r—1)! (r—1) ) 
ae ve when 


n—r—1 
r+] x z 


that is (on dividing out the factor 


(n—r+1) (n—1) p,4#?+2(n—1) 1p, x+7(7+1) p41 = 0 
has only imaginary roots. Immediately, a sufficient condition for f(x) = 0 to have imaginary 
roots is that 
n—r+l] 
r 


(n—r+1) (n—r) r(r+1) pya Pras * [(n—r) rp,]* or Pr-ibrsa > ate 


ie = n—r)r — 
(which is Newton’s condition). (Note that, since ay) < 1, this is a weaker 


n—r+1)(r+1) 
condition than that of note (32).) 
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equall.®® [fit bee greater or equall to it in two places of y* Equation & not in all 
places betwixt conclude there are foure imaginary roots at least. If it bee 
greater or equall to it in three places of y° Equation & not in all places betwixt, 
conclude there are six imaginary roots at least. And soe of the rest.@® 

Thus if the Equat® be x3 —3xx-+4x—2=0. 

28 Sap 2 1/16 

Then y® progress: is 3° 3° & because — 3x4) x —2x 5 (6)C 4x4~x (3) : 

I conclude there are two roots imaginary at least. 


Thus in x°— 6x?+6x—2=0. because —6 x —2x5 (12) =6x 6x5 (12) but 


+4 , 
rs ee 
1x6 xs (18) 1¢2—6x —6~x : (36[)] I conclude there are two imaginary 
roots. 
Thus in x — 6xx-+12x—8=0 because 1 x 12 x 3(36) = —6 x —6 x 1(36) and 
1 
a 3° 
also —6 x —8x1(48)=12x 12x ; (48) I conclude y¢ all the 3 roots are equall. 


3 


nai— 


(39) Ifin the equation 0 = x"+ )) (p;x"~‘) the equality a : Pi-afia = re p? holds 


1<i<n 


for each 7, 7 = 1, 2,...,n—1 (with p,) = 1), then, if we suppose p, = nP (ox (7) P), it 
follows that p, = — port, = (;) Pt. andin general, iff, , = ee :) Pl-1and p, = (") Pi, 
we easily deduce that 6;,; = ts 1) Pi+1, The equation reduces therefore to 


oz [()re] =r 


(40) A first statement of Newton’s ‘incomplete’ rule for enumerating imaginary roots. 
Newton’s argument would here seem to be that each separate occurrence of adjacent co- 


au aa bia > a p? (note (38)) marks a distinct 


efficients ,_,, p, and p,,, which satisfy 


pair of imaginary roots in the equation. Ifso, we have a classic example of the productiveness 
of a lapse in strict logic. No matter how many separate instances occur where the test is 
satisfied, we may rigorously deduce no more than the primitive consequence that the equation 
must have at least one pair of imaginary roots. And if we wish to develop a stronger con- 
sequence we must give it independent proof. Newton’s present rule is, in fact, universally valid 
but its rigorous justification was not forthcoming for almost exactly two centuries till Sylvester, 
using a result of Fourier’s, produced his brilliant but technically difficult proof of Newton’s 
more general ‘complete’ rule in 1865. (See J. J. Sylvester, ‘On an elementary proof and 
generalization of Sir Isaac Newton’s hitherto undemonstrated rule for the discovery of 
imaginary roots’, Proceedings of the London Mathematical Society, 1 (1865/6): 1-16 = Collected 
Mathematical Papers, 2 (Cambridge, 1908) : §84: 498-513. Compare also Collected Mathematical 
Papers, 2: §74: 376-479: On Newton’s Rule for the Discovery of Imaginary Roots (where Sylvester 
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But in x°+ 6xx-+12x—8=0, because 1 x 12 x 3 (36) =6 x 6x1 but 
1 


: See 3 


6x —8x1(—48) J12x 12x 5 (+48) 
I conclude two roots are imaginary. 


In x4— x3 + 2xx—2x+3=0, because by y® three first termes 
4 €:*2 ] 


Po 26 Be og 
4 3 (3 
1 x2x7(8)E —1 x—-l x5 (5): 
I conclude there are two imaginary roots at least, also by y® three last termes 


ee a5 ; (4)C —2x —2~x ; (1) therefore all 4 roots are imaginary“) unlesse the 


like happen in the three middle termes. I try therefore & find 


3 2 /8 
1x -2x5 (3) 2x23 (5) 


& soe can conclude but two rootes imaginary. 
In x*—x34+-3xx—2x+3=0 because 1x3 x : (12)C —1x —1x - (5) and 


ae an a: a 
= 2° 3° 4° 
2 1 3 2 
also 3x3x3(6)0 —2x —2x7 (1), but not —1x —2x5(3)E 3x3x3 (6). 


Therefore I conclude all four roots imaginary. 
In x7 *+45— 2x44 3x3— 3x2—2x—1=0. because the three first termes give 
7 O-o=-4 3 2 1 : 
1 ° 2 s 3 e 4 ° 5 e 6 e 7 ° 


proves the ‘incomplete’ rule for equations up to the quintic) ; and §108: 704-8: On an elementary 
proof of Sir Isaac Newton’s hitherto undemonstrated Rule. . ..) The proof of the restricted result given 
in note (38) is essentially that of George Campbell (expounded in his ‘A Method for deter- 
mining the Number of impossible Roots in adfected A.quations’, Philosophical Transactions, 35: 
no. 404 (October 1728), 1: 515-31) and was widely accepted in the eighteenth century as 
rigorous, though of course it can never show the existence of more than a single pair of 
imaginary roots. (Compare Colin Maclaurin, A Treatise of Algebra (London, ,1748): Part un, 
chap. x1, Of the Rules for finding the number of impossible Roots in an equation = ,1788: 274-85, 
especially 279-83.) However, at the end of the century Waring pointed out the inadequacy 
of such a proof: ‘vulgares enim demonstrationes solummodo probant impossibiles radices in 
data zquatione contineri; non vero quod saltem tot sunt, quot invenit regula’ (Meditationes 
Algebraicea. Editio tertia recensita et aucta (Cambridge, 1782: xi)). 

(41) Read ‘ —3’ simply. 

(42) ‘lesse y”’. 

(43) Newton first wrote ‘there are two more imaginary roots’. 
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Ixlx- (7 \C Ox0~x : (0) there are two imaginary roots. Also the 3¢ 4t & 5t 
terme give 1x3x-<= 5 (5) [C —2x —-2x- z(4 )] therefore since by the 2¢ 3¢ & 4t 


terme tis 0 x Sys 


Also by y® 4" 5t & 6 termes I find —2x —3 x5 (6) C3x3 xe (=) but thence 


(3) I conclude there are 4 roots imaginary. 


nothing can be concluded because those three termes are of the same condition) 
wth ye 34 4th & 5¢ termes w™ 7 ea ca precede them. Lastly I find by the 


three last termes —3 x —1x-= (1 \C — ax 2x5 (5 5)3 And by the termes 


3 


preceding them 3x —2x P (_ =) “J—3x —3x : (3): Therefore I conclude 


there are two more imaginary roots; y‘is in all 6 & but one reall. 
Thus in litterall Equations, if x? —pxx + 3ppx—q?=0, because 
a een 
Ss 3 
1x 3ppx- = (app) —px —PXs5 * (£6) 


therefore what ever numbers are taken for p and q two roots shall bee imaginary. 
And soe of the rest. 

This rule may be otherwise thus exprest. Over y® termes of y® Equation set a 
series of fractions each having y® dimensions of the terme under it for its 
numerator, & the number denominating y* terme first, second, third &c for its 
denominator.“ Then in every three termes observe whither the square of the 
middle terme multiplyed by the fraction above be greater equall or lesse y” y° 
factus of the termes before & after it multiplyed by y* fraction over y® terme 
before it. If greater write y® signe + underneath; if equall or lesse write the 
signe — under=-neath y* middle terme: & lastly set + under y° first terme of 
y® equation. Then observe how many changes there are from + to — & conclude 
that there are soe many paires of imaginary roots. Unlesse all y* roots bee 
equal].@6) 


(44) Specifically, of greater inequality. 
(45) That is, as before, over every term p,x"-" of the equation 0 = x"+ >) (p;x"-') we 
1<i<n 
must set the fraction (n—r)/(r+1) (and correspondingly over x” the fraction n/1). 
(46) Newton considers the model in which the arithmetical signs ‘ +’ and ‘—’ denote the 
complementary cases where 
9. n—rt+l 
r+] ee # r 
respectively. 


n—rTr n— =the 
pi PF < 


Py-afr41 and where 


Py Pr+t 
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3 2 1 4%: 2 2 1 
Lk sid bis O83 5A 

Thus x®—3xx+4x—2=0 hath 2: & x*—x°+3xx—2x+3=0 hath 4 
+. +. -. -_ —, -S. —. 


imaginary roots. 
If you would bee more exact set downe after their signes the differences of y® 

said squares & rectangles. And then if you see three differences together w® y* 
same signe soe y' y° square of the meane diff: bee lesse then y* rectangle of the 
other two change the signe of the said meane difference.@” 

eee 2 1 

1 ° 9 ° 3 e 4 : 
Thus if x4 —x3+ 2xx—2x+3=0. becaus — Fas x —3 (=) & =3 x 19 (5) 


4 3 3 \9 
4 23 ] 
= eaten ka tas 
+7 1° 3. 
oe ges eee 


I change the signe of = & soe the signes +. —. +. — shew all foure roots 


imaginary. 

If you would bee yet more exact, augment y° roots of the Equatié the more the 
better, & at least soe much as to make them all true. then set y° afforesaid 
differences w*" their signes underneath as before. And under them the progress- 
ion of fractions squared. Then if you see three differences together w'® y* same 
signe soe y* y® square of the middle difference multiplyed by the fraction under 
it bee not greater y" y* rectangle of the other two differences multiplyed by y°® 
fraction under the first: change y* signe of y® middle difference.” 


[6] 

Any Equation being propounded, set downe a series of so many fractions 
as y° Equation hath dimensions, whose numerators & denominators are a 
progression of units backward & forward. Divide each fraction by y‘ p"ceding 
it & set the quotes in order over all y* middle termes of the Equation.©? Then 
observe of every middle terme whither its square multiplyed by y* fraction over 
it bee greater equall or lesse y" y* rectangle of y* two termes on either hand. If 


(47) These observations would seem to be highly empirical, and we leave their ultimate 
justification or disproof for a second Sylvester. 
(48) Read ‘—13/2’. Newton perhaps calculated (—1)? x (3/2)? —2 x (4/1) in error. 
(49) Add. 4004: 86"/86’, a revised (and simplified) version of [5]. 
(50) That is over the term $,x"-" of the equation 0 = oi a ys (p,x"-') is to be set the 
<ign 


ps n—r [n—r+1 r(n—r) 


rtl1/ or (r+1)(n—r+1)° 
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greater write + underneath, if equall or lesse write —.6 Lastly set + under 
y° first & last terme & there shall bee soe many impossible roots as there are 
changes of signes. Unlesse it happen y'* all y® roots are equall, for &c:® 
oa 4 
7 e 2° 3 ° 


Thus if x8—3xx+6x—4=0. The series [of] fractions will bee & 


dividing ; by 4 & ; by : their quotes will bee + =) to bee set over y*® middle 
danas 
a 
termes of the equation thus. x'*!—3xx+6x—4=0. Then I observe in y® 24 
< eer ee 
terme that —3 x —3 x ; (3) is lesse then 1x 6 & therefore I write — under it. 
so in y® 3¢ terme I find 6x6x+ (12) = —3 x —4(12), therefore I write — 


3 
under it. Lastly seting + under y® first & last terme I find two changes of 
signes & soe conclude there are [two impossible roots. ] 
Thus if x5—4x*+ 4x3—2xx—5x—4=0. The series of fractions will bee 


§ 4321 se Se eo 24 3-9 
T3308: And dividing 5 by 5 & 3 by 5 &c there results 5°9°9°5 bee set 


2 1 1 2 


ert teers ome 
over y® middle termes of the equation thus *°—4x4+ 4x3—2xx—5x—4=0. 
fee Soa tre ctho “Pee 
2 


Then in y® second terme I find —4 x —4x P (=) C1 x4 (4): therefore I set + 
under it. In the third 4 x 4[ xI5 (8) = —4x —2(8): therefore I write —. In 


the 4% ~2x —2x5 (2) 4[ x] —6 (—20) therefore I write +. In y® 5 


(51) By a slight modification of the previous rule in [5] (note (46)) the signs ‘ +’ and ‘ —’ 
are to be entered according as 


r(n—r) : r(n—r) 2 
(r+ 1) (n—r41) Py > PraPray OF (r+1) (n—r+1) Pr S Pra Pra 
respectively, 

(52) This statement of the ‘incomplete’ rule for enumerating imaginary roots is essentially 
that expounded in [5] above, and indeed differs only in the construction of the multiplying 
fractions. A decade and a half later Newton inserted a brief account of the test in his Lucasian 
lectures (ULC. Dd. 9. 68: 155-8 = October 1681, Lectiones 6/7) together with (pp. 158/9) a 
sketch of the more general ‘complete’ rule, and this passage, duly printed in the Arithmetica 
Universalis (London, ,1707): 242-5 has been the sole source for all later commentary on the 
rule. 
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—5x —5x= (10) —2x —4(8) therefore I write +. lastly under y° first & 

last terme I write +. And soe finding two changes of termes I conclude two 

roots to bee impossible. 

3 4 

8 9 

Thus in x4-+ 0x3 — 6xx— 3x—2=0 two roots are impossible. 
wad 4+ Sothe ont ie 


. 
8 


] 1 
3 8 
In «3+ Oxx + ppx —q?=0 two roots are impossible. &c. 
eg EG 
1 1 
ae 
In x®—6xx+12x—8=0 All y® roots are equall.©® 
3 ae Gee an 


Sometimes there may bee impossible [roots] not by this meanes discovered, 
w° if you suspect, augment or diminish y° roots of the Equation a little, not soe 
much as to make them all affirmative or all negative, or at most not much 
more.“4) & try the rule againe. And if there bee any impossible roots twill 
rarely happen y* they shall not bee discovered at two or three such tryalls. Nor 
can there bee an Equation whose impossible roots may not bee thus dis- 
covered.©°) 

Thus if x®—3ppx—3p?=0, in w® noe impossible [roots] appeare®® I put 
x=y—p & the result is y3—3pyy—p?=0 in w two appeare,®” Or if I put | 
x=y—2p the result is y3— 6pyy + 9ppy — 5p? =0 in w® also two appeare.®) 


(53) Since (note (39)) 6x6x4 = 1x12 and 12x12x4 =-—6~x —8. 

(54) This observation, presumably wholly empirical, conflicts with his previous statement 
in [5] that ‘If you would bee yet more exact, augment y* roots of the Equatio the more the 
better, & at least soe much as to make them all true’. 

(55) In the restricted sense that the test will always show whether or not an equation has 
all its roots real this is an immediate deduction from note (38). The wider sense that the rule 
will, after suitable trials, invariably (at least once) indicate the full number of imaginary roots 
must surely be an empirical generalization. 


$ 
(56) xs « —3ppx —3p* = 0. 
+ + + ~ 
, - 4 
(57) Since ys —3pyy * —p>=0. 
+ + = + 
$ 3 
(58) For y> —6pyy +%9ppy —5p*? = 0. 
— + - + 


34 WHN 
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Thus if x5 + x4— 4x3 + 5xx—2x+1=0, Iset y°signes + & — under it as before 
ae es BE, Feet = 

and find two imaginary roots & to try ifit have any more I suppose x=y+1 & 

y® result is x5+ 6x4+ 10x? + 9xx + 5x + 0.09 

Now by this rule false roots may bee often discovered at first sight; as if you 
see a terme wanting twixt two others of the same signes, or if it bee greater then 
neither of those two or its square not greater then their rectangle; conclude 
there is a paire of impossible roots at least & set the signe — under y‘ terme. 
also set y® signe + on either side the term wanting. 

As in this x7 + 0x8 + 2x5 — 2x44 3x8— 4xx+6x—2=0. In w* it appears there 

ee i “5 ae 
are 4 if not 6 impossible roots. 

If there bee two or more termes wanting set signes under them successively 
begining w‘» a negative, only end w*! an affirmative if the terms on either hand 
have contrary signes.©2 Asin x5+ax4* « *+a5=Osoinx®+axt« « *—a°=0. 

se eer mets pe 
The first shows 4, y* last two roots imaginary. Soe in 


x10 xe +8 % x —3x 2x & & & —6=—0. 
+—+—-4+ 4+ —-4+-4+ 4+ 


w“ hath 8 roots imaginary. 


[7] 

To know how many reall roots an Equation hath: Take a series of numbers 
gradually increasing, tis noe matter whither in any regular progression or not. 
Substitute them successively into y° Equation & set y® signes of the resulting 
quantitys in order & put + to both ends if y* Equation bee of eaven dimensions, 
otherwise put + to that end resulting fro y* greatest quantitys substituted + 
& — to y® other. 


(59) Read ‘y5+ 6y4+ 10y?+ 9yy+5y+2 = 0.’ Since 


ee eee er 
y> + 6y4 + 10y? + 9yy + 5y+2 = 0, 
+ + - = = + 


the rule again shows only one pair of imaginary roots. 
(60) For if either of p,_1, £4, be zero, it follows that 


r(n—r) - 
(+1) (n—r+1) pi > 0 = py-1 Prat 


(61) In full the sequence of signs should be + — + — — — + +. 
(62) This is required in order to make the rule consistent with Descartes’ sign-rule when 
applied to the incomplete equation. 
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Example. if x8 —9x*?+6x-+1=0. writing 1. 0. —1 for x there results —1, +1. 
—15. The signes are therefore +, —, +, —, —. w argue three possible roots. 
Thus if x4— 4+ 2=0 writing 1. 0. for x the signes produced are + —+-+ w™ 
argue two possible roots, y®° other two being imaginary because of two termes 
wanting together. If x®—3x4+4x%—1=0. writing 2. 1. 0 for x y® signes will bee 
+—-+—-— w argue 3 possible roots.) 

Note y[*] w" small numbers as 1 or 2 are to be substituted you need not make 
any exact computation but only in your mind to know w‘' the signes of the result 
would bee. But to substitute 3, 4, 5 &c observe this rule. If y® equation bee 


x34 ax2+ bx+c=0. Then x+axx:+b xx:+c is y° quantity. or 
Fax a+b4£,00 


Note also that by this meanes the limits of y* rootes are [found]. For they fall 
twixt those substituts w° produce divers signes.®”) 


To know y? limits of an Equation. 

If x8-++ px? + gx8 + 1x8 + sat tx8 + ouxx+wx+y=0. Make p=a. pa—2q=6. 
pb—qa+8r=c. pec—gb+ra—4s=d. pd—qe+rb—sa+5t=e. 
pe—qd+re—sh+ta—bv=f. pf—ge+rd—sc+th—va+Tw=g. 

pq—9f+re—sd+ic—vb+wa—8y=h. &e. 
Or if p=0. make —2qg=). 4+-3r=c. +2qq—4s=d. —5qr+5st=e. 
8rr— 293+ 6gs—6v=f. Tqqr—Tgt—Trs+Tw=g. [&c.] 


Then is a y® summ, d the sum of y* squares, ¢ y° summe of y* cubes &c: of all 
the roots.®) Therefore if noe roots be imaginary ,/b is greater or more distant 


RoR ern 


(63) From the recto side of a sheet, now in private possession, which once formed f. 87 of 
the Waste Book (ULC. Add. 4004). 

(64) Read ‘from’. 

(65) Newton uses the continuity axiom (note (67) below) that y = f(x), assumed simply 
continuous, has (at least) one zero in the interval xe[a, b] where f(a) > 0 > f(6). His full 
rule makes implicit use of the property that, in equations of even dimension, 


floc) = f(—2) = +00 
and correspondingly in equations of odd dimension f(co) = —f(—0) = +00 (where Newton 
assumes f(x) of the form x" ov 2; (ha). 
<ign 

(66) Compare §1 above, especially note (8). 

(67) Newton cites the continuity axiom which states, in modern terms, that any continuous 
function f(x) has f(a+6(b—a)) = 0, where f(a) > 0 > f(b) and #e€[0, 1]. 

(68) See section [4]. 

34-2 
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from nothing then any root or more exactly J : 69) If but two roots be imaginary 
then is ,/4:d y® greatest limit) or ,/() 


[3] 
To solve numerall Equations by divisors of one dimension. 

Find all the divisors of these three numbers, y* aggregate of the knowne parts 
of the termes, y* last terme & the difference of y* known parts of the termes of 
eaven & odd dimensions. And if you see a progression of divisors differing by 
an unit take y® middle most & add it to x if y° first divisor is greatest, otherwis 
substract it & try to divide y° Equation by y‘. If there bee noe such progression 
or if none of them succed, y*® reduction by a divisor of one dimension is 
impossible. 

Or thus. substitute 1. 0. —1 for x. find y® divisors of the results. Add & 
substract them from 1. 0. —[1]. respectibly [&] if you see y° same number 
in all three result[s] chang its signe adnex it to x & try the division.) 

Example. If x8 —xx—10x+6=0. I find y® divisors of 


4, cone Pe ey 
6. [ware] 1, 2, 3, 6. And seeing y* progression 4. 3. 2. among them, I 
14. 1, 2, 7, 14. 


try the division by x+3.® 
So if x4— 15x3+ 57xx—77x+70=0. The diviso™ of 
$6, 1; 2°3, 4/6; 9, 19, fs, 3@ 
70, are 1, 2, 5, 7, 10, 14, 35, 70. where I see 
220, 1, 2, 4, 5, 10, 11, 20, 22, 44, 55, 110, 220. 


these progressions 3, 2, 1. 6, 5, 4. 9, 10,11. And (trying y® greatest number first 
of all becaus the roots are affirmative[) divide by x—10.]” 


(69) For >) (aj) > a} for each p = 1, 2, ..., m, where the «, are the roots (supposed all real) 


of the equation andn > l. 
(70) Similarly, }) (a?) > a py (a4) for each p = 1, 2,. 


(71) Newton Cai off and cancels his text. Note that, much as before, = (af) > of for 


each p = 1, 2, ..., n, but if two of the roots «; are imaginary (and so conjugate complex), say 
r+zs and rm is respectively, since (r+is)4+ (r—is)4 = r4454—6rs?, it follows that Newton’s 
assertion is that >) (a?) = & (4th powers of real roots) +r4+s*—6r*s? is greater than the 


u 
fourth power of any real root. 
(72) From ff. 87” and 88" of the Waste Book, the former of which is in private possession. 
Newton attacks the general problem of factorisation. 
(73) This is a marginal insertion in revision of the preceding paragraph. 
(74) That is, respectively ! 
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To reduce numerall equations by divisors of 2 dimensions. 


Substitute 2. 1.0. —1. —2 into y® place of x, & find y® divisors of the resulting 
numbers. Adde & subduct those respectively to & from 4. 1. 0. 1. 4. And ifin 
the results you see any Arithmeticall progression, make y* middle terme = +c. 
& The difference twixt the termes of the progression = 5. W“ must bee + ifthe 
progression decreas otherwise —.{’®) 

Thus if x4— x8 — 5xx-+12x—6=0 y? divisors of— 


6. i. 2. 3.4%: +4. 

| 1. ig +1, 
6. are 1. 2. 3. 6. w added & substracted from +0. 
a Se +1]. 
26. L210. 26, +4, 


: 1,40. 3.3. 1. 2, 


5. 6 
2. 0 
produ[c]e {1. 2. 3. 6. —1. —2. —3. —6.; in w™ I see these progressid 
2. 4. 8. 22.0. —2. —6. —20. 

5. 6. 17. 30. 3. 2. —9. — 22. 


29992 1923.4.5, 3,0 —3, —6, —9, —2, 0, 2,4, 6. And so I try the 
division by these four divisors x7—2. x?+x*x—3. x*—38x+3. & x7+2x—2. & 
find it succeed by either of the two latter.“ 


To reduce numeral equations by divisors of 3 dimensions. 


Get y® divisors of seven such terms. Add & subduct respectively to & from 
27, 8, 1,0, —1, —8, —27, & rank them in so many series.®® Let a 6 & ¢ signify 


(75) The factor f(x) = x+k is isolated by deriving f(1) —1 = f(—1) +1 = k = f(0). 

(76) And it succeeds: x3—x?—10x+6 = (x+3) (x?—4x+2). 

(77) These examples were cancelled apparently to avoid overloading the text and certainly 
not because of any supposed deficiency in them. The former, indeed, was inserted by Newton 
into his Lucasian lectures in 1682. (See Arithmetica Universalis (London, ,1707) : 43-4.) 

(78) In general, where the form F(x) has the factor x?7+dx-+c, then F(n) has the factor 
n2+bn+c, and Newton’s evaluation of 6 and ¢ depends on finding a sequence with 

bn+¢ = (n*+bn+c) —n?. 

Immediately afterward Newton has cancelled, ‘And if the first terme of the progression bee 
greatest try the division by xx-+bx+c otherwise by xx—bx+c. If you succeed not then add 
4. 1. 0. 1. 4 to the respective sorts of divisors, & find b & ¢ as before. Then if the first terme 
of that progression bee greatest make xx —bx—c y® divisor otherwise xx + bx —c.’ 

(79) See note (77) and compare Arithmetica Universalis (11707) : 45-6. 

(80) At this point and without any preliminary comment Newton jumps back to the theme 
of the previous section and proceeds to construct an alternative test for quadratic factors! 
Presumably this is why he broke off in mid-sentence to cancel it in favour of the redraft which 
follows. 
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any three terms of 3 of those series next one another suppose of y® 3 w“® have 
fewest terms. Make b—c=d. a—b=e. d—e=f. & observe if you see this 
progression among y® terms at+e—f. a. b. c. c—e—2f=g. g—e—3f=h. 
h—e—4f &c.8) 

Otherwise let a b & ¢ signify any terms of y® first 44° & 7 rank. Make 
tm, oo an, d—e=f.82) e—f=d. & observe if you meet w® this pro- 
gression among y* terms a. a—d—3e=g. g—d—2e=h. b. b—d=1. 


b@)_dte=k. c. 


Or backward c. c+d—2e=k. k+d—e=i. b. b+d+e=h. h+d+2e=g. a. If 
so try the division by®® 


To reduce numerall equations by divisors of three dimensions. 


Get y® divisors of 6 or 7 or 8 such numbers as were described before. Add & 
su[b]stract them from 27. 8. 1. 0. —1. —8. —27. Take any three numbers out 
of the three middle ranks, 7, s, «. Make —s=c. ss —s=q,5) =o. Then 


see if you can find 4a+2b+c in y® rank p[r]eceding them & 9a4+3)+¢ in y* 


(81) Apparently for the first time Newton uses a finite-difference scheme, testing for the 
quadratic factor f(x) = ax?+6x+/ by the condition that, where the f(n) are laid out in order 
for equal intervals of the argument n, then the second order differences A?f(n) must be con- 
stant. Using this as his basis, he presents the array 


a See * C. g. h. 

7 d=etf. e+2f. e+3f. 

ve Fa f 2 .... From inspection it is 

immediate that c—b = d, b—a = e, d—e = f (and hence f = a—2b+c) and by substituting 

these values in the array we may extend it indefinitely in either direction. In modern terms, 
if we take a = f(n—1), b = f(n) andc = f(n+1), we may deduce that 


e= Alfin—1), d= Alf(n) and f= A’f(n+k) 
for arbitrary k and hence, by application of a Newton-Stirling central-difference interpolation 
formula, that fntp) = flr) + HPLAY (a) +A¥(n—1)] + (1/21) p*Ayf(n—1) 
= b+$p(a—c) +3p?(a—2b +0). 

(82) Read ‘ —f’. 

(83) Read ‘2’. 

(84) Read + (a—2b+c) x? + (a—c) x+) f In this alternative discussion Newton sub- 
tabulates in his previous difference scheme, constructing the array 

i * g. h. ee 4 A. = 
w.~d—3e. —d—2e. —d-—e. —d. f=—dt+e. —d+2e. ... 
wae 2, é. i = oe 
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rank preceding that, also 4a —2b-+c¢ in the rank following these & 9a—36-+-¢ in 
the rank after that; if you can, try the division by «?—axx-+ dx—c,©® 

Or better multiply all y*° numbers in y® middle rank by 5 & 10. Lets, & v 
signify y* products, [&] out of y* two ranks on either side take any two eaven or 
r+t rf 
Sie ae ie observe if 
you can find 4m+2n-+any s in y® rank preceding those or 4m—2n-+ any s in y° 


two odd numbers. Let these be 7 & ¢. Then making 


that is, ‘backward’, 
eee eB h g "oe TL 


... d—2e, d—e=—f. d. dt+e. d+2e. d+3e. ... 
zy ae tats é. é. he: none 


It follows that 
b= itd =k+2d—e =¢c+3d—3e or b—c = 3(d—e), 


and = gt+d+3e = h+2d+5e = b+3d+6e or a—b = 3(d+2¢). 


Hence d = $(a+b—2c) ande = $(a—26+c). In the modern equivalent, where a = f(n+3), 
b = f(n) and c = f(n—3), so that d = Alf(n—1), —f = Alf(n—2) and e = A®f(n+k) for 
arbitrary k, we may apply the Newton-Stirling central-difference formula for a difference- 
scheme tabulated at intervals of 3 units and deduce that 


f(n+p) = f(n) +4(p/3) [AY (n) + AYf(n—3)] + (1/2!) (6/3)°AF(n—3) 
= b+¢p(a—c) +7sp?(a—2b+c). 


In asummary (ULC. Add. 3964. 2: 5'-6": Quomodo rationes equationis in charta exhibert possint) 
which he composed (about 1675?), Newton omitted mention of this alternative technique of 
factorization by construction of a difference array, and it was this abridged version of his 
factorization procedure which he introduced into his Lucasian lectures (ULC. Dd. 9. 68: 
173-80 = October 1682, Lectiones 1/2) and which, in slightly improved form, was eventually 
published to the world in his Arithmetica Universalis (London, ,1707): De inventione Divisorum: 
42-53, especially 48-7. When Leibniz came to read the latter work early in 1708 he remained 
puzzled by the section on factorization and on 15 March sent a handwritten copy of it to 
John Bernoulli for comment. (See G. G. Leibnitii et Johan. Bernoullyy Commercium Philosophicum et 
Mathematicum, 2 (Lausanne and Geneva, 1745): no. cLxx1: 182-4.) In his reply the following 
May (Commercium, 2: no, cLxx: 185-8) Bernoulli limited himself to some pertinent comments 
but enclosed (ibid. 184-209) a long tract, Regula Generalis inveniendi divisores rationales composttos 
quantitatis Algebraice a+ bx +cxx + dx® + ex*, &c., which had been drawn up on the subject by 
his young nephew Nicholas. What is, in the present context, most interesting about Nicholas’ 
tract is that in amplification of Newton’s published procedure he introduced finite-difference 
schemes much as Newton himself forty years before in the present manuscript. (This is, of 
course, yet one more example of independent rediscovery of a method initially explored by 
Newton but never published to the world.) 

(85) Read ‘ —a’. 

(86) Where the factor sought by Newton is f(x) = x*—ax?+bx—c, it follows that 


r = f(1)-13 =—a+b—c): hence is or 
s = f(0) —08 = —C s—t = a+b 
t = f(—1) —(—1)* = —a-—b-c 

and therefore a = —}(r+t)+s, b = $(r+t) andc =—s. 
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rank following these & y" 9m+3n-+any v in y® 24 rank preceding those & 
9m—3n-+any v in y® 24 rank following them. If so try y® division by 
x8 — m xx-+-nx — 35.0 


+55 


Or yet better. Do not add & subduct y® divisors from 9, 4, 1, 0, 1, 4, 9° but 
try if of those in y® first & last rank y* difference of any two eaven or two odd 


ones be divisible by 6. Call ; that difference G & : y°summe of y°same termes HZ. 


Then try if in y® middle collumn there be any term w® subducted from H 
or added to it produces a number divisible by 9. Call that term +c if it be 


subducted or —c ifadded.® & y® summ or difference K, & putting 5K —3=a. 


& G—I=b. Try if you can find 8—4a+2b—c in y® 2% rank above y® middle 
one or 8+ 4a+2b+¢ in y® 24 rank next below it. Ifso try y® division by 


x8 — ax* + bx—c,@0 


Or thus against those divisors added [to] & subducted from 27. 8.1.0.1. 8. 27. 
set 9a+[3]b+c. 4a+2b+¢. a+b+c. c. a—b+c. 4a—2b+c. 9a—3b+c. then 


(87) Read ‘x pmax tne+35’. This cubic factor f(x) is found from the tabulation of 
Neg, 
5 
g(x) = f(x) —x° for the following values: 

¢(+3) = 9m+3n+2, 
$(+2) = 4mt2n+s, 

r= $(1) = m+n, 

t = g(-1) = m-—n, 


and $(0) =,f(0) = roo = ds. 

(88) Read ‘27, 8, 1, 0, 1, 8, 27’. 

(89) The terms ‘+c’ and ‘—c’ should be interchanged. Immediately following Newton 
has cancelled ‘Then try if in that column next before or after y° middlemost w“ has fewest 


divisors there be any term w“ added to or subducted from ; G produces a number divisible 
by 9’. 
(90) These, it appears, should read ‘ ~3 K=a, & “G-9 = 5’, 
(91) Newton constructs the cubic factor f(x) = «®—ax®?+bx—c by finding 
G = 4[f(3) —f(-—3)] = 27+3b and A = 4[f(3)+/(-3)] =—9a—c. 
Hence H—(—c) = —9a = K and 4G—9 = b. 
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choose y* three ranks of the fewest terms & in them three numbers one in each 
by w get y¢ valor of a, b, & c.®? & those gotten will give you numbers to be 
sought in the other ranks, w“ if you find there try the division by x3 —axx + bx—c. 
otherwise chose there®®) other numbers out of the same 3 ranks & doe so till you 
have gone through all variety. 

Note that if y* last term of y* equation) be p [&] y* last but one g, Then if 


c& : have a common divisor w“ divides not q, that c is to be rejected.) Also 
gd bec Hiscled 
if ru x7 Org 
rejected.® 
”)Or thus best. Let ye numbers w arose by substituting 2. 1. 0. —1. —2 for 
x be G. H. I. K. L. If I end not in 5 or 0 substitute 10 & —10 for x & let y® 
numbers arising be F & M. but if J end in 5 or 0 & Hor K do not, increase or 
decrease y® root of y* equation by an unit. Do so also if J be an eaven number 
& H or K an odd one w™ fewer divisors & then substitute 10 & —10 for x8) 


a xf be greater then y® greatest term of y° equation y‘ d or ais to be 


[9] 

How numeral equations are to be reduced by divisors of 3 or 4 or more dimenstons. 

Substitute 5, 3, 2, 1, 0, —1, —2, —3, —5 & also4 & —4ifneed be, for x, & 
suppose y® resulting terms be F, G, H, J, K, L, M, N, O, P, 9.2 Find all their 
divisors [&] set those of F & Q together by pairs whose last figures are equal or 
differ by 5. Gather the summs & differences of these pairs. Let [y®] summ of 
any two be R, the tenth part of their difference S if their last figures be equall, 
otherwise if they differ by 5, let the differenc[e] of y° numbers be & & the tenth 


(92) Three (consistent) simultaneous linear equations in a, b and ¢ are obviously sufficient. 

(93) Read ‘three’. 

(94) That is, the equation whose cubic factor is to be constructed. 

(95) For, where 7 is a common factor of ¢ and g/c and A, yw are suitable integers, we may 
write c/A = q/cu = 7. It follows that Ag = c?u = A®m*u and Ayn? = q, and so 7? (and 
hence 71) must divide g. 

(96) The rule would seem to be weak and not of general application. In particular the 
magnitude of the term (a+) x* in (x84 ax?+bx+<c) (x*+ax+(p/c)) would seem to be inde- 
pendent of that of $b(p/c) or of fa(p/c). 

(97) Newton began (and quickly cancelled) a new paragraph, ‘Note also y* if y° equation 
to be reduced be of six dimensions it is not necessary both to ad & subtract y® divisors fré 
27. 8.1.0. —1l. —8. —27.’ His meaning is not clear. 

(98) Newton breaks off with his intended construction unfinished. 

(99) U.C. Add. 4004: 88”/89", a revision of [8]. 

(100) That is, where the factor f(x) is to be constructed, F = f(5), G = f(4), H = f(3), 
P= f2), K=f0, L=fO, Maf-D, N= f-9 0 =f(-3), P=f(-4) and 
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pb of their summ S$.9) And if y® equatid be not of more y® 5 dimensions so 
y' it must be divisible (if at all) by a divisor of 2 dimensions[,| set down 


xx F SxF5R— 25 to be tried for such a divisor. Where R & S must have y* same 


signes if y* divisor of F was greater then y® divisor of Q, otherwise contrary 
signes.°3) Quadruple y° divisors of L. & if the two last figures of any one be the 
same w'" y¢ two last figures of 2R, take it from 2R. Let y* residue divided by 100, 
be T. Or if y® two last figures of any one added to y° two last figures of 2R make 
100 add it to 2R & let y® summ divided by 100 be 7 & let y° number whose 
quadruple is added to or subducted from 2R be a. And if y® equation be of 6 or 


7 dimensions & no more set down x3+ Txx-+5$—25x-+<a to be tried.2% Where 
note that S & T must be negative if they were found so above & a must be 
negative if it was added to 2R to make 77, or els affirmative if it was subducted. 
& y® same is to be observed of the signes in y* following operations. 

But if y° equation be of more then 7 dimensions then look among y* divisors 
of K for a number w“ added to or subducted from $+ 7'+a gives a number 
divisible by 24. This number divided by 24, call V & the divisor w™ gave it 
callf#. And set down x4+ Vx3+ Txx-+Sx-+a to be tried for a divisor if the equa- 

—]1 —25 —25V 
+25 
tion be not of more then 9 dimensions. Where V must be negative®) if it was 
so above.) 

But if y° equation be of more then 9 dimensions then look among the divisors 

of M for a number w™ added to or subducted from —S$+ 7'+a gives a number 


101) ‘Part’. 
+08) Newton has cancelled an immediately following passage, ‘But for finding this 
difference you must subduct y* divisor of Q from y* divisor of F not y® [divisor] of F from y* 
of Q[,] so yt S will be negative if y* divisor of Q be y° greater.’ 
(103) Where f(x) = x®+px+q is the quadratic divisor sought, we have 


R = f(5) +f(—5) = 50+2¢ and 109 = f(5)—f/(—5) = 10p. 


Hence p = Sand g = $R—25. 

(104) Where f(x) = x°+x?+qx+a is the required cubic divisor, we deduce that, since 
L = f(0) = aand R = f(5)+f(—5) = 506+2a, then 100T = 2R—4L = 100f and p = T; 
and finally that 10S = f(5)—f(—5) = 2504+10g and g = S—25. 

(105) Newton has cancelled ‘if ye number £ was greater then $+ T-+a & subducted from 
it, so [yt] $+ 7'+<a increased or di[minished]’. 

(106) Taking f(x) = x4+px5+9x*+7rx+4 to be the quartic factor sought, we conclude 
that L = f(0) = a, R = f(5)+f(—5) = 1250+509¢+2a or g = #o(R—2a) —25, 


10S = f(5)—f(—5) = 250p+10r or r = S—25p 


and K = f(1) = 1++4+r-+<a: then, substituting 100T = 2R—4L and 24V = $+ T+a—-K, 
we have finally T = 25+g (or g = T—25), 24V = (256+7r) + (25+ ¢) +a—(1+p+9+1r+a) 
(or p = V—1) andr = S—25(V—1). 
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divisible by 24. This number divided by 24 call W & y® divisor w™ gave it 7. 
And set down 


4+ 5WittoVe8 +Tx«x +Sx+a_ to be tried for a divisor if 
if 1 25 25 
25 25 
— 26 oe sy add 


+25 


y® equation be not of more then 11 dimensions or supposed divisib[l]e by a 
Divisor of not more y" 5 dimensions. Atq ita in infinitum pergitur.@°? 
Now the trial of these divisors is this. Suppose y* divisor be 


at bx+exx+dx3+ext+fx® &c 


And observe if a be among y® divisors of L, if this Divisor ascend but to two 
dimensions, & a+5+c-+1 among y° divisors of K if it ascend but to two or 3 
dimensions[,] & a—b-+c—1 among the divisors of M if it ascend but to 2, 3 or 
4[,] & a+2b+4c+d+e+19 among y* divisors of J if it ascend not to more 
then 5 dimensions[,] & a—2b+4c—d+e—f+1 among y® divisors of N if it 
ascend to no more then six dimensions. & a+34+9c¢+27d+ 8le+243f+ &c 
among y° divisors of H if it ascend not to more then 7 dimensions, & so in 
infinitum. In all w® put c=1 & d, e, f=0 if y* divisor be of 2 dimensions or 
d=1 & e, f=0 if but of 3 dimensions, & so on. And when you have tried all y° 
divisors w‘" may be found by this rule, & rejected those w“ will not hold this 
trial: if there remain none or if y® equation be not divisible by any of those w™ 
remaine, you may conclude y° equation irreducible by any rational divisor.4™ 


(107) ‘And so on indefinitely.” Where f(x) = «5+ px4+qx°+rx*+sx+a is the required 

quintic factor, we deduce that L = f(0) = a, R = f(5) +f(—5) = 1250p+50r+ 2a, 
S = pL f(5) —f(—5)] = 625+25¢+s and M=f(-1) =—-1+p—q4+r—s+ta: 
hence T = 7$5(2R—4L) = 25p+r, V = ok (S+ T+a-—K) = 264+ q and 
W = 3:(-—S+T+A—M) =—26+ -— 4, so that finally p = (V+ W),¢ = 3(V—W) —26, 

r= T—48(V+W) ands = S—625—25[4(V—W) —26] = S—*°(V— W) +25. 

(108) Read ‘a+2b+4c+8d+ 16e+32’. 

(109) Read ‘a—2b + 4c — 8d+ 16e —32f+ 64’. 

(110) That is, by a polynomial with rational coefficients. Newton’s argument has been 
followed through in the restorations suggested in the preceding notes, 
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MISCELLANEOUS RESEARCHES 
IN ARITHMETIC, NUMBER 
THEORY AND GEOMETRY 


[1665?] 
From the originals in the University Library, Cambridge 


§1. THE FUNDAMENTAL OPERATIONS 
OF ARITHMETIC® 
Addition connects affirmative numbers into an affirmative sume, & negative 


ones into a negative one. as 4 1359 — 137905 
40) = ata) 
+8812 — 206337 


Substracting takes y* lesse Number from y* Greater, the difference having the 
same signe prefixed w y* greater number® hath 


as teadae = Panes! 
— 14703 )) - +4503 )) : 
+ 48876 — 22288 


Multiplication adds one factor soe often to it selfe as there are units in y* other, 
& if y° signes of y* factors bee y®° same y* product is affirmative, if divers tis nega- 
tive. As to multiply +735 by +47, doe thus 


5145=735in 7 #£Or thus 735 Or thus 735] x 
29400 = 735 in 40 AT 5145| 7 
+ 34545 = 735 in 47. 5145 29400'40 
2940 + 34545|/). 
4+ 34545. 


(1) Add. 4004: 62”. In these elementary notes on numerical manipulation with the opera- 
tions of addition, subtraction, multiplication and division Newton is apparently interested in 
the logical structure rather than the technical efficiency of his exposition, but even so the 
topic seems trivial in comparison with the surrounding mathematical pieces in the Waste 
Book. Newton’s source is not clear, but the use of the brace (}) and the squared-off layout 
derive from Oughtred’s Clavis Mathematice while the description of the fundamental operations 
may be borrowed in part from John Wallis’ Mathesis Universalis: sive, Arithmeticum Opus 
Integrum, tum Philologice, tum Mathematice traditum (printed in his Operum Mathematicorum Pars 
Posterior, Oxford, 1657). 
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Thus to multiply —3241 by —175 the operation will bee 


3241 Alsoe 465 multiplyed by — 32 465 
16205] 5 930| 2 
22681 | 7 1395 |3 
3241 |1 . will produce —14880 
+567175| 


Division takes y*° number w* signifies how often y® divisor is conteined in & 
may be substracted from y® divisor, the signe of w* number or Quote is 
affirmative if y* dividend & divisor have not divers signes, but negative if they 


have. For if x =; . then bx =a. Or a—bx=0. Suppose 34545 to be divided by 47. 


First gett a Table of y* Divisor drawn into y* 9 first units as deg, 
l 2 3 4 5 6 z 8 9 


—47, —94, —141. —188. —235. —282. —329. —376. —423. 


cut at the bottome (eg) close to the figures. Then looke w of these 9 quantitys 
are most like y* dividend As in this case y* 7 329 is. therefore substract it from 
y° dividend 34545, & there will remaine 16.45, & then set 


84545 [+735 Gowne its caracteristick 7 in y° quote. I make a prick twixt 


poo an those figures (16) w have or might have beene altered & 
000 those (45) w*" could not bee altered by the subtraction, & 


the places of y® pricks will shew the places of y* figures in 
y® quotient. Againe I substract 141 from 16.4 &c: & set .3 in the quote &c.® 
If 19489012 was to be divided by 732. 


] 2 3 4 5 6 7 8 9 


732. 1464. 2196. 2928. 3660. 4392. 5124. 5856. 6588. 
+3. + 19489012) + 30000[,]00355 


— 2. — 147.0988] —02009,55000 
—9, —0006.988|  27990,45355. 
—5.| _—0400.0 

—5.)  — 0340.0 

+3. + 0260.0 
deBikssicuns gg OeOet 

+5| 0880. 


(2) This cancels Newton’s first choice of ‘quantity’ by being written in over it. 

(3) Newton has summarized the full computation in his marginal scheme of contracted 
division. 

(4) Newton applies an adapted technique in which he allows his divisors to range from 
—5 to +5 (instead of from 0 to 9), which makes for some computational rapidity but requires 
the consideration of mixed positive and negative partial remainders. 
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§2. INTEGER SOLUTIONS OF QUADRATIC 


FUNCTIONS® 
(1 . 
.  7—ass rr---ass 
xx-+-a—bbyy=0. x & y will be rationall by makeing a = *; & — 
rr—a_ T+ Sees arr—abss _ 2rsa 
Or. 557 at, & Shr xx + byy—aa=0. Make =i paar y- 


ie Qrsac rrac—ssa ©), 
xx + bbcyy —aac=0. Make or+ss rrbbe ssbb =n yf . 


[2] 
axx-+-bx+c  =0. Make aaee+abbf+ acdd—abde—4aaef=m®™ & dd—4af=n. 
— +dyx +ey 
+Syy 


(1) Add. 3958. 2: 31". These loose notes are entered at the head of a sheet which contains 
entries on plane and spherical trigonometry (2, §1.1) and on equations (3, §5.1). 
(2) The particular case of the preceding where s = 1. 
‘rrac — ssa’ 
(3) Read a een a 
(4) These parametrizations are each derived from the fundamental identity 


(7? — 52)? 4 (27s)? = (7? +-5)?, 


which is the most general integer solution of the ‘Pythagorean’ function x*+y? = z*. (Com- 
pare Schooten’s Exercitationes Mathematica (Leyden, 1657): Liber v, §§10/11: 426-32.) In 
particular, the first form x?+ (./a)? = (by)? is parametrized as (r?—as*)?+a(2rs)? = (r?+ as")? 
by taking rr and s—s.,/a; the second, x?+(y./b)? = a’, as 


(ar? — abs*)? + b(2ars)? = a?(r?+ bs)? 


by taking r > r./a and s > s,/ab; and the third, x? + (by,/c)? = (a./c)* or (by/a)?+0¢(x/ac)? = 1, 
is parametrized as (cr?—s*)?+c¢(2rs)? = (cr?+5*)? by taking r>r,fc ands—>s. 

It seems likely that Newton was influenced in his choice of these parametrizations by 
reading the researches into the Fermatian (‘Pellian’) equations x?—ny? = 1 which Wallis 
printed in 1658 in his Commercium Epistolicum de Quaestionibus quibusdam Mathematicis, nuper 
habitum. (As we have seen in 1, 3, §3, Newton about the same time made notes on other 
mathematical points in the tract.) The problem of finding integral solutions of these equations 
for given (non-square) integers n had been partially resolved by Bhaskara in the twelfth 
century (E. E. Whitford, The Pell Equation (New York, 1912: 31ff.)), but in ignorance of its 
previous history Fermat published the problem to the world in the autumn of 1657 and on 
11 September of that year Brouncker communicated it to Wallis. (Commercium Epistolicum: 
Epistola vi, Appendix, D. Fermati Scriptum: 17: ‘Dato quovis numero non-quadrato, dantur 
infiniti quadrati qui in datum numerum ducti, adscita unitate, conficiant quadratum.... 
Canonem Generalem...inquirimus.’ Compare J. E. Hofmann, Neues tiber Fermats zahlen- 
theoretische Herausforderungen von 1657=Abh. d. Pr. Akademie der Wissenschaften (1943), 
no. 9 (Berlin, 1944), and see also H. Konen, Die Geschichte der Gleichung t?—Du? = ] 
(Leipzig, 1901). In his letter to Brouncker on 17 December 1657 Wallis, improving on 
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2ae — bd r sm _ Qae—bd or, sm tes 


Then if Jn is rationall make y= eee gages ope 
n smn 
is rationall make y= ak am — Vm or® y _200— db — ib, arnt [2 JM. 
n rrnn — ssaan in ~ rran—ssn 
Or if./ — mis rationall make y= =e ne 8 “Nm He mm  Ifnone of y™ bee rationall, 


noe rule can bee given to make x & y rational. 


Brouncker’s previous work, gave (Commercium Epistolicum: Epistola xvu: 56—72, especially 
56 ff.) the parametrization pias on ) 

at sth laceal. 7.4 

r2?—ns r?—ns 


for Fermat’s equation. (Immediately, if r?—ns? = 1 is a first solution, then 
(r?+-ns?)2—n(2rs)? = 1 
is a second, as Bhaskara had already found.) 
(5) Read ‘—m’. 
(6) The particular case where a = 1. 
(7) Newton gives rational parametrizations of the general quadratic function 


ax*+dxy+fy?+bx+ey+e = 0. 
Where 2ae—bd = 1, a®e®+ ab?f+ acd* —abde —4a%ef = —m and d?—4af = n, we may write 
BS pe 2 Bepaers $b)? = at 
= (B=) -E = (ext bay +40)? = 2, 


say, and Newton’s parametrizations follow easily. First, when ,/n is rational and so 


—\2 
(/na)? si 5 *) —m, 
comparison with the identity 
(en . a) = (en 2 a) at 


2rs 2rs 
Sit.wigt 
yields p=n, g=m/in and a = = +. = , 
so that y = aly ae Again, when ,/m is rational, comparison of 
iis Spe OPS te 3.4 eae ote) 25 (aa 2rs a3) 
(5 =] l= ( | = a| with ( oni gst 1 = pg pa a 
; ny—l _ pr®+qs* 4 iz (| 
yields Jia ae as and ./(pq) = nites See pad & 


(Since ,/m is rational, we require fq/n to be square, and Newton in fact takes = n and 
q = a*.) Finally, when ,/(—mn) is rational, comparison of 


(gyn) +? = (Tm) 
(2s) + is (“45) viebie em _ 2,jars 


nr? — s® nr? — 52 


with the identity 
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§3. MISCELLANEOUS THEOREMS ON THE 
EQUALITIES OF ANGLES® 


Theoremata varia. 


D 


Circa angulorum zqualitates. 
si ang DAB & DAE bisecentur a rectis 
FA et JG et ducatur quevis KLMN. Erit® 
1. AK.AM::KL.LM::KN.MN. 
Euclid 6 3. 
2. AKx AM=AL1+ KLx LM= 
KNx MN—AL1 


Schooté de concinn equat® 
38. AM+AK.PK::AQ.AL® posito 
AP=AM.™ 


and so _ f , 4rs,/(—mn) 
on n(nr2— 5?) ° 
Since these parametrizations exhaust variants on the fundamental identity 
(a? — f)?+ (2af)* = (a? + f?)?, 
where « and f are positive integers, and since the latter is the most general integer solution of 
x*+y? = 2%, the truth of Newton’s last remark is assured. 

(1) Add. 4000: 35", where the present text precedes a proposition on multiple angles re- 
produced above as 2, §2.6. 

(2) ‘Ifthe angles DAB & DAE are bisected by the straight lines FH and JG and there be 
drawn any [transversal] KLMN. Then will....’ 

(3) That is, by Proposition 3 of Book 6 of Euclid’s Elements. 

(4) Read ‘AN?’, 

(5) The first part of this theorem, AK.AM = AL?+KL.LM, is a Theorema given by 
Schooten on p. 370 of his Tractatus de concinnandis Demonstrationibus geometricis ex Calculo 
Algebraico (= Geometria, 2: 341-420). In proof Schooten, taking AM = a, AL = b, LM = ¢, 
AK = x, KL = y and LQ = z, showed that ay = cx (since MA: AK =ML: LK), 

2bz = 6?+c?—a® (since AM? = AL*?+ ML?+2AL. QL) 
and 2yz = b(y—c) (since [KL—KM]/KL = [KA—KM]/KA = 2QL/LA). If we eliminate z, 
it follows that c(cy+6?) = a®y = a(cx) or cy+b? = ax. The second part of the theorem, 
AK.AM = KN.MN—AN’, is Newton’s gloss and follows readily from the result 


KN.MN-—KL.LM = KN(LN—LM)—-KL(LN-—MN) 
= (KN—KL)LN, since KL.MN = KN.LM, 
= LN? = AL?+AN?, 
(6) Read ‘QL’. 
(7) ‘Taking AP = AM’. Using the scheme of note (5), we deduce easily that 
xta yte b-z = AK+AM  AL-—QL 
x-a@ y—c ied AK—AM GL => 
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§4. THE RECTIFICATION OF ‘ELLIPTICALL’ LINES® 


The length of no Ellipticall line whatever of 1t 2¢ 34 4*® kind &c can be found. 
For if so the spirall lines made by them wou[l]d bee geometricall. 247 &c. 


(1) Add. 3958. 2: 34", a scrap extracted from the piece, apparently composed in late 
October 1665, which is otherwise reproduced above as 6, §1. 

(2) By an ‘Ellipticall’ line of nth kind Newton seems to intend, in generalization of the 
(conical) ellipse of Ist kind, any simply closed portion of an algebraic curve of degree (n+1). 
Correspondingly, the ‘spirall lines made by them’ seem to generalize the derivation of the 
Archimedean spiral from the circle. That is, given the closed 
curve nc and some fixed point a inside it round which rotates 
the line ad, we may describe the allied ‘spirall’ (5) by the motion 


of the point 5 in ad such that ab: ac = ellipse arc nc: perimeter 


nen, where c is the instantaneous meet of the rotor ad and the 
elliptical curve. Clearly, each time the point ¢ completes a 
revolution round the pole a, so also does the point b, and 
hence (d) is a spiral which makes an infinite number of gyrations 
round a. Further, since an arbitrarily placed straight line would 
cut this spiral in an infinite number of real points, its defining 
equation cannot be algebraic of finite degree and therefore the 
spiral itself is not a ‘geometricall’ curve. From this transcendence of the spiral Newton would 


seem to argue that, likewise, the ‘length’ of the perimeter nen of the ellipse cannot algebraically 


be expressed in terms of any commensurable line-segment. In particular when nen is the 
perimeter of a circle whose centre is a, the argument would appear to demonstrate the 
transcendence of the constant (77) which expresses the ratio of the circumference of a circle 
to its diameter. 

Twenty years later Newton introduced the argument into his Lucasian lectures on the 
motion of bodies in the autumn of 1684 (ULC. Dd. 9. 46: 96'-98"), seeking to prove the 
analogous proposition that ‘Nulla extat Figura Ovalis cujus area rectis pro lubitu abscissa 
possit per equationes numero terminorum ac dimensionum finitas generaliter inveniri’, and 
with but slight change it appeared three years later in the Principia (Philosophie Naturalis 
Principia Mathematica: Liber 1, Lemma XXVIII: 107-9). Apart from some confused criticism 
in the nineteenth century Newton’s argument has since received little attention though its 
validity has been questioned on the basis of counter-examples. (Compare H. Brougham and 
E. J. Routh, An Analytical View of Sir Isaac Newton’s Principia (London, 1855) : 72-4, where the 
curve y™ = kxi*-l)m(q"— x") is cited against the proposition.) In fact, Newton’s argument 
founders on the rock of the periodicity of the general angle, and the infinite gyrations of the 
spiral merely represent an infinite number of repeated traversals of the perimeter nen, yielding 
no insight into the nature of the perimeter itself (counted once). (See D. T. Whiteside, 
‘Patterns of mathematical thought in the later seventeenth century’, Archive for History of 
Exact Sciences, 1 (1961): 179-388, especially 203-5.) 
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HISTORICAL NOTE 


Newton’s interest in mathematical theories of reflection and refraction (the 
traditional fields, respectively, of catoptrics and dioptrics) seems first to have 
been aroused during his study of Descartes’ scientific work in the summer of 
1664. Descartes’ printed contributions to geometrical optics were presented in 
two of the tracts (La Dioptrique and La Geometrie) appended to his Discours de la 
methode in 1637, but it is clear that Newton, whose knowledge of French was 
never very good, read both in Latin version. The Dzoptrique, together with the 
third appended tract Les Meteores and the Discours itself, was first rendered into 
Latin in 1644@ and passed quickly through several further editions in the next 
decade and a half. The Geometrie, as we have seen,® was read by Newton in 
Schooten’s second Latin edition of 1659. Which of these, Dioptrice or Geometria, 
Newton studied first we do not know, but already by the summer of 1664 he 
was familiar with the latter and Descartes’ treatment of his ‘Ovales’ in its 
Liber IIT would lead him immediately to the other. 

The next year his interest in optical theory was further stirred by the appear- 
ance of Hooke’s Micrographia,® on which he made elaborate notes. This new 
interest was more qualitative in form, relating to the theory of light, observa- 
tional experiment and the practical problems of lens-grinding and the con- 
struction of telescopes and microscopes. (However, Hooke had read Descartes’ 
published work on optics carefully and the Micrographia contains allusions to 
the mathematical topics which had already aroused Newton’s interest.) These 
non-quantitative aspects of Newton’s early optical researches” can, unfortu- 
nately, here find no place. 


(1) Newton wrote to Collins on 20 May 1673 that he was unwilling to express his opinion 
on Heuret’s Optiques, ‘not being so ready in y* French tongue myself as to reade it w“out the 
continuall use of a Dictionary’. (Correspondence of Isaac Newton, 1 (1959): no. 110: 281.) Almost 
twenty years later Fatio de Duillier indicated as much to Christiaan Huygens in his letter of 
24 February 1689/90, announcing that Newton ‘a quelque peine a entendre le Francois, mais 
il s’en tire pourtant avec un Dictionaire’. (Cuvres completes de Christiaan Huygens, 9 (1901): 
no. 2570: 387. = Correspondence of Isaac Newton, 3 (1961): no. 352: 69.) 

(2) Renati des Cartes Specimina Philosophie: seu Dissertatio de Methodo recté regende Rationis & 
Veritatis in Scientiis investigande: Dioptrice, et Meteora. Ex Gallico translata, & ab Auctore perlecta, 
vartisque in locis emendata, Amsterdam, 1644. The quotations in the text are made from the 
unchanged second printing in 1650, which is cited hereafter as Dioptrice (1650). 

(3) See the general introduction to Part 1, especially Appendix 1, note (10). 

(4) Robert Hooke: Micrographia: or some Physiological Descriptions of Minute Bodies made by 
Magnifying Glasses. With Observations and Inquiries thereupon (London, 1665 [January?]). 

(5) ULC. Add. 3958, 1: 1-4": Out of M* Hooks Micrographia, first printed by Geoffrey 
Keynes in appendix to his Bibliography of Dr Robert Hooke (Oxford, 1960) and reprinted in 
A. R. Hall and Marie Boas Hall, Unpublished Scientific Papers of Isaac Newton (Cambridge, 1962) : 
Part vi: 400-13. 
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Descartes himself remarked in his Dioptrique® that there were many things 
in his work pertaining to geometry whose demonstrations he had omitted, 
presumably because he thought their proof an unnecessary strain on the reader’s 
intelligence, but even in the severely mathematical Geometrie he had left many 
properties of his Ovals unexplained. (Above all, he had spurned any heuristic- 
ally satisfactory deduction of their refractive properties.) Clearly it was just 
these difficult geometrical passages which challenged Newton’s mathematical 
instincts, and the researches which they inspired and from which extracts are 
given below are a revealing account of Newton’s growing analytical power. 


(6) See, for example, Micrographia: Preface: e[2]": ‘But because we are certain, from the 
Laws of refraction (which I have experimentally found to be so...) that the [s]ines of the 
angles of Incidence are proportionate to the [s]ines of the angles of Refraction, therefore if 
Glasses could be made of those kind of Figures, or some other, such as the most incomparable 
Des Cartes has invented, and demonstrated in his Philosophical and Mathematical Works, 
we might hope for a much greater perfection of Opticks then can be rationally expected from 
spherical ones...’. 

(7) Compare Appendix, 2, note (51) below. 

(8) Dioptrice (1650): 196: ‘Multa hic sunt ad Geometriam spectantia quorum demonstra- 
tiones omitto’. 


not 


l EARLY NOTES ON REFLECTION AND 
REFRACTION 


[September 1664] 


Extracts from Newton’s Waste Book in the University Library, Cambridge 


§1. THE INVENTION OF FIGURES FOR 
REFLECTION AND REFRACTION® 
[Slept 1664 
[1] The invenston of Figures for reflections at right angles. 


a y® point reflecting. ac y® rad: reflected to y* focus d. ag y* radius refle[c]ted 
frd y° focus 5. aq a perpendic: to ed y® tangent of y® crooked line sought. ab=x. 
y=ac, or ag=y. bg=a, or bc=a. bd=v, or bq=v. 


fig: 18*. Leac=Zbad=Zadb. Ergo, ab = bd, 
or x=v. & Zcag=qab=agb. Ergo ab=qg. 
x= 9,0) 


(1) The date is taken from that of §1 below. 

(2) Add. 4004: 1’. The date is found at the head of the page, but is separated by a preli- 
minary draft from the finished text here reproduced. 

(3) That is, reflection about the normal to the reflecting 
curve. 

(4) Read ‘gb’. 

(5) Newton finds the subnormal condition for the light 
ray moving along cg parallel to the axis gbd to be reflected 
through 6. The relation x = v (or ba = bq) determines the 
curve (a), a parabola with focus 5 and axis gbd, which 
reflects all light rays parallel to gbd through b. (The result 
is classical and found in all the numerous works on ‘burning 
mirrors’ from the time of Anthemius. CompareG. L. Huxley, 
Anthemius of Tralles, Cambridge, Mass., 1959.) 

(6) Read ‘dag’. 

(7) Read ‘qg’. 

(8) Newton finds two equivalent subnormal conditions for a light ray cg travelling through 
g to be reflected to b. The curve (a) which reflects all rays through g to ) is a hyperbola of 
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Jig 28. Leac=Zbad=Zadg.© Ergo, ab:ag::bd::dg. ax—vx=vy. &, 


ab:ag::qb:bg. 


Ergo ax+ox=yv. v=bq 


fig 24 


fig 39. Zeac=Zbad. Ergo Zcaqg=Zqab. Ergo, ca:ab::cq: qb. & ax—vx=vy. 


f < fig: 34 


[2] The invention of figures for refraction. 

b, & g y* foci, ca y* Rad: refracted to b. ga y* Rad: refracted from b [&] bg y° 
distance of y® foci. ga y® perpend: to de y® tangent of y* crooked line sought. qr, 
gh=perpendic:s to y* Radii cg, fb. bg=a. bq=v. ba=x. ag=y. 


foci b, g defined by x(a+v) = vy. (Compare Duoptrice (1650): 152-3: Cap. vi, Quid sit 
hyperbola & eam describendi modus.) 


(9) Thesubnormal condition for the light ray cg travelling fromc to bereflected back through b. 
Much as before, the curve (a) which reflects all rays from ¢ to b is an ellipse of foci c, b. 
(Compare Dioptrice (1650): 142-3: Cap. vit, Quid sit Ellipsis, & quomodo sit describenda.) 
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“_— 


te". ab:as::bg:qr="2. d:e::qr: qh, 


Ergo. dx=ey.0% 


fa: 2. ab:as::bg:qr=~2. 


d:e::qh:qr, Ergo ex=dv.0» 


v in as 
x 


fig 39: ab:as:[:] bq: qr= 
a+v in as 
4a 


d:e::qr:qh. Ergo dax+ dvx=evy. 
g 


ag:as::gq:qgh= 


(10) Newton derives the subnormal condition for the light ray moving from g parallel to 
the axis gdb to be refracted at a, where the ratio of the refractive indices of the two media 
traversed is e:d, d > e. The curve (a) which refracts all parallel light rays through the point 5 
is a hyperbola of further focus 6, where its major axis and focal distance are in the ratio e:d. 
(See Dioptrice (1650): Cap. vi, De figuris quas pellucida corpora requirunt, ad detorquendos refractione 
Radios omnibus modis visioni inservientibus: 154—5: §xu, Demonstratio proprietatis hyperbole quod ad 
refractiones [pertinet].) By mistake in this and the following case Newton sets as = y. 


(11) The subnormal condition for the light ray moving towards g parallel to the axis to be 
refracted at a through 6, where the ratio of the refractive indices of the media is e:d, ¢ > d. 
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jig 4". ab:as::bq:gr=——— 
v—ain as 
eS 


d:e::qr:qgh: dux—dax=evy. 


fig 5*. ab:as::bq:qr=— = = 
a—v in as 
Ce 


d:e::gh:qr. eax—evx=dvy. 


Jig 6. ab:as::bq:qr=- = as 
a—v in as 
ag:as::gq:gh=—— ——. 


d:e::gr:hq. dax—dvx=evy. 


The curve (a) which refracts all such parallel rays through d is now an ellipse of further focus d, 
whose major axis and focal distance are in the ratio e:d. (Diopirice (1650): 145-6: Cap. vin, 
§m1, Demonstratio proprietatis Ellipsis in refractionibus.) 

(12) This last figure, completely crumbled away in the text, has been restored in accordance 
with Newton’s argument. 

(13) Newton generalizes his argument in ‘fig: 15t’ and ‘fig: 2°’, taking the point g no longer 
at infinity but fixed in the axis gdb. Where, as before, ad is tangent and ag normal at a, he © 
derives the subnormal conditions (for varying positions of b, g, d, q on the axis) which deter- 
mine that the light ray ga be refracted at the point a through b. The curve (a) which refracts 
all light rays ga through b is a Cartesian oval with foci b, g, gr:qh = d:e (the ratio of the 
refractive indices) and the defining bipolar equation x + (d/e)y = k, constant. (See Geometria: 
Liber 1: 50-4.) Thus, according to the position of the meet of the oval with the axis, ‘fig 3°” is 
Descartes’ 2"4 or 34 oval (drawn with d > e); ‘fig 48’ is also a 2™4 or 34 oval (drawn with 
d < e); while ‘fig 5*’ and ‘fig 6°’ are identical 15 or 4" ovals (with d > ein fig 6'). (Descartes, 
having found the subnormal sq, did not in fact proceed to give Newton’s subnormal conditions, 
though they are immediately derivable. Specifically, introducing the parametrization 
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§2. MISCELLANEOUS EARLY CALCULATIONS ON 
CARTESIAN OVALS? 


[1] 


ag=x. gh=y. ah=c. dp=v. [gp=s.] ad= "We 
2 ce Se oe” 
de'{( _ 2cex*+ Qxxyy + ae ct—x4—y See 


ga =x =c+z and ba = y = b—(e/d)z, where gc = ¢ and bs = b (or b+c = a), Descartes 
calculated eds bed? — bede + bd2z + ce%z 
~— €d®@4+-bde—e®z4+d2z ° 
(Geometria: Liber 1: 42-3, 48), and it remained 
only to show that 
e(b+c)(b—(e/d)z) _ cay 

d(b—(e/d)z)+e(c+z)  dy+ex’ 
which is Newton’s ‘fig 6*’.) 

Note that, for symmetry, Newton would seem 


to need an alternative ‘fig 5t’ to complement his 
‘fig 6t’ in the case where d < ¢. As for example: 


bq = bs—sq = 


ab:as::bq:qr = ~ = 


a+v in as 


ag:as::gq:gh = 
d:e::gr:qh. dax+dvux = evy. 

(14) Add. 4004: 1, 2". 

(15) Where the bipolar co-ordinates ag = x, hg = y (with focal distance ah = c) are 
related by some given equation f(x, y) = 0 in definition of the curve (g), Newton seems to be 
trying to improve on Descartes’ method for finding the subnormal dp. Descartes himself had 
transformed the defining bipolar equation x = + (e/d)y+k of his ovals into an equivalent 
relation in conventional Cartesian co-ordinates and so one to which his subnormal method as 
given in Book 2 of Geometrie could be applied. (See Geometria: Liber m: 42ff.) In contrast, 
Newton seeks a general subnormal method in bipolars, that is, one which does not require 
prior transform to Cartesian co-ordinates. He retains, however, Descartes’ limit-condition 
for gp to be normal to the curve (g), namely that the circle whose centre p is on the axis shall 
have double contact with the curve in the indefinitely near points g and e¢, and his first step is 
to express ad and dg parametrically in terms of x and y. Then, taking dp = » and the circle 
radius gp = s, he finds in Cartesian fashion from the relation dg?+v* = s* an equation 
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[2] 

[a]9® ad=a. ae=x. ed=y. af=z. fd=a—z. fg=v. xx—2ZZ=yy —2Z+ 2az—aa. 

xX + aa xx + aa 

(= zj=af. fd= eee 

aerefiiag:gt. & dezef::dg:gh.° ef=m 

xx —YyYy + da+2av _ 

2a 

mxx — myy + maa -+- 2mav 

2ax 


A@=XLM.. 


= 
myy —mxx + maa — 2mav 


ed[ =y|:m::gd: ia =gh. gi:gh::d:e: therefore 
dyy —dxx + daa—2dav _exx—eyy+eaa+ 2eav 
y x 
d=2. e=1. y8+2xyy—xxy +2aax=0.0 
—daay —2x3 
— Qavy — 4axv 


g(x, y, ¥) = 0 relating x, y and v. In further calculation (not here transcribed) Newton 
considers a particular defining relation 0 = bx?+¢?+dxy+ex+fy+y? and eliminates y* from 
g(x, y, v) = O by substituting its value — (bx? +c? +dxy+ex+/y), but then abandons his work 
while it is yet unfinished. Little, in fact, is needed to complete Newton’s approach, though the 
way would have been clearer for him if he had taken ap = V, constant. It then follows that 


2 42 2\ 2 2 42 2\ 2 
a_ (= **) +(v-==$**) en ta te’ (tye); 


hence, if we apply Descartes’ subnormal condition that this have a double root x, 
V dy cx 
0 = 2x-——- ~ (28-2 Z) or V = a = ——> 
Y de P= 5 y(dy]de) 


_ dx —y2+¢2 
(and Ke) ph =e-V= aE =-y%, where ad =z = re"). 

(16) Newton now turns his attention specifically to the Cartesian ovals, defined in bipolar 
co-ordinates by x = + (d/e)y+k. He still seeks a direct proof of the refractive property of the 
ovals which does not involve a reduction to Cartesian co-ordinates, and here seems to wish to 
derive the bipolar defining equation from the constancy of the ratio of the refractive indices 
d:e = gi: gh (where g is the foot of the normal ge to the curve and gi, gh are drawn perpendicular 
to ae = x and de = y respectively). His calculation begins much as before by parametrizing 
af and fd. 

(17) Newton here strayed in his calculations for several lines (not transcribed) by confusing 
af and ag, but quickly cancelled them when he realized his error. 

(18) Where V = ag = 0+ (x?—y* +") /2a, this reduces to 

dia+V) eV 
y 
(Compare ‘fig 39’ in §1.2 above.) 

(19) To ease the burden of calculation Newton now takes the particular value 2:1 for the 

ratio of the refractive indices. 


or eVy = dax+dVx. 
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y> + 2xyy —xxy—aay+2aax—2x? = -yy—xx  2ax—ay 


2ay + 4ax 2a Qy + 4x © 


bf eo — Qaaxx + 2aayy + 2xxyy —x*—y*— at in y+2x of=0.20 
y® + 2xyy — xxy — aay + 2aax— 2x? in 2a 


Qaaxxy — x*y — aty + 2aay? + 2xxy? — y® + 4a7x3 + 4aayyx + 4yyx 
— 2y*x — 2a*x — 2x° — 2aoy® — daoxyy + 2aoxxy + 2a*oy — 4a%ox + 4a0x* (55 


be— Qay® + daxyy — axxy —2a%y + 4a5x—4ax® 


(20) That is, the subtangent to the curve and so equal to ef*/fg, where 


2 +24 g2\2 
fg =v and f= (Pre), 


(21) This is probably the first time Newton used his celebrated notation o for an indefinitely 
small increment (here a decrement of bf). Both Descartes and Schooten use the lower-case 
variant e of Fermat’s E in this sense (Geometria: Liber 1: 45 ff.; and Commentari in Librum II, N: 
249 ff.), but Newton, who has already designated ¢ as one of his refractive constants, cannot 
here follow their convention. His alternative choice of o (a ‘little nothing’) for a vanishing 
increment has much to commend it visually. Indeed, the usage seems to have appealed for 
the same reason both earlier to Jean de Beaugrand in his account, about 1638, of Fermat’s 
tangent-method (Cuvres de Fermat, 5 (Paris, 1922): 98-114) and a few years afterward to 
James Gregory (who introduced the notation as ‘nihil, seu serum 0’ in his account of Fermat’s 
method in his Geometrie Pars Universalis (Padua, 1668): Prop. 7: 20). 

(22) Newton expresses bc as bf—¢f but then abandons the calculation, presumably because 
of its growing complexity. Indeed, since o is the increment of bf, there seems no way of 
continuing short of evaluating o in terms of the increments of x and y. 

(23) Newton introduces his standard subnormal condition that the ray ae be refracted at e 
through d. Essentially his result is that of ‘fig 6*’ in §1.2 above. 

(24) Newton abandons bipolars, returning to Cartesian co-ordinates af = x, fe = y. As 
a first step he converts his previous result d(a—v) .ae = ev.de, where ae is now ./(x?+y?) and 
de = ./[(a—x)*+y?]. (In essence he admits defeat, for he can only modify Descartes’ treatment 
of the subnormal if he passes to a Cartesian co-ordinate system.) This calculation also, after 
the last result is squared, is abandoned. Its prosecution, indeed, would require a knowledge 
of the techniques of differential calculus (and in particular of the theorem that 


fg = v—x = y(dy/dx)), 
which he did not then possess. 

We may suppose that Newton was still puzzled why Descartes had chosen to define his 
refracting ovals in bipolar notation and how he had been able, in the first instance, to derive 
their defining equation from the constancy of the refractive ratio. A few years later, when the 
techniques of working with geometrical increments had become familiar to him, the puzzle 
was resolved. In 1670 in his Lucasian lectures on optics Newton made passing reference to the 
refractive properties of Descartes’ ‘Ellipses’: ‘...Si punctorum...neutrum sit ad infinitam 
distantiam, Curva. . .erit aliqua quatuor Ellipsium quas Cartesius in hunc usum in Geometria 
descripsit. Sin alterutrum infinité distet, ita ut radij punctum illud respicientes evadant 
paralleli, Curva erit Conica sectio, uti notum est.’ (Lectiones Optice: Lectio 14 (October 1670), 
Prop. 34, nota 2= ULC. Dd. 9. 67: 72, englished as Optical Lectures read in. . . Cambridge, Anno 
Domini, 1669 (London, 1728) : Part 1, Section 4, Prop. XXXIV, Note m.) However, his detailed 
analysis of Descartes’ ovals was first published to the world in 1687 in his Principia Philosophie 
Naturalis Principia Mathematica (London, ,1687): Liber 1, Sect. xrv, Prop. XCVII (Prob. 
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[b] aezef::agigt. deref::dg:gh. d:e:: gi: gh. zimiv yim:ia— vi 
mv. ma—mv 
ss ares re 


[c] af=x. fe=y. ae=/xx-+yy. ed =n xx —2ax+aa+yy. 
adv xx +- yy — dus! xx + yy = evn! xx — 2ax + aa+yy.2# 


> & adx—dvx=evy.) 


§3. EARLY RESEARCHES INTO THE GENERAL 
PROBLEM OF TWOFOLD REFRACTION 


[ ) 


XLVII) : 232-3). Essentially, where o is a point on the refracting curve indefinitely close to ¢ 
with oa and of drawn normal to ae and de respectively, the figures oe~f and egth are similar, 
so that the increments ea of ae = x and ef of de = y 

are related by 


hence, in the limit, d(x)/d(y) = d/e and so 


x = (dje)y+k. hk 
Newton seems to have felt some irritation at Des- ° & . 
cartes’ concealing this simple basis in Geomeiria in 
complexities both of argument and construction, for he added in corollary: ‘...habebuntur 
figure ille omnes quas Cartesius in Optica & Geometria ad refractiones exposuit. Quarum 
inventionem cum Cartesius maximi fecerit & studiose celaverit, visum fuit hic propositione 
exponere.’ (Corol. 1: 233.) 

(25) These calculations (Add. 4004: 2", 4", 4”) relate to Descartes’ discussion of the problem 
of finding the surfaces of a lens which shall, by a double refraction, send all rays of white light 
emanating from a point through a second point. (See Geometria: Liber 1: 60-5: Quomodo 
vitrum fiert possit, cujus una superficies tam convexa aut concava sit, qudm libuerit, quod radios omnes, qui 
ex uno dato puncto prodeunt, colligat rursus in altero dato puncto. | Quomodo aliud fieri possit, quod tdem 
prastet, cujusque convexitas unius superficiei datam rationem habeat ad convexitatem vel concavitatem 
alterius.) Having produced an infinity of solutions by suitable pairing of his ovals Descartes 
added in a concluding paragraph: ‘On pourroit aussy passer outre, & dire, lorsque l’vne des 
superficies du verre est donnée, pourud qu’elle ne soit que toute plate, ou composée de 
sections coniques, ou de cercles; comment on doit faire son autre superficie, affin qu’il trans- 
mette tous les rayons d’vn point donné, a vn autre point aussy donné. Car ce n’est rien de 
plus difficile que ce que ie viens d’expliquer; ou plutost c’est chose beaucoup plus facile, a 
cause que le chemin en est ouuert. Mais i’ayme mieux, que d’autres le cherchent, affinque 
s’ils ont encore vn peu de peine 4 le trouver, cela leur face d’autant plus estimer l’inuention 
des choses qui sont icy demonstrées.’ (Geometrie (1637): Livre m: 368, rendered in Latin in 
Geometria: 65). Whatever Descartes meant—and his reference to the easiness of the problem 
seems to envisage merely a construction by points—Newton tried to resolve the question by 
analytical geometry. He first (on 2") attempted a solution where the first interface is a parabola 
defined in bipolar co-ordinates by x = v, the subnormal, and then proceeded to consider a 


IDI 


2. THE ESSAY ‘OF REFRACTIONS’ 


[Winter 1665/6?]™ 


Extracts from the original in a pocket-book") in the University Library, Cambridge 
and in private possession. 


Of Refractions. 


1. If y* ray ac bee refracted at the center of y® circle 
acdg towards d & ab. bet gc|led. Then suppose 


ab:ed::d:e. 
See Cartes Dioptricks. 


hyperbola, defined in a polar co-ordinate system, as his first curve. Later (on 4") he tried the 
general case where the first curve is defined by an arbitrary relation between Cartesian co- 
ordinates x and y, but in despair began (on 4”) to discuss the conics 
re = yy and rx ¥ (r/q)xx = yy. 

All proved abortive, nor had he any greater success when he again attacked the general 
problem in his undergraduate notebook Add. 4000 on f. 80". The details of these calculations 
(not here reproduced) are unimportant, but there can be no doubt that the techniques he 
evolved in his fruitless search were soon to prove invaluable when he came to frame his general 
theory of spherical lenses. (See Appendix, 2 below.) 

The general resolution of the problem by points is, in contrast, little more than a corollary 
of Descartes’ researches on his ovals. Thus, where the curve (a) and the points g and # are given, 


together with the constant refractive ratio d:e between the media, for each point a on the 
curve (a) we can construct the point 6 on the axis through which the light ray ga from g is 
refracted: the point n (and its tangent) on the second curve may then be constructed as the 
meet with ab of a Cartesian oval of foci p, 6 and refractive ratio d:e, with the constant term 
determined from the implicit condition that the curve (n) be smoothly continuous. (Compare 
Claude Rabuel, Commentaires sur la Geometrie de M. Descartes (Lyon, 1730): 374-98: La Figure 
qu’il faut donner aux verres, pour qu’ils rétinissent a un point donné, les rayons qui viennent d’un autre 
point donné, especially §m: 390-3: De quelques cas, que M. Descartes n’a pas resolus.) Newton 
himself about 1670, when his ideas on geometrical fluxions had matured, gave an ingenious 
construction of the points n of the second curve by circle and straight-edge. (See ULC. 
Add. 4004: 90°, first published in 1687 in Principia (note (24)): Liber 1, Sect. xrv, Prop. 
XCVIII (Prob. XLVITI) : 233-4. It is perhaps referred to by Newton in his letter of 11 June 
1672 to Oldenburg = Correspondence of Isaac Newton, 1 (1959): 173: ‘...for Dioptrique Tele- 
scopes I told you that the difficulty consisted not in the figure of the glasse but in y® deformity 
of refractions. Which if it did not, I could tell you a better & more easy remedy then the use 
of y* Conic Sections.’) 
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2. If there be an hyperbola the 
distance of whose foci are to its trans- 


verse axis Af as d to e. Then y* ray = ————> 2 eae 
ac||bd is refracted to y® exterior focus 


(d). See C: Dioptr[:]® 


3. Having y® proportion of d to e, or bd:hf. The Hyperbola may bee thus 
described. 


(1) The date is assigned on the basis of Newton’s handwriting and his later remark in his 
letter to Oldenburg on 6 February 1671/2 that ‘...in the beginning of the year 1666...I 
applyed myself to the grinding of Optick glasses of other figures then Spherical...’. (ULC. 
Add. 3970. 3: 460 = Correspondence of Isaac Newton, 1 (1959): 92, printed in Philosophical Trans- 
actions, 6 (1671/2): no. 80 (for 19 February 1671/2): 3075.) 

(2) Add. 4000: 26-33, described and partially printed on pp. 36-43 of A. R. Hall’s 
‘Further optical experiments of Isaac Newton’, Annals of Science, 11 (1955): 27-43. The four 
concluding pages of the essay, removed from the pocket-book about the time of Newton’s 
death and now in private possession, were unknown to Hall and their content would seem to 
call for some revision of his conclusion (p. 43) that ‘Newton’s early study of lenses was not of 
great profundity’. (There exists, also in private possession, a contemporary copy of the whole 
essay in the hand of John Collins.) 

(3) Newton added this reference after writing the next line. He here expounds the funda- 
mental (Snell) axiom of refraction of a homogeneous light ray at the meet of two media: in 


modern form ibs en ae 
d:¢ = at sin ach: sin dce, 


constant. Descartes had discussed the axiom at length in his Dioptrique (= Dzopirice (1650) : 
Cap. u, De Refractione: 76-86. Newton refers especially to 82-4: §vu, Quantum radit reflectantur 
a pellucidis corporibus in que penetrant.). However, the notation of d:e for the refractive ratio is 
taken over from Geomeiria: Liber u. 

(4) The basic theorem which determines the refractive property of the hyperbola, and so 
prepares the way for Newton’s subsequent 
work on grinding hyperbolic glasses. Des- 
cartes’ proof (Dioptrice (1650): 154-5 = Cap. 
vu, §xut, Demonstratio proprietatis hyperbole quod 
ad refractiones | pertinet.|) takes ac = cd, and al, dk 
perpendicular to /ck (normal to the hyperbola 
at c) with bm||lck: then, since cd, cb are equally 
inclined to the normal Ick and bm||lck, we have 
cm = cb; so that sinacl:sindck = al:dk = ac 
(or cd):nd = md (or ed—cb) : bd, where by the 
focal property of the hyperbola cd—cb = hf. 
(The theorem follows more straightforwardly 
from the focus-directrix property of the hyperbola.) 


a 
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1. Upon y* centers a, b let y* instrument adbtec bee moved[, | in w“" instrum" 
observe y* ad de. cet. & yt the beame cet is not in the same plane w"® adbe but 
intersects it at y® angle éev soe y‘ if tv. ev, then d:e::et:tv. Or d:e:: Rad:sine of 


‘e) selemames 1) 
| 
! 
| 
‘| ea, 
\ 
| 
| 
on 
| 
] 
\ : 
{ 
| 
| 
’ | 
7 


Ztev. Also make de =$ , i.e. half y® transverse diameter. Then place the fiduciall® 
side of y® plate chm in the same plaine w“* ab. & moving y° instrument adbcet 
to & fro its edge cet shall cut or weare it into y® shape of y* desired Parabola.“ 


Or the plate chm may bee filed away untill y* edg cet exactly touch it every where. 


(5) tw is therefore parallel to eg. 

(6) So called presumably because the template chm will have to be relied on when used to 
check the hyperbolic glass. 

(7) Read ‘Hyperbola’. 

(8) Descartes’ concave hyperbolical wheel (figure 
A in Newton’s diagram below) was a hyperboloid of 
revolution fabricated in order to grind hyperbolic 
glasses by a suitable rotary movement. (See Dioptrice 
(1650): Cap. x, De modo expoliendi vitra: 190-5 = §v1, 
Alia machina, que istius hyperbole figuram dat omni rei que 
ea ad vitra polienda indiget, & quomodo illd sit utendum.) 
Descartes’ only method of constructing his concave 
wheel was by prior filing of a hyperbolic /amen, or template. (See Dioptrice (1650): 189, where 
the template is cut out by the edge of the triangle VDT rotating round the axis DT parallel 
to the plane of the template. Clearly TV generates a conical surface, with the hyperbola its 
plane section.) 

(9) The central rotating bar ab of the lathe to which is fitted the mass A to be turned. Its 
original signification (a miner’s pick) was already obsolescent at this time, but it seems that 
the word was revived in its present meaning by Hooke in his Micrographia (London, 1665: 
Preface: e[1]”), where he described his own ‘Engine’ for grinding spherical lenses. 

(10) Newton improves on Descartes by turning the hyperboloid directly with a straight- 
edged chisel. Interpreted mathematically, Newton’s technique generates the concave hyper- 
boloid of revolution as a ruled surface, that is, by the rotation of an obliquely set straight line. 


36 WHN 
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2. By the same proceeding Des=Cartes concave Hyperbolicall wheele® may 
bee described by beeing turned w* a chissell dtec whose edge is a streight line 


soe 


inclined to the axis of the mandrill® by y® Z tev[,] w™ angle is found by making 
d:e::et:tv:: Rad:sine of etv.0® 

3. By the same reason a wheele may be turned Hyperbolically concave, y° 
Hyperbola being convex. Or a Plate may bee turned Hyperbolically concave. 


4. Also Des=Cartes his convex wheele B may be 
turned or ground trew[,] a concave wheele A being 
made use of instead of a patterne.4» 


He is therefore, together with Christopher Wren, an independent discoverer of this property 
of the hyperboloid. (Wren published, with geometrical proof, his own variant on the lens- 
grinding application in ‘Generatio Corporis Cylindroidis Hyperbolici, elaborandis Lentibus 
Hyperbolicis accommodati’, Philosophical Transactions, 4 (1669) [London, 1670]: no. 48 (for 
21 June 1669) : 961-2.) 

(11) That is, a template. In Newton’s figure A and B are two complementary hyperboloids 
of revolution, concave and convex respectively. 
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SS Guest SS ee re ee a, 
6. The Same done by y° helpe of a Cone.* 
Draw 2 concentrick circles (na & cd) w“® y® Radij e & d. Then from y* comon 


; ba bae = abc section@) 
center 5 draw 2 lines bc & | h : at the given angle S duced é of s Ficcase 


then draw a line cad from c by y® end of y* Rad: veg & to y® intersection of y* 


line wth y® circle (| draw a & so the 25 of = aii se net is found. 
‘ na ba section eab = abc 


Or w“ is the same make ab=e. bd=d. & then if y‘ cone is sought the Zcba 
pila & soe y® Zcb[e]=aed is 


ad = But if y® Zbae=abe of y° 


being given, make ac=a. Then is cd= 
d* — dee 


dd—ee+ aa’ 
section is sought[,] y® cone being given[,] y" cd=2d. And it will bee 


ac=b+Jee—dd+bb. 


knowne & also ae=ed= 


(12) Paragraph 5 makes some practical remarks on grinding, and is here omitted. 
(13) A first draft of this, vitiated and not here reproduced, has been struck out by Newton 
as ‘false’. 
(14) Newton has cancelled ‘intersection’. (15) Read ‘angle’. 
36-2 
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& soe Zabc=bae is given. also ad=b—Nee—dd+bb. & cues r 
In generall observe yt in any cone cut any ways bd=be+ea=d, & ba=e. 
7. Des Cartes his wheele thus described cut by any plaine produceth one of 
y® Conick Sections.@® 
9.27 Having such a cone smoothly pollished win & wout, by the helpe 
of a square set y® plate perpendicular to one side hae the fiduciall edge being 
edd —e® 


ae & if y* edge of y*® plaine every 


distant from y* vertex the length of ae= 


where touch the cone, tis trew.“® 
10. The exact distance (ae) of y° plate from the vertex of y* cone neede not bee 


much regarded: for that changeth onely the bignesse not y* shape of y* figure. 
me (20) 


The former ae oe! demonstrated. 


propositions 

Lemma. If in y* Opposite Hyper- 
bolas abc, edf@» (one of w“ are to 
bee described) supposing bd=d. 
hf=e. gh=x. go=y. gci ghd. & gc 
terminated by y® hyperbola. Then 


ie ee ee 
ee e ~ HY: 
_d—e _d+e 
For bh=—>-. dh=—>— . 


(16) In other words, a plane section of the hyperboloid of revolution is a conic. The pro- 
position he proved formally a few years later in his Lucasian lectures on mathematics (October 
1676, Lectio 10, Prop. XTX: 80-1 = Arithmetica Universalis (London, 1707) : 141-2, renumbered 
as Prop XXXIII in all subsequent editions). 

(17) Newton’s essay has no eighth section. 3 : 

(18) This, after Newton’s revision of section 6, needs some corrections. Thus, since bae = abc 
is right, and so ac? = ab?+ bc? (or bd), a® = e*+d?, so that 
_ A =F) 2 
— Ga—e@®t+q Ad * 

(19) Hyperbolas of the same ‘shape’ (eccentricity) have the ratio d/e unchanged. Then, 
where the vertex distance ae’ from a of a second hyperbola is fixed by the constants Ad, Ae, 
d?—¢? )2(d?—e?) 

2d = Ad 
Changing the vertex distance ae, therefore, merely alters the proportionality factor A (where the 


ae 


ae:ae’ = =z 1:A, or ae’ = A.ae. 


angle bae is kept right). 
(20) Some numerical calculations on the refractive ratio between air and glass are omitted. 
(21) Read ‘ahe, efm’. 
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2x—d+e 2x-+-d+e 
bg ages ie wa 
dam ET AEE eR EE el OO OY gd x gd + ge x g. 
heen A 4dx + 4ex + = — Qed+ ee + 4yy —pi*4. ton 


And since de=be+hf. Or de? = bc? +-2bc x hf +hf?. Therefore 
Qdx + ed—ee = en! 4xx— 4dx + 4ex + dd —2ed+ ee — 4yy :29) 
Both pts of w? n°4@® & ordered y® result is 
4ddxx — 4eexx + 4eddx — 4e°x — deeyy =0. 


ents pF px = Ligy. 


dd—ee  ece—dd 
Se Seer a 


That is 


For y® Ellipsis xx = yy.) 


2 saa 2 
(22) That is, de® = oe) puissance & ends) 7) 


(23) dc? —bc?—hf? = hf(de+bc—hf) = hf.2bc, since by the focal property of the hyperbola 
de—be = db—hb = hf. 

(24) Read ‘squared’. 

(25) This remark was inserted overleaf, presumably for lack of space on the manuscript 
page itself. The proof follows in a similar way from the modified (ellipse) property that 


de+be = dh+bh = hf, 
with hf = e, bd = d, hg = x, gc = y and so 


bh = . dh = 5 or hf?—dc?+bc? = hf(hf—de+bc) = hf. 2be. 


n 
| 
} 
| 
| 
I 
! 
! 
I 
i 


x 


(26) Since Newton’s original ‘Scheame’ is a little difficult to visualize mathematically, its 
basic structure is abstracted in the accompanying diagram. Note also that this construction is 
‘synthetical’ in the Greek sense, that is, recomposed from a preliminary ‘analytical’ one 
(which Newton adds below). 
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Desc[r]iption y* 18* demonstrated Synthetically. See yt Scheame.®® 
Nameing y* quantitys ed=dh=5. gh=x. go=y. dg=x+5=ne. cgi. dhg. 
therefore cd? =x? + ex+ 7 +y*, ce@=xx+ex+yy. eg?=xx+ex.@) Also 
d:e::et: tv: sce: eg, 
dd— ee , a —¢ee 
e 


therefore ddxx + ddex = cex® + e8x-+e®yy. That is = 


——— xx=yy. Asin y® 


lema. 


The same demonstrated Analytically. 
Nameing y® quantitys, de=dh=a. gh=x. gc=y. dg=a+x. 


de®=aa+Qax+xux+yy. ce®=Qax+x%*+yy. eg?=xx-+ ex.) 


Suppose yt b:c::et:tv::ce:eg. Then is bbxx + bbex®® = 2Qccax + cexx + ccyy. That is 
bb—cc bbe®) — 2cca 
coi SIE ho seceeieereeencese BG 
cc cc 
since (bb) is greater y® (cc) tis an Hyperbola,® w® ytit may bee y°same w" y* 
in y° lemma, Their correspond" termes are to bee compared together & soe I 
bb —ce dd—ee bbe® — 2cca as ee 


=yy. Therefore y® line chm is a Conick Section & 


find y' —— ee & ee sae 2 ES by 2 1st —. tion(32) 
bb ccdd ree ps $i 
Sigg LF to y¥iis Dic: sds. by yt re =2ccea. And by 


substituting = into the place of bd, And ordering it tis ccee = 2ccea.©9 Or 5= a. 


Therefore if I take 5= a=de. & d:e::b:¢::et: tv. then shall chm bee y* Hyperbola 


desired. Q:E:D. 
The 24 34 4th & 5th Propositions are manifest from this. 


a ae cd®+dg*+gc*, ce? = cd*—ed? and eg* = ce®—cg?. 
(Note that d in Newton’s illustration is no longer the further focus of the hyperbola but its 
centre.) 

(28) Read ‘eg?[ = ce?—cg?] = xx+2ax’. 

(29) Read ‘2dbax’. 

(30) Read ‘2bba’. 

(31) Compare Newton’s annotations of Schooten’s commentary on Descartes’ Geometria, 
especially 1, 1, §1.7 above. 

(32) Read ‘equation’. 

(33) Read ‘2ddae’. 

(34) Read ‘e*—e%d? = 2ae(e*—d?)’, 
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Description y* 6 Demonstrated. Synthetically. 
Call, bd=d. ba=e. ch=pd=a. 


bp=Jdd—aa. ag=x. [gm=y.| 
ap =ee— dd+aa. ac=a+Nee—dd+aa. 
ad=a—/ee—dd+-aa. 


ax + x/ ee—dd-+-aa 
a Oona 
ba:ad::bg:gk= 
are —<— Jee— dd aa. 


gk x gh=gm*=y". Therefore 


C—O 
ee SS eee 
by ordering y® result of gk x gh. 

The 7 Proposition may be easyly 
demonstrated after the same man- 


ner.®5) 


If the two equall cones bad bcd intersect the one the 
other soe yt ab=dc. their intersection (bf) shall bee 
one of y* Conick sections as [if] they had each beene 
intersected by the plane bf.@® 


(35) See note (16) above. 

(36) This is true only if the cones are symmetrically placed round the plane Of. 

(37) A contemporary variant for a (carpenter’s) ‘square’. 

(38) For, when 6 is indefinitely near to d, c will be the centre of curvature of the curve 
at the vertex d defined as the limit-meet of normals bc, de at points indefinitely near to the 
vertex. 
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To describe y* Parabola (& other figures after y* same manner) pretty exactly. 


Take a Squire®”) che, soe y* cb == (for then the circle described by (dc) will 


bee as crooked as y* Parabola at y* vertex d).@®) Divide y* other leg (be) of y® 
Squire into any number of pts, Then get a plate of Brass &c: /kfd streight & 


eaven And taking one point d for y* vertex of it & another point ¢ for y* Squire 


to move on soe y* cd =ch=5 , & weareing away y° edge of the plate untill (y° 


Squire being erected) ab=qd. the squire touching y° plate at a. thus shall y° 
edge adf become Parabolicall.® 


(39) Newton has not examined his construction 
sufficiently. ‘The circle (5) is the circle of curvature at 
the vertex d (note (38)) and so will lie wholly within the 
parabola. In particular the ‘squire’ leg ba cannot touch 
it at the point a, but must meet it in two points a, a’ where 
ba = qd and ba’ = q'd. The leg ba, therefore, cannot be 
used to file away the parabolic template /kfda but only 
to act as a check on the accuracy of its shape. 
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Demonstracon.“© 


pags ee —Jm=y. aet=— pense Banged 
qd=x. cd=5 ch. cq 5% ag Jre=y. ac qt. ab ZT & 


ab=x. Q.E.D.4» 


Another description of y® Parabola w'**) y* compasses. 


Make ab=be=<. Make ce=cd & ce bd. 


Make af=ae, & bf=bd. then shall f be a 
point in y® Parabola.@ 


Another. Make ab =" * mac, eh=xice. & y® point c 
shall bee in y® parabola.@) This like y° first by calculation 
may be made use of in other lines. 


(40) A first ‘proof’ which seeks to show that ad = ab is rightly cancelled. (The assumption 

gives, where cb = cd = }r and dg = x, qa = y, 
ab = ad = J[x*+y?], or ac = J[cb?+ab?] = ./[4r?+x7+y?] 
and finally cq = ,/[ac?—aq?] = ./[4r?+.?], which conflicts with cq = 4r—x.) 

(41) Newton shows that, if a is on the parabola ag? = r.qd, then ab = qd, the converse of 
which, here needed, follows easily. (A similar proof shows that, in the figure of note (39), 
a’b = ./[a’c?—cb?] = ,/[a’q’*—cd?] = q’d, since a’g’* = 2cd.q'd 
with g’d? = q'c?+cd(q'c+q'd).) 

(42) In proof, where cp = x 1 pf = y, 

af? = y+ (4r—x)? = ae® = Fr*+ce? (or cd?) 
and bf? = y?+(4r—x)? = bd*, with bd—cd = be = }r. There- 
fore cd? = y*+x%—rx and bd? = y?+x?— 41x +7¢7?, so that 
V[y? +42 —dratyer®] = gr+4/[y? +2? —ra], 
or 4rx = $r,/[y2+x2—1x] and y? = rx. 
(43) Where be = x, ec = y, y? = 4(r+x)?—$(r—x)? = rx. 
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The manner whereby any kind of little lines may be described very accurately. And that 
the same Instrument serve for all (though never so small) differing in quantity but 
not in quality.4* 


Make y* plate d of y° figure required (by some of y* former meanes) the larger 
the better. Then hold the streight steele staffe 5 against the center a & roule‘®) 
it to & fro [&] it shall grind ¢c into y* same figure but soe much lesse as ac is lesse 
y". ad.‘4®) 

eo = 


Another way to describe lines on sen 


Mp. Qe 


IN 


Suppose y° plate bee adc, whose edg boc is to be made into y° fashion of a given 
crooked line. suppoes (0) is its vertex & y‘ a circle described w'® y® Radius ¢o 
would bee as crooked as y* given line at its vertex. Againe suppose two streight 
rulers mn & pq to bee very trew & steddyly fastened together w“" must [be] a 


(44) That is, the instrument shall construct similar figures by preserving ‘shape’. 

(45) Read ‘roll’. 

(46) The accompanying figure shows Newton’s instrument in better perspective. Newton 
omits from his text the necessary condition that the planes c and d be parallel, but the technique 
remains a neat application of a homothety. 


(47) In this omitted paragraph Newton applied the same technique to the grinding of 
(convex) solids of revolution on a lathe from the template d by rotating the mass ¢ to be 
turned round an axis of symmetry. 
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verry little incline y® one to y® other, soe as that being produced they would 
meete at r. Then are y° lines pn=a, & pr=6 given. 

Suppose y" y® point d in y® crooked line is to bee found. y® is de given by 
supposition, & consequently (supposing dk to bee a tangent) dg=y. gc=x. 


dh k f=. fd=s.ec=c. [y"] fv +, 
ef=v+x—c. ck=e— a2. & (if 
eh dkidf) then is 


iE am 
Jou + yy 
(eh) being thus found, supposing y* 


pn=a=ec, then I take re= = . that 


is pe=b— = haveing thus found y° 


point ¢ lay y* plate twixt the two 
rulers so yt y® point of it fall upon y® point e. y® should y* line mn touch y° 


plate in d. But note y* pn mn.© 
61) 


(48) The Cartesian subnormal y(dy/dx). 

(49) gk = y?/v with fk = fet+ghk, of = fe+ge—ec, ek = ec—cg+gk and eh = ( fg.ek) [fd. 

(50) Where the given curve (d) is defined with respect to Cartesian co-ordinates cg = x 
and gd = y, with vertex c the origin and e its corresponding centre of curvature, Newton 
derives the tangential polar of the arbitrary point 
d = (x,y) as eh = (c—x) (dy/ds)+y(dx/ds). (eh = ed 
when d and Acoincide at c.) On this basis he constructs 
a simple gauge (mnpqr) with which to test the accuracy 
of the template bdce. (For simplicity, np is taken equal 
to ce, so that, when ec coincides with np, rmn will be 
the tangent at the vertex c.) Having, therefore, calcu- 
lated the tangential polar eh = d and, where fn = a 
and pr = 6, setting the point e of the template at ain prsuch that ra = bd/a (or pa = b(a—d)/a), 
we deduce that the template when it is rotated round e into contact should touch the base- 
line rmn of the gauge at its point d. 

(51) In this omitted portion, printed by A. R. Hall in his Further Optical Experiments of Isaac 
Newton (note (2) above): 40-3, Newton enters some practical observations on the design of 
lens-systems in the telescope and microscope, and then passes on to describe a variation of his 
hyperboloid-instrument which shows how a ‘glasse’, as distinct from a template, ‘may be 
ground Hyperbolicall’. Later, he comes to consider how ‘To Grinde Sphericall optick 
Glasses’, and opts for a method in which the lens is turned on a lathe while being ground by 
‘a circular hoope of steele’. (Compare Hooke, Micrographia: Preface: e[1]’-e[2]'.) Finally, 
after a qualitative discussion of the errors which arise when telescope lenses are ‘not truely 
ground’, he tabulates the ‘proportions of y* motions of the Extreamely Heterogeneous Rays’, 
when white light is refracted between air, water, glass and ‘christall’. (Add. 4000: 33¥, 
printed in Correspondence of Isaac Newton, 1 (1959): 103, note (6).) 
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[ The aberration of light refracted at a spherical surface. |» 
[1] Ifd. e::maj sin. min sin of refrO) & d—e=h. OA||\CV. And J the focus.© 


3 
Abay. CVE Then VI ha ee 


h Qher’ ~ ~— Qeerr’ 282 


(52) Transcribed from the third and fourth pages of the sheet torn away from the essay in 
Add. 4000. (Two holes at the fold correspond exactly with the fragments once to be found in the 
spine of Newton’s pocket-book, and some numerical calculations on its first page, here omitted, 
depend on the refraction table on 33” (note (51)). In final proof of the identity of the loose 
sheet, Collins’ contemporary copy (note (1)) of the essay ‘Of Refractions’ transcribes it 
continuously with the preceding sections in Add. 4000.) 

(53) Read ‘If d:e:: major sine: minor sine of refraction’. 

(54) That is, the limit-meet of the axis CV with the refracted portion AR of an incident ray 
OA parallel and indefinitely near to CB. Later, in his Lectiones Optice, Newton introduced the 
notation of ‘focus principalis’ (principal focus) for the point J, defining it as ‘Radijs in curvam 
quamvis superficiem quam proxime perpendiculariter incidentibus, refractorum concursu[s].’ 
(Lectio 13, October 1670=ULC. Dd.9.67: Optice Pars 1™*: Sectio 4, De Refractionibus 
Curvarum Superficierum, Prop. 30: 66—7, rendered in English as Optical Lectures. ..1669 (London, 
1728) : Section 4, Prop. XXX: 180-1.) (Compare Kepler’s ‘ultimus terminus intersectionum 
radiorum parallelorum’ in his Ad Vitellionem Paralipomena, Quibus Astronomie Pars Optica 
traditur (Frankfurt, 1604): Caput V, De Modo Visionis, Prop. XVI: 191=Gesammelie Werke, 2 
(Munich, 1939): 173.) 

(55) Where CD, CE are drawn perpendicular to OA, AR respectively from the centre C of 
the spherical surface AV, then CE = AB.CR/AR with CD = AB, so that 


d:e = CE:CD = CR: AR. 


Then, where VB = x, BA =y, the defining 4 
property of the spherical surface is y* = 2rx—«x? 
and, where CR = z, 


AR = J[AB?+BR?] = J[z?+2xz—2rz+r’*], 
so that d:e = z: /[z?4+2xz—2rz+r7], or 


2 
Zz = 5 (2(r—2) 2-79 and z= aa (dr—») + 4) [e#r? — 2d*rx + d?x?]) 


d 
= faa (WI — 97] + 4/[e*r? — dy"). 
Expanding the radicals in series of powers of y? and reducing, 


; esd d*y? 
vate Tiel hg 
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[2] If d. e::sin. sin. dt+e=f. d—e=h. CV=r. BV=x. AB=y. FV=a. 
FC=6.®9 & CR=z. Then ddbb in rr—2rz+z2z+2zx=eezz in aa—2bx.©) & by 


ddbbr — ddbbx + db eeaarr — 2beerrx — 2ddbbrx + ddbbxx 
ddbb — aaee +- 2eebx 


reduction z= . & by extrac- 


3))3 
ddbbr +- dbaer — ddbbx — oO d*b*x 


ddbb — aaee+- 2eebx 


~ db—ae dbae—aaee ddabb—2deaab+ cea? =O: 


tion of the root z= . And dividing 


but J is the limit-position of R when A, B pass into V, or CI = lim(z) = dr/(d—e), with 
y>0 
VI(= CI—r) = er|/(d—e). The distance (‘error’) RJ of the principal focus J from the inter- 


section # is then d?y? 

—CR = 4 

CI-CR = 3e(d— Balaar’ O(y*). 
Finally, since BR = CR—CB = 5 t Oy se then AB:BR wz (d—e)y ae 
~ vy 

so that IS = ee J R © 52,2? 
and the angle of aberration IAR ~ IBS is measured approximately by 

B IS IS _ d(d—e)y° 

—— se 27s 


(Compare Lectiones Optice (note (54)): Prop. 31: 67 = Optical Lectures: Prop. XX XI: 181-3.) 
Newton used this theorem to compare the errors of reflection (refraction with an index — 1) 
and refraction at a spherical surface in his letter to Oldenburg of 11 June 1672. (Correspondence 
of Isaac Newton, 1 (1959): 172-3, and compare 189, note (6). The letter was first printed in 
Philosophical Transactions, 7, no. 88 (for 18 November 1672): 5084-103, especially 5085.) 

(56) Ora = b+r. 

(57) Where, as before, CD, CE are drawn perpendicular to FA, AR respectively from the 
centre C of the spherical surface AV, then CE = AB.(CR/AR) and CD = AB.(CF/AF), so 
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dbr ear ddbbx debbrx 
db—ae CL. db—ae VI. deab — eeaa es ddabb —2deabb + cea? fl. 
as B.S . divide per JV et fit angulus 


eeaar dbaa—ea 


IAS == -—— + 
ha—fr in ddbby? (69) 


e2a378 


IV .AB::RI.IS= 


Sive = 


that d:e = CE:CD = CR.AF:AR.CF. (Compare Newton’s ‘Fig 5*’ and ‘6*’ in 1, §1.2 
above.) Then, where VB = x, BA = y, the defining property of the spherical surface is 
y® = 2rx—x* and, where CR = z, FC = b, FV = a = b+r, we have 
FA = \[(a—x)*+y%] = [a*—2be] and RA = y[(z—r+x)?-+y"] = y[(z—r)2+224], 
so that db ./[r? —2rz+z?+2zx%] = ez,/[a*—2bx]. 
(58) Where a = d*b°r, 8 = —d*b*, y = ear, 3 = br(e*r+d%b), ¢ = db, A = d*b?—e*a® and 
B = 2be®, by resolving the quadratic in z it follows that 
_ a—Px+db,/[y?— 20x + 6%] 
wi A+Bx 


(Compare Newton’s Lucasian lectures on mathematics, ULC, Dd. 9. 68: 79 =October 1676, 
Lectio 9, Prob. 17, printed as Arithmetica Universalis (London, 1707): 138-9: Prob. XVII, 
renumbered as Prob. XXXI in all subsequent editions.) Expanding the radicals, we derive 


CR=2z= | 2 fat di (y-5«+0(+") |. ag tOe) | 


2 
- ad [ Bree +0) = ee = ( d + gpa) # + OCH4)5 


A db—ea ea \db—ea (db—ea)* 
-e dbr ear 
whence CI = cass (CR) = = ee andso VJ = Cl-r= , Ser 
Therefore the distance (‘error’) 
RI = CI-CR = bie (a3 + pga) at O (x?) 
- ~ ea \db—ea (db—ea)? . 
AB AB _ db? e*r 
and tan (IAR) ® tan (IVS) wedie waa (d(db — ea) + er) xy? 
" VI ~ ear? 


The particular result VJ = ear/(db—ea) was given by Newton in modified form in his 
Lectiones Optice (note (54)): Prop. 29, Coroll. 1:65 = Optical Lectures: Prop. XXIX, Coroll. I: 
174, but he had already passed it to Barrow who introduced it into his own Lucasian lectures on 
optics as ‘ab amico communicatus’. (Isaac Barrow, Lectiones XVIII...in quibus Opticorum 
Phenomenwn Genuine Rationes investigantur, ac exponuntur (London, 1669 [1670]): 103.) 

¢ 2,,3 ) 
(59) This last reduction is wrong. Read vam "the 5 h(da —fr) , or some equivalent (since 


y? = 2rx+O(x*)). 
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[ Notes on the theory of compound lenses.|® 


If the intervall AL be water & the Lentes Im & LM glas or ch[r]istall alike 
figured. That the difforme rays flowing from ¢ may convene in E [w*"] points 
[are] equidistant frd the lentes: Suppose d. ¢. f. the signes of refractid in glass 


(60) This seems to be the manuscript referred to by Newton in his letter of 11 June 1672 
to Oldenburg (note (55)), Section 1, Of y* Practique part of Optiques: ‘...M* Hook thinks 
himself concerned to reprehend me for laying aside the thoughts of improving Optiques 
by Refractions....what I said there [in his letter of 6 February 1671/2] was in respect of 
Telescopes of y® ordinary construction, signifying that their improvement is not to be ex- 
pected from y* well figuring of Glasses as Opticians [Descartes and Hooke presumably] have 
imagined: But I despaired not of their improvement by other constructions... . For although 
successive refractions w“" are all made the same way, doe necessarily more & more augment 
the errors of the first refraction; yet it seemed not impossible for contrary refractions so to 
correct each others inequalities, as to make their difference regular, & if that could be 
conveniently effected, there would be no further difficulty. Now to this end I examined what 
may be done not onely by Glasses alone, but more especially by a complication of divers 
successive Mediums, as by two or more Glasses or Chrystalls with water or some other fluid 
between them, all w“ together may perform the office of one Glasse, especially of the Object- 
Glasse on whose construction the perfection of the Instrument chiefely depends....’ (Corre- 
spondence of Isaac Newton, 1 (1959): 172. Compare the passage (pp. 191-2) quoted in note (20) 
above.) On at least two other occasions Newton was not prepared to dismiss the problem of 
correcting for chromatic aberration as impossible of solution. (See his Lectiones Optice 
(note (54)): October 1670, Lectio 15: 77 = Optical Lectures: 211-12; and Philosophie Naturalis 
Principia Mathematica (London, ,1687): Liber 1, Sectio xrv: 234-5: Scholium.) 

(61) In the accompanying simplification of Newton’s diagram, C and D are the respective 
centres of the spherical surfaces ASL and ByL, and the light ray afyE, initially parallel to the 
axis AB and travelling through water, is refracted at # into glass (or chrystal) in the direction 
of F and further refracted at y into air through the (principal) focus E. The spherical surface 
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or christall, water & aire. And m to nas the meane differences of the different 
refractions of difform rays into air & water out of glasse. Then assuming AC at 


pleasure put 7“ AC=AF. -™_ BF=BE, And —" BF=BD.® 
—e m—n fn 
| ed 


ABL and its centre C are fixed arbitrarily, and the ratio of the refractive indices of air, water 
and glass (or chrystal) are given. Newton’s problem then reduces to the determination of the 
spherical surface ByL through the given point B (or of its centre D) such that the total effect 
of the compound lens would be that of a spherical surface (not shown) through B, or centre F 
and principal focus £, which refracts light into air with a given refractive ratio m/n. Imme- 
diately, where F is the principal focus of ABL, 


d fee fe ee m es 
sas = AF (by [1]); 7 BF—d.DF = BE (by [2]);_ and —— BF = BE (by [1]). 
By combining these last two results it follows that 
m ° BE SE SBD be aie m—n — BD 
nT ER EAE pee ES ep ARINC  E 


Newton’s final result which fixes the required spherical centre D. Newton concludes his 
treatment by taking numerical examples in which the refractive ratio m/n is taken from the 
table on f. 33% (note (51)) as arithmetic means of the entries in the form d—e/[k(d—f)], but 
these do not add anything to the theory and are here omitted. 

It is clear that Newton in early 1666 was prepared to work at the idea of an achromatic 
multiple lens. However, the correction for the different refrangibilities of coloured light is 
not here made part of the theory of the lens, but rather, when the ratio m/n and the proportions 
of the lens have been derived empirically as those which substantially reduce the effects of 
colour, then only is the structure of the lens treated mathematically by considering a mean 
between the limits of dispersion of an incident ray as an approximation to its refracted path. 
Beyond reasonable doubt Newton had this formative idea of using a multiple lens to correct 
for chromaticity from Hooke. Already in 1665 in his Micrographia (Preface: f[2]') the latter 
had found empirically that by filling the ‘intermediate space’ between two microscope lenses 
with ‘very clear Water,...I could perceive an Object more bright then I could when the 
intermediate space was only fill’d with Air...’. A year later he improved his experimental 
techniques, showing that by filling the intermediate space with fluids of different kinds he 
could alter the focal length of the lens as a whole. (See his ‘A Method, by which a Glass of a 
small Plano-convex Sphere may be made to refract the Rayes of light to a Focus of a far 
greater distance, than is usual’, Philosophical Transactions, 1 (1665/1666): no. 12 (for “Munday, 
May 7. 1666’): 202-3.) In Newton’s unpublished annotations on the early numbers of the 
Philosophical Transactions Hooke’s paper is duly noted as ‘How M' Hook will make any Object 
glasse draw any length’ (ULC. Add. 3958. 1: 11”). 

Two years later, apparently, Newton’s enthusiasm for multiple lenses was spent. As he 
explained in a letter to Oldenburg on 6 February 1671/2, ‘two years [after] I was forced from 
Cambridge by the Intervening Plague. ..I left off my aforesaid Glass-works; for I saw that 
the perfection of Telescopes was hitherto limited, not so much for want of glasses truly figured 
according to the prescriptions of Optick Authors, (which all men have hitherto imagined,) as 
because that Light it self is a Heterogeneous mixture of differently refrangible Rays... . Nay, 
I wondered, that seeing the difference of refrangibility was so great, as I found it, Telescopes 
should arrive to that perfection they are now at....This made me take Reflections into 
consideration.’ The change from refraction to reflection presented no new mathematical 
difficulties to Newton, who considered reflection merely as refraction for an index —1. 
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3. THE REFRACTION OF LIGHT AT A 
SPHERICAL SURFACE 


[1666?] 


From the originals in the University Library, Cambridge’ 


[1] 


To determine how the ray IA shall bee refracted into RAT by the sphere 
AVW or reflected into QAv. 


Supposing y® center of y® sphe[r]e to be C; its axis CV, intersected by all y® 


rays of incidence at J. Make y‘ as y® motion of y* arate rays to the motion 


of y® rays of Incidence: :d:e%::CI: XC::XC:CG=CS. & the points G & I being 
on the same side of the center drawdPG.1LCI. Make IC:VC::VC:IH. & in KF 


(1) Add. 3958. 6. This manuscript section contains an extensively revised worksheet and a 
polished final draft, both printed below, together with (at f. 93”) an incomplete first revision. 
The conjectural date is offered on the basis of the handwriting style and on internal textual 
evidence, particularly the use of the Cartesian notation d:e (rather than Barrow’s J: R, later 
to be used) for the refractive ratio. 

(2) The earliest draft on ff. 94"/94%, much cancelled and overwritten. (It seems clear that 
Newton destroyed almost immediately the preliminary calculations which are its foundation 
and will be found restored in note (10).) 


37 WHN 
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drawn at pleasure perpendicular to JC[,| H falling beyond J from y* center[,] 
take KF=-GH. Draw FC intersecting GP in P. & Draw mPS, producing it both 
ways. Draw CO 1 IC intersecting y® circle in O & make 2CK:CV::CV:CL. y° 
point Z being taken on y® same side of C w® P if JOL ©XC. Otherwise on y° 
contrary side. And through that point L w™ y* Assymptotes SP, GPd, draw an 
Hyperbola w' its conjugate. 

This Premised, from any point of Incidence A draw AB1L IC, & make 
Ky=CB; Ky being taken y* same way w"* KF, if B is y® same way from C w® H 
is from G; otherwise y® contrary way. Draw Cy intersecting y° Hyperbola in 
M & N. draw NR||MQ.sIC the Ray JA shall bee refracted into RAT or 
Reflected into QAw. & to discriminate R & Q note that drawing Ag 1 AC either 
I& Rare both w“out C & ¢, & Q betwixt y™, or both betwixt them & Q wout 
them.© 


Demonstration. 
Call CV=r. CB=«x. Cl=c. CK=a. CR=z. & drawCD1i JA. & CEL RA. 
Then is /rr-+- cc — 2cx=IA:/rr—xx=AB::1C=c: Ca oe, 
Jrr-+ce— Qex 
Ss: RAAB od 
Jrr-+-zz— cx 


(3) Newton takes up once more the general problem of the refraction of white light at a 
spherical surface, presumably from §2 above. Note that he here uses ‘reflected’ in a sense 
wider than that conventionally accepted: on the analogy of the Cartesian theory of refraction, 

a light ray is ‘reflected’ at a surface between two media of ‘reflective’ ratio d:e when the 
ictal ray is returned into the medium of the incident ray at an angle whose sine is in 
proportion to that of the incident ray as e:d. (The only acceptable physical instance of this 
‘reflective’ ratio has, of course, dje = —1.) 

(4) Since in Newton’s (as in Descartes’) theory of refraction v;sint = v,sinr, where v, and », 
are the speeds (‘motions’) of light before and after refraction with i and r the corresponding 


angles of incidence and refraction (here DAC and EAC), it follows that 
v, sinr @ 


(5) Barrow’s adaptation of Oughtred’s symbolism for ‘greater y®’. Correspondingly, for 
‘]’ below read ‘lesse y®’. 

(6) In the immediately following ‘Demonstration’ Newton gives a polished analytical 
justification for this synthetic construction. 

(7) Newton has cancelled the next four lines, which read: ‘RN=y. And to get y° relation 
twixt z & y, Feigne an Equation zz+mz+py = 0. for y® nature of y° Hyperbola. in w® I 


make += yz+qqy of but one dimension because it being || to y° Assymptote Géd can intersect 
y® Hyperbola but in one point.’ 


(8) Read ein , an error which is not carried through and which is independent 
rr+zz—2zx 


proof that Newton is copying from a first draft. 
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ec dz 
Vrrtec—2Qex Nrr+zz—2Qzx 


ddrrzz + ddceczz — eecezz — 2ddexzz + 2ceccxz — eeccrr=0. 


But d:e::CD:CE. Therefore .) That is 


Sa et OE 5 OT eR ed 1 Ae 
Againe (by y® construct) die::CI=¢:4 3:4: = CG, & 


IC=¢:V0=1::7:— =IH. 


Therefore HG="+c—"5=KF. & CK=a:KF::CG:GP=— + ce" 


dd = a eye geen PRE 


__ pf 
op tear + Meee Ot _ Cf. Also 20K =20:CV=r::r:2-=CL. Therefore 
2 eS Se 4 
gL =e teed ee" supposing CEL-CL. But 
RG=2—[:GC =, ::mP:PE::ELia NU] ddz—eec:eec, 


by y® nature of the Hyperbola, & therefore 
_ Acrrdd+eckdd —e&c®— d*eerrc 


sce 2d®az —2d*eeac 2d®az — 2d*eeac 
2eec eec 
Againe GS= ae RS =z+ Wd: GP: Rn: :2eec:ddz+-eec. Therefore 


TWZ CZ ceez , eerr+-eccc _ eee 

Qac 2a add 2add 2ad*" 

e*crrdd +- e4c? dd — 
2d®az —2d*eeac 


is ddrrzz +-ddceczz — eecczz — eecc? PN Now KC=a: Siig ea RM 2K | 
2ddacz— 2eeacc a 


Which two valors of RN being put equall & y* Equation Reduced it is 


ddrrzz + ddceczz — eecczz — 2ddexzz + Qeeccxz — eeccrr=0, 


Rr= 


& Ran+nN=RN= &c. Which redu[ced] to one denomination 


As before. So yt y® Construction by y* Hyperbola makes z= RC y* same length 
w4 ye Refraction by y® circle doth. Q.E.D. W Demonstration is the same in 
all other cases.@% 


(9) Newton derives the fundamental condition for the light ray JA to be refracted along AT. 
(Compare §2, note (57) above.) 

(10) This rather forbidding reduction becomes greatly clarified if we restore Newton’s 
preliminary calculations along the lines hinted at in the cancellation recorded in note (7). 
Thus, taking RN = y = zx/a and eliminating x between y = zx/a and the refractive condition 


ec se dz 
[r?+c2—2cx] J [r? +z? -2zx]’ 
37-2 
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The limits of y* Refracted rays are esily found by taking JV for one extreame 
Ray & for y® other make JA to touch the circle if dL e but if eL d make Cy to 
touch y® Hyperbola & to find such rays as are refracted || to y® axis make 
Cy || PS. In generall it may bee observed y* If H is scituated the same way from 


Iw V is from C, supposing yt is y° same way from C y* first if au =2IJHU KF 


all y* rays intersect y® axis towards J. secondly if VWL FKL 2/H the[y] intersect 
some one way some another, 3%/y If FKC VW they intersect all on y* contrary 
side. But supposing y‘ J is contrary to C from V Then 18t If VWL KF y® rays 
intersect some on one side some on y° other & 27 if KFL VW, they intersect on 
y° contrary side. But if y* scituation of H from J is contrary to y* scituation of V 
from C the rays intersect y® axis on y* same side of the tangent Ag, w'® [.4) 


we may deduce that the defining equation of (1) is 
2acd? Qacte? c*ety? 


t= 1. 3 


z2— 


= 0, where A = d*r?+c¢%d?—c%e?, 


Further, if we equate this term by term with (z+) (z+fy+y) = 6, we find 


2 2 2 2 
a =-G=-% B ae and 0d = c*é? (--&). 
so that, where oe ce? — Ae? 4 oe (4 ) 
oe a wee ana 4 ~~ Oad2\ d4 i 


the defining equation of (N) may be set as Z(Y—(A/2acd”) Z) = mw constant. This Newton 
constructs by taking CG = ce®/d? (or Z = RG) and GP = Ae?/ad* (or Y = RN—GP), so that 
Na = Y—(A/2acd*)Z where GP/GS = A/2acd? (and hence SG = 2ce?/d? = 2CG). Finally, 
where 7P/RG = k, it follows that Na.aP = ky, the defining property of a hyperbola whose 
asymptotes dPG and SPa are Z=0, Y = (A/2acd*)Z respectively. (Note that when 
CR = z = 0, then CL = y = 17/22.) 

(11) These remarks are immediate deductions from the defining equation of the hyperbola 
(N) Az*—2acd*zy + 2ac*e*y —c?e*r? = 0 (note (10)). 
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If d=e, y° Hyperbolas are streight lines coincident w™ their Assymptotes. 
As also if d:e::I1C: VC; in w® case If J is beyond y® center from y* vertex y* 
Reflected Ray is given by y® intersection of the oblique assymptote PS, y° 
Refracted Ray by y® intersection of PQ. Soe yt y® y® point R varys not but is 
always coincident w'* G. The contrary happens supposing J on ye other side 
y® center.@ 


Pp q 


If CI is infinite y‘ is if ZA || VC y° Hyperbola becoms a Parabola whose vertex 
is L (& making [Cn=CV,] nm=2LC & mp = LC p is another point of it 


taken at pleasure). Or make d—e:e::r:cn.99 & CK:cn®®::r:np. then make 
2CL:CV::CV:CK. &c.0® 


(12) The condition for the hyperbola Z(Y—(A/2acd*) Z) = yw (note (10)) to reduce to the 
line-pair (6PG) .(SP7) is that 
ce® (Ae 
= dad ae 
(13) Read ‘Cn’. 
(14) When CI = c becomes infinite, the defining equation 
Az* — 2acd*zy + 2ac*e*y —c?e?r? = 0 
(note (10)) degenerates into the parabola 


Qae® /[r? 
“een = 
aa ~ qt @ (5 y : 


which clearly has its vertex at CL = r?/2a. Further, when 


r) =0, or Ae—r2d4 = (d2?—e2) (c%2—d?r2) = 0. 


r2 d? 
Cua Zz =f, mp =y = 5 (2-4); 
and when 
er re CV CV? 
Ch = — then np = nF ea = Cn. aR: where CK = a= 9CL" 


(15) Ff. 95"/95’, a much improved version of [1]. The underlying mathematical argument 
is unchanged, though denotations of particular points are altered and for simplicity Newton 
here takes CS = CN = ce2/d? = a. It follows that the defining equation of the hyperbola (X) 
may be reduced to Ad2z*—2c#de®zy + 2c8ety —c2d%e*r? = 0, and thus, for example, when 
CG = zis zero, CW = y = d*r*/2ce? = CT?/2CN. 
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[2] 
To Determine how any Ray AB shall bee refracted into AG by the sphere ATV. 


Suppose d:e:: as y° motion of y* rays w'"in y® sphere to their motion w‘out 
it; yt is as CD to CE y® perpendiculars from y* center C on those rays. Call 


P 


AC=r. & CB=c. Make “7 = CS=CN 4 NP=" +0". & draw SP. Make 


=CW1 CB. & through y° point W about y* Assymptotes WP & PS describe 


fei 
2CN 


y® Hyp"bola RWQK. (3 ypaCR=CQ gives also y® points of y° Hyperbola 
(16) 


R& Q.) 
Then from any point of incidence A draw AH. CB, make IN=CH. & Draw 
(16) For, when KG = y is zero, then the corresponding values of CG = z are found from 


the hyperbola’s equation (note (15)) to be CG = +,/[c®e*r?/A] and Newton’s reduction follows 
by noting that WP = A/cd?. 
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IC intersecting y° Hyperbola in K, KG shall fall perpendicularly to cb@” on y® 
required point G w™ gives y® Refracted ray AG. 

More particularly; Case 1: If c is infinite, yt is if AB||CN; Then (fig 1) may 
RWQK bee a Parabola whose vertex is w taken in CW at Pleasure, making 
RC=CQ=———. & 2CWr::r:CN. Take IN=CH. 

/dd—ee 

Case 2. if y* incident Rays meete in the point B on that side of y® center 
contrary to y® vertex T of y* sphere V7’, & +l a. the refracted rays shall 
intersect y® axis on y® same side of y® center & P Falls below the point N. & if 
drC ce*, y® points R, W, Q, will bee found in y* same quarter of y° Assymptotes 
NPS wt y® circle ATV & therefore y° Hyperbola must bee described in that 
quarter as in fig 1. 2 If ce=dr*, y® those points R, W, & Q will fall in y° 
Assymptots & signify y° Hyperbola to bee streight lines coincident w'* them. 
And in this case if rEOc, all the rays round from B will be refrac[te]d so y‘ 
either J or V may bee considered as vertices of a Lens. & KG falls from y* 
intersection point K w“ is nearest to J. In w case therefore y* point G is 
always y® same wt» N when 7 is vertex, but ifr0c & Vis vertex, K shall not fall 
on PI but on PS twixt P & S. & Ifa ray fall on y‘ point discriminating betwixt y° 
vertices J shall fall on P. 3 If cel dr*. Those points fall in the quarters on either 
side of y® circle in w™ quarters therefore y° Hyperbolas must bee described as 


in fig 2. & if T is vertex KG falls from y* intersection point K of y* Hyperbola Qé 


) 
Bl 


(17) Read ‘CB’, 
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beyond J. but for the rays w“ respect y® vertex V, KG falls from that point of 
y® other Hyperbola RW w* is nearest y® center C & remotest from J, & then 
CI intersects not y° Hyperbola 6. (*that is if CBL , =[,] ICN) 


Case 3. If = +e+2r0 Di +e, yt is if PNJr & P falls above N (as in 


fig [3]) Then shall the refracted rays intersect y® axis some on y® same side some 
on y* contrary side of y® vertex. On y® same side if CJ intersects y° Hyperbola 
6Q; if not y" on y® contrary side (except one ray ||C-N[)] KG falling from y* 
intersection point of ye Hyperbola WR w“ is remotest from J. 


Case 4. If -- = +0420, y' is if P falls above N & NPL TV, Then all y° 


refracted rays intersect y° axis on y® contrary side of y° Vertex. KG falling from 
y' point of y° Hyperbola RW w* is remotest from [.@® 


(18) Newton’s discussion of the niceties of these particular cases follows straightforwardly 
from suitable interpretation of the hyperbola equation (note (15)). 

The general intention of Newton’s elaborate scheme seems to be the construction, as 
variants on a single basic method, of the totality of possible paths of a light ray issuing from a 
given point and refracted at a given spherical surface. He does not seem to have noticed that, 
by reversing his construction, he was now able to resolve a particular case of the generalized 
Alhazen problem: where the points B and G are in line with the spherical centre C, to find 
the points A on the sphere at which a light ray through B is refracted through G. He was, 
however, fully aware that his construction held true at once for both external and internal 
refraction and therefore that there was no need to consider such cases separately. As he wrote 
in a transitional draft on 93’, ‘Each operation satisfys two Querys viz How y® rays are re- 
fracted in respect of y® Vertex W as well as V’. (The figure of [1] is understood.) 
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The bringing together, in an annotated and critical edition, of all the known mathe- 
matical papers of Isaac Newton marks a step forward in the publication of the works of 
this great natural philosopher. In all, there are eight volumes in this present edition. 
‘Translations of papers in Latin face the original text and notes are printed on the 
page-openings to which they refer, so far as possible. Each volume contains a short 
index of names only and an analytical table of contents; a comprehensive index to the 
complete work is included in Volume VIII. Volume I covers three exceptionally pro- 
ductive years: Newton’s final year as an undergraduate at Trinity College, Cambridge, 


and the two following years, part of which were spent at his home in Lincolnshire on 


account of the closure of the university during an outbreak of bubonic plague. 


